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Abstract

In this article we prove that Whitney theorem for the value of the best
multiapproximation of a function f €L,([a,b]?) ,0<p <o by algebraic
multipolynomial p,,,_; of degree < m — 1.

1. Introduction, definitions and main result

Whitney theorem has applications in many areas and has been further generalized to
various classes of function and other approximating spaces .

Whitney theorem was proved by Burkill [1] when (k = 2, p = ) and Storozhenko [2]
when (0 <p < 1).

In [3], [4] Whitney proved that if f ecC(a,b]) then
Ex—1(ap) < Wiwy (f,b%a, [a, b]) where W, = const depends only on k.

In 2003 E.S. Bhaya [5] proved the following theorem by using Whitney
theorem of interpolatory type for k-monotone functions for K. A. Kopotun.

Theorem A: Let m,k € N,m <kand f € A*n W, (1) . Then for any, n > k — 1, there
exists apolynomial p, € II, such that for any p < 1

I fP =p My < Do, (fP,nL 1), forj=1,...,m.

In 2004 S.Dekel and D.Leviatan [6] proved the following Whitney estimate.
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Theorem B: Given O0< p < o ,r € N,and d > 1, there exists a constant
C(d,r,p), depending only on the three parameters, such that for every bounded convex
domain Q c R?, and each function f € L, (Q),

E._1(f,Q)p < C(d,1,p)wr (f,diam(Q),Q),,

where E,_;(f,Q), is the degree of approximation by polynomials of total degree
r — 1,and w, (f, * ), isthe modulus of smoothness of order r.

In 2011 Dinh Dung and Tino Ullrich [7] proved the following Whitney type
inequalities

Theorem C: Let1 < p < oo,r € N% then there is a constant C depending only
on r,d such that for every f € L,(Q)

-1

z nzn Q(f,8,Q)po < Ex(f)po < CA(f,6,Q)p,0,

ec|d] i€e

Where Q := [ay,b;] X...X [ag, by] and 6 = 6(Q) == (b, — a4,...,bg; — ay) is the size
of Q.

For the proof our main result we need the following definitions :

Let us introduce a new version of Lagrange polynomial on R%, and call it a Lagrange
multipolynomial .

Definition 1.1.
A Lagrange multipolynomial L(x, f) = L((xy, %2, ..., x4); f)
L((xl,xz, ...,xd);f) = L((xl, v Xa)i 3 (o1s eor Xoa)s (X115 eoor X1d)» -or (Xt ...,xmd)) (1)

that interpolates a function f at points x; = (Xgq, .., X0q), X1=(X11, ) X1g) 5 eeer Xy =
(Xm1s---»Xmq) (interpolation nodes) is defined as an algebraic multipolynomial of at most
mth order that takes the same values at these points as the function f , that is

L(x; ) = L((xu: ---'xid);f)zf((xilf ---:xid)) (2)
where i=0,..,m .

Example , for m = 1 we have
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L(x, f, xo,x1)=L((x1, . xd); f, (x01, . de), (xll, ,xld))

— Xo1) - (Xqg — X0q)
— Xo1) - (X14 — X04)

_ (%1 — x11) . (Xg — X14)
(x01 — X11) . (Xog — X14

f((x11: ey xld))

)f((xm’ . de)) +

f((xu' ---»xld)) - f((xop ---’xod))

(X171 — Xo1) - (X14 — X04q)

((x1 — Xp1) - (Xg — de)) 3)

= f(xo1, ) Xoa) +
where xo; # x; , j=1,..,d

Definition 1.2.
Let I(x) = Ik((xl, ...,xd)) = Ik((xl, vy X2); (X01, - X0a)) o r (Xmas ...,xmd))

(1 = Xi1) - (Xg — Xia)
-3 (X1 = Xi1) o (Xpea — Xia)
ki

k=0,..m, (4)

a new version of fundamental Lagrange multi polynomials.
We set
p(x) = p((xy, ., Xq)), x € R?
= ((x1 — Xo1) - (Xg — de))((xl — Xq11) - (xg — X1a)) ((x1 — X)) - (Xg — xmd)).
And note that

p(Cx1, ., xa))

;C Tx""f (Cey = xp1) oo (g — 24))

p ((xkl: - xkd))

