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Abstract

In this paper, we discuss an algebraic system introduced in 2015 by Mohammed and Abdul Wahab
called it a Special kind of non associative seminear-ring with BCK Algebra (SNAK-seminear ring)
where we prove some properties and give some examples . We define three types of it we, call the
first is an ideal of type one, the second is an ideal of type two and the third is an ideal of type three.
We prove some of properties and give some example .
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1. Introduction
The notion of BCK- algebras was introduced first in 1966 by Imai and Iseki, [Imai
and Iseki, 1966]. In the same year, Iseki [Iseki, 1966] introduced two classes of
abstract algebras: BCK-algebras and BCl-algebras where the class of BCK algebras
is a proper subclass of the class of BCl-algebras.” In 1967 ,VVan Hoorn and Van Root
Selaar introduced the concept of seminear-rings and discussed a general theory of
seminear-rings", [Hollings,2009]. Seminear-ring,or near- semiring in another term . Is
generalization of near-ring and semiring , and distributive seminear-ring a common
are semirings. In 2015, S.K.Mohammed and Abdul Wahab introduced the notion of
a special kind of non associative seminear-ring with BCK algebra (SNAK-seminear
ring). The main goal of this work is to study properties of a special kind of non
associative seminear-ring with BCK algebra where a non empty set (X, ¢,*,0) with
two binary operations '+' and ‘'e' with constant 0 is called a Special kind of non
associative seminear-ring with BCK algebra if satisfying the following conditions:

1) (X, ¢) isasemigroup

2) (X, #,0)isaBCK algebra

3) (xey)*z=(xoz) #(yez) VX,y,zeX
4) Oex =xe0=x VxeX

and introduce three types of ideals of it . We call that the first is the ideal of type
one, the second is the ideal of type two and the third is the ideal of type three where

we study some properties and give some examples.

1.Basic Concepts and Notations

This section contains some basic ordinary concepts about semigroups, seminear-
ring, a non-associative seminear-ring,BCK-algebra with some examples and some
propositions.
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Definitionl.1 [Petrich, 1973 ]
Let Sbe a non-empty set. (S, ) is said to be a semigroup if on S is defined a binary
operation ‘e’ such that foralla,b €S,a eb €S and
(aeb) ec=a e(b ec)foralla, b, c €S.
Definition 1.2 [Harju1996]
The direct product S x T of two semigroups (S, ) and (T, ) is defined by
(X1, Y1) (X2, Y2) = (X1 @ X2, Y1 #y2) where X3,X2€ S, y1,Y2€ T.
It is easy to show that the direct product is a semigroup.
Definition 1.3 [Harjul996]
Let (S, ) and (P, #) be two semigroups. A mapping f: S — P is a homomorphism if
V X,y € S:f(xey)=1(x) *f(y) .
Definition 1.4 [Vasantha ,2002]
A semigroup (S, ) is said to be commutative ifa eb=b eaforalla, b €S.
Definition 1.5 [Vasantha ,2002]
Let (S, o) be a semigroup. P a non-empty proper subset of S is said
to be a subsemigroup if (P, ) is a semigroup .
Definition 1. 6 [Petrich, ,1973 ]

Let (X, ) be a semigroup and x an element of X . An element e of X is a left
identity of x if e ex = x, a right identity of x if x ee =X, an identity of x if
Xee=e¢ex=X.

Definition 1.7 [Mordeson,2003]
A semigroup (S, ) is called normal if aeS=Sea for all a&S .
Definition 1.8 [Zulfigar,2009]

A non empty set R with two binary operations + (addition) and e (multiplication) is
called a seminear-ring , if it satisfies the following axioms:
(1) (R, +) and (R, @) are semigroups,
2 (x+y)ez=xez+yeozforallxy,z eR.
Precisely speaking, it is a right seminear-ring because it satisfies the right distributive
law.
Definition 1.9 [Vasantha ,2002]

Let (N, +, ¢) be a non-empty set with two binary operation ‘+’ and ‘e’ satisfying the
following conditions :
a. (N, +) is a semigroup.
b. (N, ) is a groupoid.
c.(@a+b)ec=aec+becforalla, b, c eN;(N,+, o is called the right seminear-
ring which is non-associative.

