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Abstract:

The kinematics singularity of a manipulator is a central problem in robot control and trajectory
tracking since the jacobian matrix rank is decreased. The robot in this paper consists of three links with
revolute joints and spherical wrist (six degree of freedom). Danivat Hartenberg convention is used to
predicate the forward kinematics position and orientation of the robot end effector. Both geometrical and
analytical jacobian are presented to identify and analyze the robot singularities in order to avoid them in
trajectory planning and control problems. The investigation shows that the manipulator has three type of
singularity (elbow singularity when 83=0,, Shoulder singularity occurs at the condition ayCy +a3Cy3 =0

and Wrist singularity when 05=0,7).The calculated singular configurations have been verified and
simulated with Peter Corke robotics toolbox of MATLAB. The presented approaches can be applied to
analyze the singularity of other similar kinds of robot manipulators in order to achieve a suitable solution
for tracking trajectories.
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1- Introduction:

Kinematic singularity can be defined as the robot loss of one or more degree of freedom (DOF),
mathematically; at which jacobian matrix is a rank decreasing. Singularity represents configurations from
which certain direction of motion may be unattainable, infinite solutions to the inverse kinematics may
exist and an end effector small velocity in operational space may cause a large joint velocity [1] Since
the forward and inverse kinematics give the relationship between the work space and joint space, the
differential of kinematics gives the relationship between the joints velocities and the corresponding end
effector linear and angular velocities; this mapping is described by a matrix termed jacobian. Jacobian is
one of the most important tool for manipulator characterization. It is useful for finding singularities,
determining inverse algorithm, related the joint torques and applied forces, deriving equations of motion
and designing operational control schemes[2].

There is a large amount of literatures which discusses the robot kinematics modeling and analysis
especially in industrial robots. In general; almost the researchers are modeling the forward kinematics
based on Danivat Hartenberg (DH) convention and using the MATLAB as a software program because
its capabilities in simulations. [3] Developed a visual software for AL5B with 5 DOF as an educational
experimental tool in the practical aspect of robot manipulator. [4] Presented the direct modeling of 5
DOF stationary articulated robot arm where a Labvolt R5150 arm was taken as case study. [5] developed
a software for both forward and inverse kinematics of Lynx6 educational robot. [6] discussed the
geometric jacobian driving of two 6 DOF robots ( smokie robot and Barrett WAM ) and driving
kinematics singularities through jacobian determinant.

In this work, forward kinematic model will be achieved by DH convention of a 6 DOF robot
manipulator as it is shown in figure (1). Jacobian matrix derivation will be presented in both geometrical
and analytical methods to analyze the manipulator singularities in order to avoid them in trajectory
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planning and control problems. The paper is organized sequentially to explain: forward kinematic,
manipulator jacobian, manipulator singularity, results and discussion and conclusions.

Figure (V) Three Link Robot Manipulator 6 DOF [7].
2-Forward Kinematics:

Forward kinematics is the transformation between joint space and the Cartesian space to solve the
position and orientation of the robot end effector. Denavit Hartenberg convention is based on attaching
coordinate frame system at each joint and specifying the four parameter of DH: 0.1, ai-1, 6i and di where:

ai-1: (link length) is the distance between zi.; and z; axes along the x; axis.
ai:( link twist) is the required rotation of zi.; to zj axes about the x; axis.

di : (joint offset) is the distance between Xxi.1 and x; axes along the z;.; axis.
0i: (joint angle) is the required rotation of x;.1 to x; axes about the z;.jaxis.

The transformation matrix of frame {i} relative to previous frame {i-1} is: [8]

cl, —-sbca,, SOsca,, a,,Co

........... 1)
T _ s6¢, cOco, —COsa, a&_Sb,
' 0 sa;_, ca; , d,
0 0 0 1
And the transformation matrix of n' coordinate frame to base coordinate frame is:
o+ O+ 1 n-1
AT =172l e nT )

The first (3x3) matrix represents rotation matrix of frame {i} relative to frame {i-1} and the fourth
column represents the origin of the frame {i} position. DH parameters of robot manipulator are defined
for the assigned frames as it is shown in figure (2) at table (1).
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Fig. (Y) The Attached Coordinate Frame Systems.
Table (1) DH Parameters of Robot Manipulator

| ai1 Qi1 di Oi
1 0 90 0 01
2 a 0 0 06>
3 0 90 0 03
4 0 -90 ds 04
5 0 90 0 O5
6 0 0 ds O

3. Manipulator Jacobian:

For n-DOF manipulator; the end effector linear and angular velocities can be defined as:

T AT
@ Jexy Lo d@xny | ) ey

Where:

Ve : (3x1) matrix represents the end effector linear velocity in Cartesian space.

we : (3x1) matrix represents the end effector angular velocity in Cartesian space.