= Jim n((x1 — Xi1) - (Xg — X;0))

j=1,..,d i=0

= H((xm = Xi1) - (Xpaq — xid)) '
i=0

Therefore , for any k =0,..,m, the new version of the fundamental Lagrange
multipolynomials are represented in the form
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L (Geyy s %0)) = L (Cegy e, 20)5 (ot o0s X0a)s (11s 0r X1a)s +oor Comts s Xma))

_ p((xq, s %))
((x1 — Xpe1) o (Xg — xkd)) p ((xkp ---»xkd)) ’

where x; #x,; , j=1,..,d , k=0,..,m.
Let §;, denote the Kronecker symbol , which is equal to 1 for i = k and to 0 otherwise .

It follows from the obvious equality I(x,..,x;q) =6 , i,k =0,..,m , that the
Lagrange multipolynomial exists and is represented by the relation

L((xl, v X0); 3 (o1 o X0a)s oo (X1 ...,xmd))

= Z f((xkl: ---rxkd)) Iy ((xp s Xa)5 (X1, - X0a)y s (X1, ---'xmd)) (5)
k=0

Definition 1.3.

The expression [(Xg1, - Xoq)s (X115 «or X1d)» w0r» X1y voor Xma); 1

is called the divided difference of order m for the function fat the points
xO = (x01, ...,de),xl = (xll, ...,xld), ...,xm == (xml, ...,xmd)

For example

f((xop ---:de)) n f((xn' ---,x1d))

(01 — %11) - (Xoq — X14) (X171 — X01) - (X124 — X04a)

[x0, %15 f]

_ f((xop ---»XOd)) - f((xu: ---:xm))

(x01 = X11) - (Xoq — X14)

(6)

Let [xo; f] = [(x01, ) X0a)s f1 =
f((xo1s - Xoa)) - (7)
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Definition 1.4.

The expression

A (f; Crons e 300)) 3= Y (=)™ (Zl))d F(Ceor + khy, ., Xoq + khg)) (8)
k=0

where d € N chosen so that (—=1)"% = (-1)¢

is called the multi mth difference of the function f € L,([a, b]*),0 < p < o at the point
Xg = (x()l, ey de) With Step h = (hIP ey hd).

Denote A)(f; (o1, r%0a)) = f((xo1, -, %0a)) and AF(f; (xo1, ) Xoq)) = 0.
Our main result is:
Theorem 1.1.
Iff € L,([a,b]*),0 <p < oo, then
En-1(F)pfapt < Clom, d) wn(f;h;la, b1,
where h = (hy, ..., hy).

Now to prove our theorem we need the lemmas and theorems which will be stated
and proved in the following sections :

2. Divided differences

Let us define the difference

f((xlr ey xd)) - L((xl' 'xd); f; (x01' 'de)' oy (xml—li 'xmd—l)):
by the product ((x; — xg1) - (g — %0a) )+ ((r1 = Xm1-1) - (*g — Xma-1))

Using (4) and (5) , we represent the quotient at the points x; = x,,,1 ,..., Xg = X;ng aS
follows :
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f((xmli ---Jxmd)) - L((xmlﬁ '"fxmd);f; (x01' ""de)' ) (xml—l' "-'xmd—l))

H;cn=_ol((xm1 — Xk1) - (Xma — xkd))

_ i £ (G, %))
P H?;o((xm — Xi1) oo (Xgqg — xid))

ik
= [(x01s - » Xoa)» (X115 wees X10)s woes Kty wovs Xma); £ (9)
Theorem 2.1.

The Lagrange multipolynomial L(x; f; x,, ..., ;) is represented by the following
Newton formula:

L(x; [ X0, ey Xp) = L((xl, wr Xa )i 3 (o1, v Xod)s oo (X1, ...,xmd))
= [(x01, - X0a); f1 + [(xo1, - X0a), (X114, ---xld);f]((xl — Xo1) - (Xq — de)) + -t
[(X01, - X0a)s (X115 oo X1a)s ooes (X1, ---xmd);f]((x1 — Xo1) - (xg — de)) ((xl —x11) - (Xg —
xld)) ((x1 — Xm1-1) - (Xg — xmd—l)) (10)
Proof:

For m = 1, formula (10) follows from (3), (6) and (7) .