If we replace (c) bya e(b +c) =aeb + aecforalla, b,c eN;then

(N, +, @) is a non-associative left seminear-ring .
In this text we denote by (X, +, ¢) a non-associative right seminear-ring and by default
of notation call X just a non-associative seminear-ring.
Definition 1.10 [Vasantha ,2002]

Let (N, +, o) be a seminear-ring which is not associative. A subset P of N is said to be
a subseminear-ring if (P, +, o) is a seminear-ring.
Definition 1.11 [Vasantha ,2002 ]

A mapping g between two seminear- rings is called seminear ring homomorphism
if g is a homomorphism.
Definition 1.12 [Vasantha ,2002]
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Let (N, +, ) be a non associative seminear-ring . Then a non-empty subset | of N is
called left ideal in N if
1) (I, +) is a normal subsemigroup of (N, +).
2)n e(ny +i) + neny el foreach i el, n, ny eN.
Definition 1.13 [Vasantha ,2002]
Let (N, +, #) be a non-associative seminear-ring. A nonempty subset I of N is called
an ideal in N if
1) lis a left ideal.
2) leN .
Definition 1.14 [Samaei & Azadani, 2011]
Let X be a non-empty set with binary operation, *, and 0 is a constant. An algebraic
system (X, *, 0) is called a BCK algebra if it satisfies the
following conditions:
1) (x*y) *(x *2)) *(z *y) = 0,
2) (x*(x*y))*y =0,
3) x*x =0,
4)ifx*y=0and y*x=0 then x=y, Vxvy,zeX
5)0*x =0.
Remarks 1.15 [Nisari,2009]
Let X be a BCK algebra then :
a ) A partial ordering ” <” on X can be defined by x <y if and only if
x*y =0.
b) A BCK-algebra X has the following properties:
1 x*0=x.
2) (x*y)y*z=(x*2)*y.
Definition 1.16 [Iseki, 1974 ]
Let (X,*, 0) and (X',*', 0") be two BCK-algebras. A mapping /- X — Yis called a
homomorphism from X to X' if forany x,y € X, f(x *y) = f(x) *' f(y) .
Definition 1.17 [Jun, 2012]
A BCK-algebra is said to be commutative if x #(x #y) =y #y ) forany x,y eX.
Definition 1.18 [Kuroki, 1977]
A subsemigroup A of a semigroup S is called normal if xeA=Aex for all elements x
of S.
2 . Some Properties of A Special kind of Non Associative Seminear-

Ring With BCK Algebra.
In this section , we discuss a special kind of non associative seminear-ring with
BCK algebra and study some of properties.

Definition 2.1.1 [Mohammed and Abdul Wahab,2015]

Let (X, e, *, 0) be a non-empty set with two binary operations '# and 'e' and 0 is
constant satisfying the following conditions :
a) (X, @) is asemigroup .
b) (X, # 0) is a BCK algebra.
c)(xey)*z=(x #z) e(y #z), forall x,y,z € Xwhich is called the distributive law
e)0 ex=xe0=x, forall xeX
Then; (X, ,#0) is called A Special kind of Non Associative Seminear-Ring With
BCK Algebra, we refer to by SNAK-Seminear Ring.
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Example 2.1.2
Let X={0,1,2,3}with two binary operations '# and "' are defined by the
following tables :

NINWlWw]|w

W=D |e
win =10
Wl =] -
NN

(@] ko) Neo} Fan) § ]
(@]} o] o) Fe) Jb]

WiIN|=|S] *
wiln—|ole
Wl o|Io]| -

Then usual calculation we have (X ,e, *0) is SNAK-seminear ring

Proposition 2.1.3 [Mohammed and Abdul Wahab,2015]

LetS, T be a SNAK-seminear ring . Then SxT ={(s,t) : s&S,teT}is a SNAK-
seminear ring, where the binary operations ‘e’ and *' are defined by the following :
(a1, b1) e (a2, by) = (a1e @z, byehy)

(a1, by) #(az, b)) = (a1*az, by1#by), for all (as,b1), (az,b2) € SXT

Definition 2.1.4 [Mohammed and AbdulWahab,2015]

Let (X, o, *,0) isa SNAK-seminear ring a non empty subset P of X is said to be a
Special Kind of Non Associative Sub Seminear-Ring With BCK Algebra if

(P, ¢, #0) is a SNAK-seminear ring , we denoted by sub SNAK-seminear ring. Note
that every sub SNAK-seminear ring is SNAK-seminear ring .

Remark 2.1.5 [Mohammed and AbdulWahab,2015]

If B is a sub SNAK-seminear ring of a SNAK-seminear ring X then it is clear that

0eB since B is a BCK algebra.

Remark 2.1.6 [Mohammed and AbdulWahab,2015]

Let (X1, ®, #,0) , (X2, @, #,0) be a Sub SNAK-seminear ring of X. Then the
following are Sub SNAK-seminear ring.

1) X1 Xz, @, #,0)

2) (Xqu Xz, @, #,0) suchthat X;c X, or Xoc Xy

Remark 2.1.7
The converse of above remark is not true in general
Proof
To show that the converse of (1) in remark above is not true in general , Let
X={0,1,2,3}with two binary operations "' and ' # be defined by the following tables :

W=D e
win|—|ole
W O]~ ]|=-
— O WINN
Sl—=|N]|Ww|Ww

WIN|=]S]| %
O8] I SR oy Kol 1]
= = E=1 k=] L)
(=) Ken} Feo) e} § &)
S|o|Io|IOo|w

Then (X, o, # 0) isa SNAK-seminear ring.Let X;={0,1,3}and X, ={0,1,2}cX
.Then X;» X, = {0, 1} is a SNAK-seminear ring.