Jp : (3xn) jacobian matrix relates the end effector linear velocity to joints velocities.
Jo 1 (3xn) jacobian matrix relates the end effector angular velocity to joints velocities.

As it is shown in figure (3) the angular and the linear velocities of it" link in {i-1} frame coordinate
system can be written in the following vector form:

o =612 4 B
i1 i1 i1

Vi= "X h

Where 2;_, the z direction unit vector of n" frame represented in base frame.
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Figure (¥) Representation of Vectors Related Revolute Joint and End Effector.[9]

Due to the rotation of frame {i} w.r.t. frame {i-1}, the expression of the angular and the linear
velocities of i link represented in base frame become:

o =to O, (6)

=%yt (7)
Note that the computation of the linear velocity with reference to the origin of end effector frame

is:[9]

G J,="oxX M =6 2 x (P = Piy) e ®)

Where:

P. : frame origin of end effector represented in base frame.
Pi.1 : frame origin of previous i frame represented in base frame.

Since the vectors of z;.1,pe and pi1 are all function of the joint variable, in particular:

e 74 is given by third column of the rotation matrix ORi_l.

0
e . is given by the first three elements of fourth column of transformation matrix Te,

i—1r:
e i1 is given by the first three elements of the fourth column of transformation matrix Ti

While for angular velocity it is:
di Joi =6 Zj_1 .. €)]
In summery; the geometry column of jacobian matrix for revolute joint is:[9]

F pi } _ {Zi—l x(Pe — Pi—1)}
Jo, Zi-1 (10)

Then the jacobian of the robot end effector is:[1]

J = Zox(pe_po) le(pe_pl) ZZX(pe_DZ) st(pe_ps) Z4X(pe_p4) ZSX(pe_pS) (11)
¢ z, z, z, Z, z, A
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Where:

0 $1 1 C1523 —C1C2354 +51C4
20=|0| zn=|=-C| Z2=|-C| Z3=|%S3 | Z4=|—51C2354 —C1Cq
_1 0 0 — C23 — 82334

S5(C1C23C4 +5154) +C1S23Cs5 0 0 a,C1C)
Z5 =| S5(51C23C4 —C1S4) +$1523C5 Po=[0| pr=|0] po=|asscy
$23C4S5 — C23C5 0 0 a257
a¢1Cy ¢ (dgSp3 +ancy) ¢ (dgSp3 +anCy) Py
P3 =|a251Cy | Ps =|S1(dsaSp3+aC2) | Ps=|S1(dgSp3+axCo) | Pe =| Py
assy —d4Cp3 +a38p —d4Co3 +a38) p;

si = sin(0i) , ¢i = cos(0;), si=sin(0i+0;), cij=cos(6i+0;).
4. Manipulator singularity:

For manipulators having spherical wrist, it is possible to spilt the problem of singularity
determination into two problems (arm singularity and wrist singularity) and sub divide the jacobian as
below[9]:

] _{311 312}
.=
Jor J2

Where as it is mentioned before in eq.(11)

I =[23%(Pw—P3) Zax(Pw—Pa) 25%(Pw— Ps)]

Choosing the end effector origin in wrist center as it is shown in figure (2) de=0 leads to ps = ps
=psand (pw-ps) parallel to zz then J1o=0 and matrix block be lower triangular so:

det(Iw)=det(Ju1).det(Jz2)=0 e (13)
In turn,

o det(Ji1) =0 leads to determine the arm singularity .

o det(J22) =0 leads to determine the wrist singularity .

Fromeq. (11)

[ —s1(agCy +d48p3) —C1(@2Sp —daCp3) d4CiCo3 |
Ji1 =] c(axcy +dgsp3)  —sp(apsy —dqCp3) dySiCo3

L 0 8202 + 4823 dss23 | ee(18)

C1S23 —C1C2384 +51C4  S5(C1C23C4 +51S4) +C1523C5

J22 =| %1523 —51C2354 —C1C4  S5(S51C23C4 —C1S4) + $1523C5
| —C23 —S2354 $23C455 —C23C5 i (15)

The program flowchart is showed in appendix.