Assume that (10) is true for a number m — 1.

By induction , let us prove that this formula is true for the number m , that is
L((xl, v Xa )i 3 (o1s e Xoa)s oo (X1, ...,xmd))

= L((x1, s Xa); f3 (Xo1, - X0a)s s Kmi=1s oo Xma—-1)) H[(Fors - Xoa)s s Kty ovs Xima); f]
((x1 — Xo1) - (xg — xoa)) ((x1 — Xm1-1) - (Xg — xmd—l)) .

Since both parts of this equality are multipolynomials of degree < m, it suffices to prove
that this equality holds at all points x; ,i = 0,...,m.

By the definition of Lagrange multipolynomial (Definition1.1) , foralli = 0,...,m —1 , we
have

L((xill ---ind);f; (x01i "'de)' L] (xml—li ""xmd—l))
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+[ (%01, - X0a)s -+ » Km1s wos Xma); £ ((xil — Xo1) - (Xiqg — xoa)) . ((xil — Xmi1-1) - (Xig —

xmd—l)) = f((xilJ ""xid)) +0

= L((Xi1) o0 Xia); f3 (%01, e X0@)s s Kty ooes Xma)) 5
for i = m according to (9) we obtain
L((xmp s Xmads 3 (%01, Xoad o r (Xm1-1, ---rxmd—l)) +

[(X01s o X0a)s s X1y wes Xma)s f] ((xml — %01) oo (Xng — de)) . -((xml — Xm1-1) o (Xma —
xmd—l))

= f((xml, ...,xmd)) = L((xml, wir Xma)i 3 (Xo1s e Xoa)s oo (Xm1, ...,xmd)) O
Lemma 2.1.

LSCT]”) (f) = m! 1/) [(x01' de)l (x11, ) xld) LD (xmlﬂ ) xmd); f] (11)

where i isa constantand j =1,...,d .
proof:

We have

(((X1 — %01) (X1 — X11) . (X — xm1—1))((x2 — X02) (X2 — x12) . (X3 — xm2—1))((x3 -

(m)
%03) (3 = %13) . (3 = Xmz—1)) o ((ta = %0a) g = X10) - (Xa — Xma-1)))
(m) (m)
m-1 d m—-1 d
= x}n l_l(x{; — xi[) + C1xjm_1 1_[ n(x{’ - xi{’)
i=0 =1 i= £=1
VS aJ]
(m)
m—-1 d
+ + Cm n(xl’ - xl{’) )
i=0 ¢=1
0%]
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wherec,, ¢,,..., ¢, areconstantand j = 1,...,d

= m! <H?§)1 M52 (xp — xw)) , SO

%)
Lgcr]r-l) (f) =m! (Hﬁf)l Hg=1(x€ - xif)) [(xo1s o X0a)s (X115 woes X1) 5 v X1y woes Xma); f]

L£j

= m!Y [(xo1, - X0a)s (K11, ooes X10)s oo K1y oes Xma); f1 5

m—-1 d

where P = 1_[ n(x[ — Xjp) isaconstant O

i=0 ¢=1
P£j

Lemma 2.2.

The following identity is true

(ij - xmj)[(x01: i X0a)s s s voos Xmads f1 = [(01, - X0a)s s Comi—15 s Xma—1); f]
—[(x11, e X10)s ooos Xty ooes Xma); f (12)

where j = 1,...,d .

Proof:

Let L((xl, ...,xd)) = L((xl, war Xa)i 3 (o1, o Xod)s o0 (Xm1s ...,xmd)).

It follows from (10) and (11) that
Lgcr;l_l)(f) = [(Xo1) -+ X0a)s +0» Xm1—1, ooer Xma—1); flIm = DY +
[(X01) - X0d)s o r Xmts ever Xma); F1 W (m! x; —(m—1)! (xoj + -+ xmj_l)).
Interchanging the points x, = (xgq, ... Xo4) and x,;; = (X1, -, X;mg) i (10) we get
L&T_l)(f) = [(xmlr "'xmd)' (xll' ---,x1d); ey (xml—li "'ﬂxmd—l);f](m - 1)' l/)
+[(xm11 L] xmd)J (xllf R xld)' L] (xml—li R xmd—l)' (x01' R de); f]
Y (m! xj —(m—1)! (xmj +x; 0+ xmj_l))