But X; and X; is not SNAK-seminear ring since X; and X, is not semigroup.Now to
show that the converse of (2) in above remark is not true since if we take

(X,e, # 0) as in the following example : Let X={0,1,2}with two binary operations 'e'
and '# be defined by the following tables :
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N -

\ON el Kenl K—1
ol |o|=-=
(e} §\S) Keojl || &)

\OR o Rawll N}

NI~

N =] e
Rl—=]—=]-~

X1={0, 1} and X,={0, 2}then it is clear that X; and X, Sub SNAK-seminear ring .
and X; UX,={0,1,2} is a Sub SNAK-seminear ring ,but X, EX, and X, EX;.
Definition 2.1.8

If (X, .) is abelian semigroup in a SNAK seminear-ring we say that (X , e, *,0) is
Abelian Special Kind Of Non Associative Seminear-Ring With BCK Algebra
(abelian SNAK Seminear-Ring )

Definition 2.1.9

If (X, *) is a commutative BCK algebra in a SNAK seminear-ring we say that (X,
e . *,0) is Commutative Special Kind Of Non Associative Seminear-Ring With
BCK Algebra ( Commutative SNAK Seminear-Ring )

Proposition2.1.10
1- If Xy, X, is commutative SNAK-seminear ring then (X;x X, , e,#,0) is
commutative SNAK-seminear ring .
2- If Xy, X, is a commutative Sub SNAK-seminear ring , then
3- 1) (XlﬂXZ , @0, *,0)
4- 2) (X1UX2 , @, ¥, O) st XicXy or Xoc X
are commutative Sub SNAK-seminear ring) .
Proof: clear
Proposition 2.1.11
Let X be a SNAK-seminear ring. If X; and X, are Sub SNAK-seminear ring of X
suchthat x *y =x ¥'xe X;,y e Xo. Then X;n X, ={0}.
Proof

Let X; and X, are Sub SNAK-seminear ring of X ,since 0&X; and 0&X; so
X1 Xo# @ . Now, suppose X1 Xo={ 0}

—=7a e X1 X, anda = 0 = a~a = a by hypotheses
buta =a=0 so a=0 contradiction = X;» X, ={0}
2.2 On Homomorphism _of SNAK-seminear ring

In this section we study homomorphism on a SNAK-seminear ring and prove some

results .
Definition 2.2.1 :
Let X and X' be SNAK-seminear ring and f : X — X" is mapping, then:

f is called a homomorphism if f(x ey) = f(x) ef(y) and f(x =y) = f(x) #(y) for all x,

y eX. f iscalled a monomorphism if f is a one-to-one homomorphism. f is called

an epimorphism if f is an onto homomorphism. f is called an isomorphism if f is

a bijective homomorphism. The set ker f = { x eX : f(x) = 0} is called the kernel of f
Lemma 2.2.2
Letf: X — X' be a SNAK-seminear ring homomorphism . Then
(1) 1(0) =0,

(2) ifx <y then f(x) <f(y).
(3) iIf x Ay =x #(x #y) then f(x 1y) = f(x) 2 1(y).
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Proof
Letf: X — X' be a SNAK-seminear ring
(1) Let x eX Then f(0) = f(x *x) = f(x) #(x) =0
(2) Letx <y. Then we have x »y =0 [by remarks 1.15]
Thus [by 1]we have f(x #y) =f (0) =0 = f(x) #(y) =0 =f(x) <f(y)
(3) Letx,y e Xand x Ay =X #(X #y)
=f(x Ay) =f(x #(x #y)) =1(x) «(f(x) 4(y)) =f(x) Af(y) [since fisa SNAK-seminear
ring homomorphism ]
Proposition 2.2.3
Let X, Y, Z be SNAK-seminear ringand letf: X — Y and g:Y — Z are SNAK-
seminear ring homomorphisms. Then g °f : X — Z is also a SNAK-seminear ring
homomorphism.
Proof:clear
Proposition 2.2.4
Letf: X — Y is a SNAK-seminear ring homomorphism and A < X be a Sub SNAK-
seminear ring . Then f (A) also
Proof:Let X be a SNAK-seminear ring Then (X, o) is a semigroup since A < X . Then
f(A) <Y soitis clear that (f(A) , @) is a semigroup.
Now, to prove that (f(A) , #, 0) isa BCK algebra since 0 A by [2.1. 5] so
0=f(0) ef(A) .Now, let x',y",7' ef(A) =2Ix,y,z e AcX stf(x) =x",
fly) =y, f(z)=2z' then
(X #y?) = (X" #27)) * (' *y") = ((f(x) *f(y)) * ((x) *1(2))) = ({(2) *f(y))
= (f(x #y) #f(x #2)) #f(z #y) = (((x *y) * (x #2)) *(z *Y))
=f(0)=0[Sincex,y,z e AcXand X is a SNAK-seminear ring]
And (f(x) * (f(x) #f(y)) *f(y)= T ((x #(x #)) *y) =£(0)=0
Also, f(x) #f(x) =f(x #x) =f(0) =0 [ by 3 of definition 1.14 ]
f(x) #f(0) = f(x #0) = f(x) [by 1 of remark 1.15]
and f(0) =f(x) = f(0 #x) =1(0)

