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Abstract:

This paper displays linear and nonlinear model for double inverted pendulum system depended on
Lagrange equation and the system response for linear and nonlinear of DIPS are noted and analyzed. The
inverted pendulum has been advanced for a laboratory experiments. The essential variance between the
linear and nonlinear equation is present. This analysis is useful for progress of effective controller for a
DIPS.
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1.Introduction
inverted pendulum systems (IPS) denote to important type for the systems of
mechanical utilized in control systems through a quantity of practical applications. It is
clear that a vertical movement for arm of robot and it can modeled by used one type of
an “inverted pendula system”. The variety for modeled systems is mirrored in the
diversity of existing inverted pendula models (Jadlovska et.al., 2011). This paper will
show the double inverted pendulum system as display in figure 1. The variety of modeled
systems is mirrored in the varied diversity of available inverted pendula models. So we
can differentiate between: inverted pendula systems that transfers in a linear manner or in
a rotary manner in a horizontal plane and other inverted pendula systems, which differ
by the number of pendulum links attached to the base(Sultan et.al.,2003).
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Figure (1) double inverted pendulum systems
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2 .The Derivation For Nonlinear Model
In this section we will derivative on the modelling of nonlinear for double inverted
pendula on a cart is consisted of two homogenous, symmetric rods which are joint-
bound with each other and related to a stable moving base(Jadlovské et.al.,2009). The
input for cart is force; The outputs are denoted through cart position and pendula angles .
First the cart position is straight influenced by the input force, so any system of inverted
pendula is considered to be under-actuated (Demirci, 2004).
The double inverted pendulum on the cart system that display in figure (1) is
derived by using Lagrange equations:-
d (OL\ 0L
dt (ae‘) 6
Lagrangian equation represent by L = T — Pand Q is represent the vector of force.
T is kinetic. energy . and P represent the potential energy.
T=To+T1+T2
P =Po+ P1+ P2
Where

1 .
TO = Emoeg
T = l77119.2 + l(mllz + 11)612 + mll 9091 COoS 01
T, —mz[(e0 +L191c0591 + 1,0, cos 0,)% + (L16, sin6; + 1,0, sin 92) += 1292

1 1
T, = Zm m,62 + 2m2L2191 + = (mzl2 + 1,)02% + myL,0,6; cos 0, + m,1,60,60, cos b,
+m,L,1,6,6, cos(61 0,)
PO = 0

P; = mygl, cos 8,
P, =m,g(l, cosB, + 1, cosB,)
So the system of the Lagrangian is assumed by :-
1 . 1 . 1 .
+ (myl; + myLy) cos(8,) 0,0, + myl, cos(6,)0,6,
+ myL 1, cos(8; — 6,)6,0, — (myl; + myL;)g cosB; —m, l,g cosb,
Where 6 and 6 Subject to Lagrange equation such as:

aeo)

S
/\/\

d

dt 591 691
d (0dL oL
dt\og,) 980,
Or explicitly
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(Em)b, + (myly + myLy) cos(01)6; + myl, cos(0,)0, —
(mlll + mle) Sln(91)912 - mzlz Sln(92)922 =Uu

(myly + myLy) cos(61)0y + (my 13 + myL3 + 1,)6; + m,L, 1, cos(6;, — 6,)0,
+ mlelz Sin(91 - 92)922 - (mlll + mle)g Sin 91 = 0

myl, cos(0,)8, + myL,1, cos(6; — 92.)91 + (m,12 + 1,)6,
- mlelz Sin(91 - 92)912 - mzlzg Sin 92 = 0

D(8)6 +C(6,0)6 + G(6) = Hu

d, d, cos 6, d; cos 6,
D(0) = | d, cos 0, dy ds cos(8, —6,)
d;cos8, dscos(6;—6,) dg
0 —d, sin(6,)6; —d, sin(6,)6,
c(6,6)=[o0 0 ds sin(6; — 6,)6,
0 —dssin(6; —6,)6, 0
0
G(O) = <—f1 sin 91)
—f, sin 6,

-

The mass centers for the pendulum are in geometrical center of the links, that
represents solid rods:

we obtain form the the matrices of elements D(8),C(6,8)and G(6)

d1:m0+m1+m2

1
dz = (Eml + m2> Ll

d, = 1 L
3= zmz 2
1 2
d4 = <§m1 + mz) Ll
ds :%mzquz

de = =m,L5
6 3m22

1
= <§m1 + mz) Lig

1
f2= Emszg
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Table 1 Parameters of Inverted Pendulum System