= [(e11, o X10), ooy Kmas s Xmad; f1(m = D0

392



Journal of University of Babylon for Pure and Applied Sciences,Vol.(26), No.(7): 2018

H[(o1s s X0d)s oo Ky eoor Xma); f1 W (m! xj —(m—1)! (xlj + -+ xmj)) .
Subtracting equalities

[(x017 "'XOd)J e (xml_l’ "'med—l);f](m - 1)! l/] + [(xOII "'x()d)l s (xml’ ""xmd);f] l/)
(m! xj — (m— D! (xo; + -+ xmj_l)) , and

[(%11) X1y wor 1y v Xma); 1M — DY 4+ [(Xg1, oo X0a) 5+ oo Kty oo Xma); f1 W (m! Xj —
(m-—1)! (xlj + 4 xmj)) , we get

([ors - X0a)s +r Cmi—1s s Xma—1)i f1 = [(11s e X10), oor Gomts woer Xima); F1) (M — D1
— (O = DIY[Ceor, X0, o ety s Xma); f1(Xo = Xmj) ) = 0.

By dividing on (m — 1)1 , we get

(x0; = %mj ) [(X01s - X0a)s -+ i1, woes Xima); f]

= [(xo1s - X0a)s ooos ma—1y voos Xma—1); f1 —=[(X11, o X10)) ooy Emay oo Xma); f1 O

Now let x,,x; € [a,b]% and let a function f be absolutely continuous on [a, b]¢. Then
according to the Lebesgue theorem we have

f((xn» ---xld)) - f((xop ---de))

X11 X1d
= ] ] ftl,tz,...,td((tl” ltd))dtl dtd .

Xo1 Xod

Performing the change of variables t; = x¢; + (X117 — X01)t1, - - - stg = Xoq + (X104 — X0a) T4
we obtain

[(to1, - Xoa), (K11, - X14); f]

1 jxm X1d
= e (g, ey tg)) dty ... dt
(%11 — X01) - (X140 — Xoa) Jy,, Jxod fer.ota (4 ®) dt ¢
1 1
= f f f’((xm + (x11 — X01)t1 s s Xoa + (X140 — X0a) b1 )) dil | (13)
0 0

where dt; = (x11 —xp1) dty ,..., dtg= (X1 —Xoa) dty, f'= f;,.c, and
dff =dfl dfl eee dfl ) dtimes.
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A similar representation is true for any m by virtue of the following theorem:
Theorem 2.2.

Let x; € [a, b]¢ where x; = (x;q, ..., x;4) fori = 0,...,m.
If the function f has the absolute continuous (m — 1) th derivative on [a, b]¢, then

[(X01, - X0a)s (X115 oo X105 ooy (Xmm1s oo s Xima); f]

L (e

+ ((x11 — X01)E1 5 e, (X1q — X0a)E1 ) +
+ (Comt = Xm1-1)Em o (Xma = Xma—r) b)) dEG .. dE (14)

Proof:

Assume that representation (14) is true for a number m — 1 . By induction , let us
prove that (14) is also true for the number m . Denote £,:=1. According to relation (12) and
the induction hypothesis, we have

(xmj - xmj—l) [(X01s - X0a)s oo s oos Xima); f]

= [(X01, - X0a)s ++r X125 s Xma—2) Xm1s o Xma); f1
— [(o1) s X0a)s o ma—1) oo r Xma—1); 1

to to tm—2 tm—2 V1 Va
0 0 0 0 Uy Uq

where

f (m)

ftl...tl ,tz...tz,..., td'"td J
[ [C i,
m times m times

vy = Xo1 + o+ (Xma—z2 — Xm1-3)Em—z + (Xm1 — Xm1-2)tm—1,

Vg = Xoq + -+ (Xma-2 — Xma—3)tm-2 + (Xma — Xma—2)tm-1,
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U = Xo1 + o+ mpio1 — Xm1-2)tmo1

Ug = Xog + -+ (Xma—1 — Xma—2)tm-1 -

It remains to introduce a new integration variable ¢, instead of t = (¢, ..., t;) in the last
integral by using the change of variables

t; = xo1 + (X117 — x%0)E + -+ (m1-1 — Xm1-2)Em-1 + 1 — Xm1-1)tm

tqg = Xoq + (X14 — de)fl + -+ (Xpg-1 — xmd—z)fm—l +(Xma — xmd—l)fm .