= (f(A), #, 0))is a BCK algebra .Now to prove the distributive law
Letx',y, z' ef(A) =7x,y,z eAst fX)=x",fly)=y",f@)=7
(X' oy) #2' = [{(x) of(y)] #(z) =T (x oy) #f(z) =f((x ey) *2)
=f(x xzey #2) [by c of definition 2.1.1]
= f(x =) of(y #2) = f(x) #f(z) of(y) ().
Let X' e f(A) =Fx e As.t f(x) =x" then
f(0) of(x) = f(0O ex) = f(x) and f(x) #f(0) = f(x ¢0) = f(x) then (f(A) , e, #,0) is Sub
SNAK-seminear ring..
Proposition 2.2.5
Let f: X — X' be a SNAK-seminear ring homomorphism. If X is a commutative |,
then f(X) is also .
Proof: Letf: X — X' be SNAK-seminear ring homomorphism.So by 2.2.4
f(X) is a sub SNAK-seminear ring since X< X
Now, let f(x), f(y), f(z) ef(X) for some x, y, z eX.Suppose that X is a commutative
-Then f(x) (f(x) #(y)) = f(x) (x=y)=f(x #(x #y)) = f(y *(y #))
=1(y) #(y =) =f(y) «(f(y) #f(x)) then f(X) is a commutative
sub SNAK-seminear ring
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Proposition 2.2.6
Let f: X — X' be SNAK-seminear ring monomorphism . If f(X) is a commutative
.Then X is also.
Proof: Letf: X — X' be SNAK-seminear ring monomorphism and let
X, Y, Z eX. Then f(x), f(y), f(z) €f(X). Suppose that f(X) is a commutative .
so f(x) #(f(x) #(y)) = f(y) #(f(y) #(x)).
f(x #(x #y)) = fly <y *x)

since f is a monomorphism so x #(x #y) =y #y #X).Then, X is a commutative
SNAK-seminear ring

Proposition 2.2.7

Let /- X — Y be SNAK-seminear ring epimorphism such that X isa commutative
. Then Y is also

Proof:clear

Proposition 2.2.8

Let /- X —»X" be a SNAK-seminear ring. homomorphism. Then kerf is a Sub SNAK-
seminear ring of X.

Proof:Since f(0)=0so 0 e kerf'so kerf# @ then let x,y ekerf so f(x)= 0 and f(y)=0
=>f(xey)=0 = xeyekerf

and if x,y,ze kerf < X we have (xey) ez= xe (yez) since X is a SNAK-seminear ring
.50 (kerf, o) is a semigroup.Now, since kerf < X so, it is easy to prove that all
conditions of BCK algebra satisfy so (kerf, *, 0) is a BCK algebra.

If X,y,z ekerf o Xthenitiseasy to prove that (xey)*z = x»z ey#z since X is a
SNAK-seminear ring.Let x € kerf =X thenx ¢0 =0 ex = x so (kerf,e, * 0) isa Sub
SNAK-seminear ring.

3. Ideal of Type One on SNAK-seminear ring

In this section ,we introduce the notions of ideal of type one in SNAK-seminear ring

and discuss some problems and give some examples.

Definition 3.1.1

Let X be a SNAK-seminear ring. A non empty subset | of X is called an ideal of type
one in X if satisfies the following conditions :

1) (1, @) is a normal subsemigroup of (X, e)

2) (n #(nyei)) e(n #n;) el foreachi 1l,n,neX.

1 *X |

Example 3.1.2:
Let X={0,1,2,3} be SNAK-seminear ring with two binary operations "¢ and '# be
defined by the following tables :

(e} fen) N} Nao) § 5]
Slo|Io|Io|Ww

— =N
SN W]|W
WIN|=|S]| *
(OS] BN I Rewl N
WIW|[ DO -

W= e
wiN|—J|1ole
NN =] -

Then by usual calculation, we can prove that /= {0, 1} is an ideal of type one .
Example 3.1. 3:

Let X={0,1,2,3}with two binary operations 'e' and ' # be defined by the following
tables :
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Wi |=]S
(OO} B\ON L Rewl K—)
(e} feol Feull el |
(@] feuj el Rav} § )
ol |O|lw

WIN|=D]|e
win|—|ole
—_—l === -

N—=]— N
[« B\ON Eoy JUSY NS

Then 7={0, 1} isnot ideal of type onesince 0,2 e Xand 1 <l
but (2 #(0 el)) e(2 #*0) =0 e2=2 #1
Remark 3.1.4
Let X be a SNAK-seminear ringand | < X be an ideal of type one, then 0 €.