Parameters Notation Values
Mass of cart mo 0.3
Mass of lower pen. m1l 0.275
Mass of upper pen. m2 0.275
Length of penl 11 0.5
Length of pen2 12 0.5
Friction coefficient o 0.3
Damping constant of penl 61 0.2
Damping constant of pen2 5, 0.1
Moment of inertia of penl J1 0.022
Moment of inertia of pen2 J2 0.022
Force on cart F 0.4

3. Linearised Dynamic Model

The DIPS is a multi-variable for nonlinear system . In order to simplify control
strategy, linear the model near the balance point.
Al. cosb,.6,

cos 6; = cos 05 + cos 8 | 0,-9;(61 — 6,)
cos 6, = cos0 — sinO(él — 0) =1

Hence,
cosf; .6, =6,
A2. cos#,.0,

cos 6, = cos 8, + cos 6, | 0,-5; (02 — 62)

cosf, =1
Hence,

cosB,.0, = 0,
A3. sin@,.6?
. a /. - —
sin 6, . +a—91(sm 91.91) | 0,0, 0,0, (6, —6,)
i '_2 ] . _ -
o (2cos6,.62) |91=9_1.. o,z (61— 6)
sin@, .02 =04 2cos6,.02(0; —0) =0
A4. cos6,.6,

cos 6, =cosf, —cosb, | 0,=5; (61 — 61)
cosf; = cos0—sin0(f; —0) =1

Hence,

cos 6,.60, = 6,
A5. sin(6; — 6,)62
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_ . I . _
sin(8, — 6,)62 = sin(d, — 8,) 62 + 0_92(51n(91 —0,)62) | g,5- 0,-5;(61 — 1)

Jd , . - —
+ 6_92 (sm(91 - 92)92) | 6:=6,, 92=9_2(92 —63)

sin(f; — 6,)02 = 0 — cos(§, — 6,)02 (6, — 0) + cos(8; — 6,)62 (6, — 0)
+ 2sin(6; — 0,)0% (6, —0) = 0
A6 COS(Ql - Hz)éz
} _ __ 9
COS(Ql - 92)92 = COS(Ql - 92) + ﬁcos(el - 92) | 91=9_1, 92=9_2
1

d _
+ 6_92COS(91 —6,) ] 0,=0;, 0,=0,(02 —03)
COS(Ql - 92)92 = 1 - Sin(e_l - 9_2) (91 - 0) - Sin(Q_l - 9_2) (_1)(92 - 0) = 1
A7. sinf;
: a0 —
sinf; = sin6; + a—elsmel | 0,=0; (01 —01) = 0,
A8. sinf,

. =0 —
sinf, = sinf, + a—ezsmBZ | 0,=8,(02 — 03) = 0,

A9. siné,. 0?3

. Y B _
sin@,. 62 = sin .02 + 6_615m92' 62 | 6,5 0,5, 02— 02)

d . _
, 2
+ 692 sind,. 63 | 0,=0,, 0,=0, (6, —6,)
sinf,.02 = 0 + cos 8,.02(6, — 0) + 25sin6,.0% = 0

Then get the new equation

1 1

[mo +my+m, Smily +mply Smyl, | 8o 0 07 .
I % 12 1[4, 6o
. —m.L .
SMaly +maly §m1L%+m2Li Smalil, 0, |+ 7 Mk 0140, =0, 01
1 1 1 L6 —m,L -5 s, |10z

l Emsz EmleLZ §m2L% J 2 272 2

0
N —(§m1+m2>L1g‘ [9(1) ~ ugt)]
1 0 0
—Emszg 2
4. Simulation Model
Figure 2 and 3 display the simulation of  linear and nonlinear for DIPS . All

equations in state space representation were applied in Simulink model and the response
of system are detected .Figure 4 represent transient response for cart position of
Nonlinear model ,figure (5) represent the  pendulum angular response of nonlinear
model, figure(6) represent the transient response for cart position of linear model and

figure(7) represent the transient response for cart position of linear model .
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Figure(2) Simulink for non linear model

Gotol

Signal To
Worspace1

Fon
From3
- WorispaceZ

From§

[theta2dotdot]

Froms.

Seoped

Figure(3) Simulink for linear model
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Figure(4) transient response for cart position of
nonlinear model
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Figure (5) Pendulum angular (lower and upper ) response of nonlinear model
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Figure (6) transient response for cart position of linear model
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Figure (7) Pendulum angular (lower and upper) response of linear model
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5. Conclusions
For designing of controller for linear model is easier form nonlinear model .For

double inverted pendulum system, successfully. Derived the nonlinear equations of DIPS.

The linear model was derived by the linearization at the specified operating points.

Simulation results show that the derived models in equations gives the same responses as

the responses presented by the reference paper.
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