Since the problem is decoupled then for arm (three links only) the kinematic equations of 3T can
be produced from DH in table(2) as it is shown in figure(4) and the direct differentiation of position
vector gives the linear jacobian termed analytical jacobian.
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Table (2) DH of Arm

i a1 ai-1 di 0i
1 0 90 0 61
2 a 0 0 6,
3 as 0 0 O3

Figure (4) Arm Attached Coordinates System. [1]
Then:
CCx3 —CS23  S1 C1(@pC2 +a3Cy3)
O |93 ~S3 4 s1(@2C2 +83€23)
S23  C23 0 agsp3 +apSy
0 0 0 1

The analytical jacobian:[2]

ofx  ofx  ofx
06, 06, 065
J_| oy oy oty
06y 06, 065
ofz oz ofz
|06 06, 0065 ]

From eq. (16)

fx =ci(agcy +agcy3) (18)
fy =s1(a2C2 +asC23) (19)
f =apsp +agspz (20)

Then arm jacobian is:

—s1(axCy +azCp3) —cC1(apsy +agsSpz) —asCisys
Jarm =| €1(a2Cp +a3Cp3) —S1(a28p +a3Sp3) —a3S1S23
0 ayCyp +asCy3 azCy3
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5. Results and discussion:

Comparing equations (13) & (20) (note that every daSzs= a3C23 & daCo3=-a3523); Shows that they are
different because the differences in forward kinematics, but there determinates (for both) lead to the same
singular configurations with different values of 63 because of the rotation offset w/2.

Programs have been developed to embrace the theoretical work, the programs are able to calculate
the forward kinematics and jacobian symbolically math and numerically with MATLAB software, so for
equation (20):

|J | = s3a0a3(82C, +a3Cp3) =0

Either s3=0 then 05=0, = .The elbow is outstretched or retracted as it is shown in figure (5) termed
elbow singularity. Or @pCy +agCy3 =0 this configuration occurs when the wrist center intersect

the axis of the base rotation zo. There will be infinite solutions no matter how 0; is rotated; this type of
singularity termed shoulder singularity. For our robot with a2=30cm and a3=28 cm the values of 6, and
0z are shown in figures (6, 7)

While the wrist singularity occurs when |J,,| = ss = 0 then 65=0, = which is not allowed to
rotate about orthogonal axis zs. Such singularity is unavoidable without imposing a limitation on wrist
to prevent zzand zs from lining up.

Wrist singularity

Figure (5) Manipulator Singularities [1]
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a2c2 + a3c23
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Figure (6) 3D Plot Illustrates the Shoulder Singularity
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Figure (7) the Shoulder Singularity Locations at Zero Z-Axis
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Table (3) Some Results Of the Arm Jacobian Determinant

det(J11) 01
-0.7158 10.0000 65.9200 50.0000
-0.1254 10.0000 65.9210 50.0000
0.4650 10.0000 65.9220 50.0000
singularity pass th1=10 th2=65.922 th3=50

Alert message
appears when
det(J11) sign is

changed

The results show a full agreement with MATLAB robotics toolbox [10]. Where the input angels
([10 65.922 50+90 10 30 23 ]*pi/180) for the configuration shown in figure (8) and the output results
of jacobian matrix is:

0.004 23.3355  20.0822 0 0 0
0.0006  -18.8251 -13.8064 0 0 0
j 0.0001  43.1851 13.7873 0 0 0
-0.7275  0.5232 0.5232 -0.4603  0.3907 0
0.3913 0.8478 0.8478 0.1954 0.9205 0

| 0.5636 0.0868 0.0868 0.8660 0.0000 1.0000 |

The determinant is not zero exactly since the chosen inputs are not exactly at singularity but are
the nearest because the prices provision need more resolution in step angle and more processing time.

X

Figure (8) Ones of the Singular Configurations with MATLAB.
6. Conclusions:

1- The proposed kinematic model makes it possible to control the manipulator to achieve any reachable
position and orientation.

2-For open chain manipulator with spherical wrist, the singularity problem may be decoupled into two
problems; arm singularity and wrist singularity since J12 =0.

3- There are three type of singularity for the manipulator:

e Elbow singularity when 06:=0, .
o Shoulder singularity occurs at the condition 8pCo 4+ a3C23 =0 .
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e  Wrist singularity when 05=0, 7.

4- The built programs are capable of solving similar kinds of robot manipulators.
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8. Appendix:

Flow chart to calculate the jacobian determinant from forward kinematics

Input DH
parameters

L

Construct the transformation

matrices from eq. (1&2)
gT' %TI _’-Z’,TJ ZTJ 4T' gT,
S B i

|

Construct the jacobian matrix
from eq. (11)

.

- Extract Ji1 & Jao
- Solve in symbolic math. :
1J111=0, | J221=0

/ Print determinant \
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