proof:clear
Proposition 3.1.5

Let X be a SNAK-seminear ring. If | < X be an ideal of type one of SNAK-
seminear ring, then (1, e, #, 0) is a Sub SNAK-seminear ring.
proof: Let X be a SNAK-seminear ringand | < X be an ideal of type one, Since
(I, @) is anormal sub semigroup so (I, e) is a semigroup and since 0 e | [by remark
3.14] soif x,y,z el <X, soitiseasy to prove that all conditions of BCK
algebra satisfy so (I, #, 0) isa BCK algebra. Now , if x,y,z el <X then
(x ey) *z=(x #z) e(y *#z)since X isa SNAK-seminear ring letx el < Xthenitis
clearthat 0 ex =x =x 0, therefore (I, e, *, 0) is a Sub SNAK-seminear ring.
Remark 3.1.6

The converse of proposition (3.1.5) in general is not true where we explain this by
the following example : Let X={0,1,2, 3}with two binary operations ' and ' # are
defined by the following tables :

° 0 1 2 3 * 0 1 2 3
0 0 1 2 3 0 0 0 0 0
1 1 1 1 1 1 1 0 0 3
2 2 2 2 2 2 2 0 0 3
3 3 2 2 3 3 3 0 0 0

Itis clear that I = {0, 2} is a sub SNAK-seminear ring but I is not ideal of type one
since 2*3=3 ¢ |.
Proposition 3.1.7
Letf: X — Y be a SNAK-seminear ring homomorphism such that X is an abelian
and xX*=0 ¥'x e X, then ker f is an ideal of type one .
Proof: Let X be an abelian SNAK-seminear ring such that x> =0 ¥'x e X
1) Leta,b ekerf.Thenf(a) =f(b) =0
So, f(a eb) =f(a) ef(b) =f(a eb) =0 e0 =0 = a eb e ker f. Now,
letx,y,z ekerf <X then (x ey) ez=x e(y @z) .So, (ker f, @) is a semigroup
Since X is an abelian so (ker f, ) is a normal subsemigroup
2) Letn,npe Xandi ekerf so f(i)=0
=f(((n # (n1ei))o(n #ny))= ((F (n) * (F () @£()) «(f(n) *f(n1))
=(f(n) #f(ny)) e(f(n) #f(ny)) =1 ((n *n1) e (n *ny))

=f (n® *ny) [by c of definition 2.1.1]
=f(0=#ny) =1f(0) [by hypothesis]
=0 [ by 1 of Lemma 2.2.2]
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3)let i ekerfandn e X ,f(i #n) =1(i) *f(n) =0 #f(n)=0
=i #n ekerf = kerf #X ckerf .Thenker f is an ideal of type one

Proposition 3.1.8
Let X be an abelian SNAK-seminear ring and let A , B be ideals of type one of X .
Then A N B is an ideal of type oneof X .
Proof clear
Proposition 3.1.9
Let X be a SNAK-seminear ring and let A, B be an ideal of type one of X. Then A
B is an ideal of type one of X if A B or B < A and the converse is not true in
general
Proof: proof is clear. Now ,we show that the converse is not true in general since if
we take A,B and A U B are ideals of type one of X then A,B and A B are Sub
SNAK-seminear ring of X [ by proposition 3.1.5] so in general A B and B <A by
[2.1.7].
Proposition 3.1.10
Let f: X — Y be a SNAK-seminear ring epimorphism if A is an ideal of type one
of X . Thenf (A) is an ideal of type one of X.
Proof:Let X isa SNAK-seminear ring then
1) a. Since A is an ideal of type one . Then (A, ) is a subsemigroup implies that A is
a semigroup
b. Letx',y" ef(A)since fisanepimorphism_=7x,y e A >f(X)=x",f(y) =V
=X ey e Athenf(x) ef(y)= f(xey) ef(A) = X' oy ef(A)
Let X', y',Z' ef(A) cY=(X'ey') ez’ =X o (V' 0Z) [ since Y is a SNAK-
seminear ring] hence (f (A) , o) is a semigroup. Now, leta' €Y then 7a e X 5f (a) =
a ' =a ef (A)=1f(a) ef (A)=f(a eA)=1f(A ea) [Since Aisanormal]
=f(A) e f(a)=1(A) ea" so((f(A), e isanormal subsemigroup
2) To prove that ((n #(niery)) e(n #n;) e f(A) foreach rief(A),
n,neY. Since fisan epimorphism=7 x,x;eXandr e A >f(x)=n,f(x) =
ni, f(r) =rysince A is an ideal of type one then (( x # (x;or)) e (X #Xx;) €A
=T ((x #(x0r)) e (X #X1)) € (A)
= ((F(x) = (f (xa) ef (1)) e (F () #F(x1)) ef(A)
=((n #(ny ery)) e(n #ny)) € f(A)
3) To prove that f(A) »Y cf(A) .Let a" ef (A)and m' eYsoa' *m' &f (A) *Y
where m' e Y =2 Ix eAandm e X> f(x)=a' , f(m)=m'
=a" *m'=f(x) =f (m)
=f(x *m) € f(A)[since x *m <A because that A is an ideal of type one]

=a *m' e f(A) so f(A) *Y cf(A)
Therefore, f (A) is an ideal of type one of X .
3.2 Ideal of Type Two of SNAK-seminear ring

In this section, we introduce the notion of ideal of type two on a SNAK-seminear
ring and study its properties and give some examples .
Definition 3.2.1

Let X be a SNAK-seminear ring A non empty subset /7of Xis said ideal of type two
on X if satisfies the following conditions :
1) ifaeb e/ orbeace/ and a e/ then b e/Va,b eX
2) 1 *X I
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Example 3.2.2:
Let X={0,1,2} with two binary operations "' and ' # be defined by the following
tables
. 0 1 2 * 0 1 2
0 0 1 2 0 0 0 0
1 1 1 1 1 1 0 1
2 2 1 0 2 2 0 0
Then by usual calculation we can prove that 7= {0, 2} < X is an ideal of type two .
Example 3.2.3:
Let X={0,1,2,3}with two binary operations 'e' and ' # be defined by the following
tables :
° 0 1 2 3 * 0 1 2 3
0 0 1 2 3 0 0 0 0 0
1 1 1 1 1 1 1 0 0 3
2 2 1 1 1 2 > 0 0 3
3 3 1 2 3 3 3 0 0 0

Then 7= {0, 2} <« X is not ideal of type two , since 3 e2=2 e/and 2 €/ but
3gl,also2#3=3 gI1so | *xzlVa €l,x € X. Then [ isnot an ideal of type
two.
Remark 3.2.4

Lel I be an ideal of type two of SNAK-seminear ring then it is clear that ,0 &l
Proposition 3.2.5

Let X bea SNAK-seminear ring and let A, B be ideals of type two of X . Then
A N Bis an ideal of type two of X .
Proof:Let X be a SNAK-seminear ring, since A B =@
1) Leta eb sA B or bea c<AnB and a €A nB since A, B be ideals of
type two=a eb cAor bea €A and acA and aeb B or bea B

and aeB =b eBandb €A then b €A NB

2) Let ae AnB then a*XcAand a #X < Bsince A, B is an ideal of type
two =a*XcANBVaeAnNB = AnB #*XcAnBthen AnB isanideal
of type two .
Remark 3.2.6

Let X be a SNAK-seminear ring and let A, B be ideals of type two of X then
A B isanideal of type twoof X if AcB or BcA
Proof: clear .
Example 3.2.7

Let X={0,1,2,3 }with two binary operations 'e' and ' # be defined by the following
tables :

WIN|=|S] *
(OS] B\ON I Neol §—

NS} I \O) Raw) Kaul B

(=) Fen} Heo} Fan) § )
(=) o] e} el V5]

W=D e
win|—|ole
N} NUSH Nl FEl
— 1O |WINN
Sl WwWIW
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Let A={0,1}and B ={0, 2} then A and B is ideal of type two but
AuB={0,1, 2}isnotideal of type two since 2 e3 s Aand 2 e Abut3 £ A so the
converse of remark 3.2.6 is not true in general.
Proposition 3.2.8
Let f: X —Y bea SNAK-seminear ring homomorphism . Then ker f is an ideal of
type two of X
Proof: Let X be SNAK-seminear ringand f: X — Y bea SNAK-seminear ring
homomorphism
1) leta eb ekerf or b e ackerf and aekerf
=0=f(aeb)=1(a) ef (b)=0e f(b)= f(b) [by e of definition 2.1.1]
=f() =0, inasimilarway if f(b ea) =0then f(b) =0 = b ekerf
2) inasimaller way of 3.1.7 we have ker f #X cker f for each a eker f and x eX
then, ker f is an ideal of type two .
Proposition 3.2.9
Let f: X - Y bean SNAK-seminear ring epimorphism if A is an ideal of type two
of X. Then f (A) is an ideal of type two of Y.
Proof: Let X be a SNAK-seminear ring and A be an ideal of type two of X
1) Leta' ef(A)and b'eY, sincef isanepimorphism=7 a e Aand beX such
thatf(a) =a' ,f(b)=b'=leta' eb' €f(A) or b'ea f(A) anda' ef(A)
—>f(a) ef (b) ef(A) or f(b) ef(a) €f(A) and f(a) f(A)
—f(aeb) ef(A) or f(bea) ef(A) and f(a) ef(A)
—aebcAor beacA and a €A =b €A [Since A isan ideal of type two]
=>f(b) ef(A)thenb' e f(A)
2) in a simaller way of [proposition 3.2.9] we have f (A) *Y <f (A).Then, f(A) is
an ideal of type two .
Proposition 3.2.10

Let X and X' be SNAK-seminear rings and let f : X — X' be a homomorphism of
X if B is an ideal of type two of X' . Thenf* (B) ={a e X/f(a) B }is an ideal of
type two of X.
Proof:

Let X and X' be SNAK-seminear rings
letf: X — X' be a SNAK-seminear ring homomorphism and let B be an ideal of
type two of X'
1) Let aeb e f*(B)orbeac f*(B) and a e f*(B)
—f(aeb)eBorf(bea) eB andf(a) eB =f(a) ef (b) eBor f(b) ef(a) B
and f (a) e B since B is an ideal of type two we have f(b) eB = b e f*(B)
2)Leta e f1(B)andx e X sof(x) e X' = f(@) eBandf(x) € X'
=f(@) #f(x)= f(a*x) eB [since B isan ideal of type two]
—a#*xef!B) vaef!B)andx eX=f1B) *Xc f*(B) = f'(B)is
an ideal of type two .
Proposition3.2.11

Let X be a SNAK-seminear ring and let 7and J be ideals of type two of X . Then
IxJ is an ideal of type two of X xX
Proof
Let X be a SNAK-seminear ring and let I, J be ideals of type two of X.
1) Let (a,a)e(b,b) eIxJ or(b,b") e(a,a’) eixJ
and (a,a') elxJ=(aeb,a eb') eixJor(bea,b ea')eix]
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and (a,a") elxJ
—aebe/or bea e/and a 7/ also a' eb'eJ or b'ea eJ
and a' €J
then b €/, b' e J[since 7, J are ideals of type two of X]= (b, b") e/xJ
2) Let (X1, X2) e X xX and (ar, ap) €lxJ
—ay*X1el,a, % eJ because 7and J are ideals of type two .Then
(a1, a2) * (X1, x2) = (@1* X1, a2 *p) €lxJ.Then IxJ isan ideal of type two
3.3 Ideal Of Type Three on SNAK-seminear ring
In this section, we introduce the notion of ideal of type three on a SNAK-seminear
ring and study its properties and give some examples .
Definition 3.3.1
Let X be a SNAK-seminear ring. A non empty subset 7 of X is said ideal of type
three on X if satisfies the following conditions :
l)aeb e/vVa,b e/

2) 1 #X I
Example 3.3.2:
Let X={0,1,2}with two binary operations 'e' and ' # be defined by the following

tables :

° 0 1 2 * 0 1 2

0 0 1 2 0 0 0 0

1 1 1 1 1 1 0 1

2 2 1 0 2 2 0 0

Then by usual calculation we can prove that 7= {0, 1} < X is an ideal of type three
Example 3.3.3:

Let X={0,1,2,3}with two binary operations 'e' and ' # be defined by the following
tables :

W=l e
W= ole
==
Wl—]|—]|Ww]Ww

[UEy U QUNIN JUNIN U

WiIN|=|S] *
[OSH B\O) L Rewl K—)
SlIQ|ICo|Oo|=-
(=) fen} N} Feo) § 5]
S|W|WIO W

Then 7={0, 2} < X is not ideal of type three since 2e lbut2 e2 =1 £/
Remark 3.3.4

If 1isan ideal of type three of SNAK-seminear ring, then itisclearthat, 0 1
Remark 3.3.5

If 1isan ideal of type three of SNAK-seminear ring, then I is sub SNAK-
seminear ring.
Proof: Let | be an ideal of type three of SNAK-seminear ring and leta, b el
—aebelletx,y,zelcX= (xey)ez=xe(y ez) since (X, o isa
semigroup so (I, ) is a semigroup .Now, since | *X c |l ¥x elsoi *j el
vi,] el solisclosed under the operation ( * ).Now, since 0 1 [by remark 3.3.4 ]
then in easy way we can show that all conditions of BCK algebra are satisfies so (I, *
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, 0) is a BCK algebra .Also, the distribution law satisfies for all x,y,z €| < X where
Xisa SNAK-seminear ring and let x el cXthenitisclearthat 0 ex=x= x 0
so (I ,e, *,0)isasub SNAK-seminear ring .

Remark 3.3.6
The converse of above remark in general is not true .
Proof
We will prove it by using the example (3.2.3),
take 1 ={0, 1} X itis clear that is a sub SNAK-seminear ring but I is not ideal of
type three since | #x <l wherel eland 3 € X
butl #3=3 1.
Proposition 3.3.7

Let X be a SNAK-seminear ring and let A, B be ideals of type three of X .Then
A N B is an ideal of type three of X and the converse is not true in general.
Proof: prove is clear .Now to prove the converse take A={0,1}and B={0,1, 2}
in (example 3.2.7) then A N B= {0, 1} ideal of type three but B={0, 1, 2} is not
ideal of type threesince 2 e1 =3 ¢ B
Remark 3.3.9

Let X bea SNAK-seminear ring and let A, B be ideals of type three of X. Then
A UB is an ideal of type three of X if A <B or B < Aand the converse is not true
in general.
Proof: proof is clear and we can prove the converse of this remark in a similar way of
remark 3.1.9 .
Proposition 3.3.10
Let f: X — Y be a SNAK-seminear ring homomorphism . Then ker f is an ideal of
type three of X .
Proof:.Let /- X — Y be a SNAK-seminear ring homomorphism. Then
1) a,b ekerf=f(a)=0and f(b)=0=f(a eb)=f(a) ef (b)) =0 e0=0
—f(@aeb)=0=aeb ckerf
2) We can prove that ker f #X < ker f in the same manner used in (3.1.7) .Then ker f
is an ideal of type three
we can easily prove the proposition 3.3.11-3.316
Proposition 3.3.11
Let f: X — Y be a SNAK-seminear ring epimorphism if A is an ideal of type three
of X, thenf (A) is an ideal of type three of Y.
Proposition 3.3.12

Let X be a SNAK-seminear ring and let f: X — X' be SNAK-seminear ring
homomorphism of X if B isan ideal of type three of X'. Then f* (B)={a e X :
f(a) € B }isan ideal of type three of X.
Proposition 3.3.13

Let X bea SNAK-seminear ring and let 7, J be ideals of type three of X . Then
IxJ is an ideal of type three of X x X.
Proposition 3.3.14
Let X be a SNAK-seminear ring and let 1'={(a, 0)/a X} and
J'={(0,b)/b eX}. Then|"and J ' are ideals of type three of X x X.
Remark 3.3.15

Let X bea SNAK-seminear ring and let | *and J ' be defined as in the above
proposition. Then1' » J'=(0, 0).
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Proposition 3.3.16
Let X bea SNAK-seminear ring . If land J be ideals of type three of X and
x*y=x¥Vxel,yelthenlnJ={0}
Proposition 3.3.17
Let X be an abelian SNAK-seminear ring and let /= {a e X : a> = a}. Then 7an
ideal of type three .
Proof: Let X bea commutative
1) Leta,b e/=a=2a%,b="b?
— aeb= aeaebeb=(aeh)? [since Xisanabelian] so a eb e’
2)Leta e/ and x e X =a=a’and x e X
a*x=a’#*x=(aea) *x=a *xea*x=(a*x)° so a=*x eLThen Lisan ideal
of type three .
Proposition 3.3.18
Let X be an abelian SNAK-seminear ring and let A be an ideal of type three.
ThenA={a e X:aex A forsome x A} is an ideal of type three of X and A
c A.
Proof : Let X be SNAK-seminear ring
leta,b e A=aex,bey cAforsome x,y €A
= (@aeb)e(xey)=(aex)e(bey) [since Xisan abelian]
Sincea ex €A and b ey eAthen(aex) e(b ey) A [since Ais an ideal of type
three] but x ey e Aso a eb ¢ A
letr eXand a e A =Ix cA>aex eA= a=*rex=r =(aex) #r A[since
A is an ideal of type three] but A *X < A [since A is an ideal of type three]

so x *r €A = a *r eA[by definition of A]l.Now , to provethat A c A
Let x cA =>x e0 €A where 0 € A [since A an ideal of type three]
so X € A thenA c A.
Proposition 3.3.19
Let X be a SNAK-seminear ring and B;={x € X ,(x *a)*a = 0} where a € X.
Then B, is an ideal of type three.
Proof : Let X bea SNAK-seminear ring and Let x,yeB,
=(x #a) =a=0and (y*a) xa=0
D(x *a) #a o(y=a) xa = [(x *a)e(y*a)] *a=((x e¢y) *a) *a=0=>x ey B,
Letr eB, and x eXto prove thatr #x eB,
Sincer eB,= (r #a) #a =0,
[(r *x)*a] *a=[(r*a)*x] *a [by 3 of remark 1.15]
=[(rxa) *a] *x=0#x=0 [by 4 definition 1.14 ]
=1 *X €B,=B, ideal of type three
Corollary 3.3.20
Let X be an abelian SNAK-seminear ring and A be an ideal of type three of X.
Then A=A ifandonlyif Aisan ideal of type two .
Proof
Let X be an abelian and A be an ideal of type three. Suppose that A = A,
ifaebecA or beacA anda €A
—aeb=beacAanda eA[since Xisanabelian ] = b e A
but A=A so b eA=A isanideal of type two .Conversely, suppose that A is an
ideal of type two so A < A[by3.3.18].Leta ¢ A =a ex <A forsome x € A
—aex=xeacA and x €A [since X is an abelian] .But A is an ideal of type
two=a €A,s0A c A therefore A =A
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Proposition 3.3.21

Let X be an abelian SNAK-seminear ring and Let A, B be ideals of type three of
X suchthat AcB.Then A c B
Proof: Let X be a SNAK-seminear ring and Let A, B be ideals of type three of X
such that A B
Let a A then a ex €A forsomex e A=a ex € B where x B [since A cB].
Hence, ac B= A c B
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