And then note that this change of variables transforms the segment [0, ,,]¢ into the
segment that connects the points u = (uy, ...,ug) and v = (vy, ...,v4) O

Lemma 2.3.
Let i€N, i<m and let x; € [a,b]® then
[(X01 -r X0a)s r Cmts eoor Xma)s 1 = [(Kits s Xia)s oo s ooor Xma); fil (15)
where fl-((xl, ...,xd)) = [(X01y oo s X0@)s wer (Xi1—1y woer Xig—1); (X1, s X0); f]
proof:
Can easily be proved by induction with the use of (12)
Lemma 2.4.

Let k€ N,k <m,andletx; € [a,b]¢forall i=0,..,m.If a function f is ktimes
continuously differentiable on [a,b]¢ or f has the (k—1) th absolutely continuous
derivative on [a, b]¢, then

[Xots o X0a), o r s s Xma); f1 = Jol JOI [(xn, oy X1a), ey (o, ...,xmd);fff] did  (16)

Proof:

From (13), (14) and (15) we get
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[(X01s s X0a)s s K1y wovs Xima); £

1 1 -1 -1
~d ~
= f f f f [(xkll xkd)' ey (xml, ,xmd), fff;;fg] dtk dtf,
0 0 0 0
where

fra za(Cer, o x0))

= f(k) ((X01, e Xog) T ((x11; v X1a) — (Xo1, ---;xod))fl +
+ (Ctra=1s s Xka-1) = Cra—zs s Xia—2) ) -1
+ ((xkl, ...,xkd) - (xkl_l, ...,xkd_l))fk )

In particular, if k = 1, then

[(X01s eo0r X0 )s oo Xty wor Xma); [

1 1
= j ...f [(xll,...,xld), ...,(xml,...,xmd);ffit] dizf [l
0 0

3. Finite differences

In this section , we assume that the points x; = (x;4, ..., x;4) are equidistant , that is , for
alli = 0,...,m wehave

Xi1 = Xp1 + lhl y = Xid = Xod + lhd ,h € Rd,hj * 0,] = 1,...,d .
For the Lagrange interpolation multipolynomial

L((xl, ...,xd)) = L((xl, v Xa )i 3 (01s eor Xod)s o0 (Xmi—1, ...,xmd_l))

m—1

= Z f((xklr L] xkd)) Ik((xlﬂ L] xd)' (x01' L) de)' L) (xml—li L) xmd—l))'
k=0
We determine the values of the new version of the fundamental Lagrange

multipolynomials I, at the point x; = X1, ..., Xg = Xing -

According to (4) , we have
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L (Gomas o Xima)s (o1, s X0a)y o (Xmi—1y o r Xma—1))

m—1
(Xm1 — Xi1) - (Xma — Xiq)

5 (X1 = Xi1) oo (Xag — Xiq)
ki

m-1

_ (x01 + mhl - x01 - lhl) (de + mhd - xod - lhd)
-0 (x01 + khl — Xg1 — lhl) (de + khd — Xod — lhd)

ik

m—1

B (m—1i)hy..(m—1i)hy
B _a (k—1i)hy..(k—1i)hy

ik

T =0 ..m—0)
B L L k=0) .. (k=)
i*k

(o () (-om ()
(o ()

We represent the difference f( (X1, -, Xma)) — L((tm, ) Xma)) in the form

f(Comts s Xma)) = L(Cems s Xma))

Z (( 1y ( ) F((or + kha, o Xou + kha)). 17)

k=0

Lemma 3.1.

A’r?(fi (%01, ---»de))

= (MD% (hy ... Rg) ™[ (X1, - » X0a) (o1 + Ay ooy Xog + Rg), oory (Xo1 + Mhy, .., Xoq + mhy); f1,
(18)

Proof:
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Since f((tm1s o %ma)) — L((Gomy s Xma))

i (( D™ " ) F((xoy + khy, .., Xoq + khy))

k=0

and

f((xmp ---»xmd)) - L((xmp s Xma)s 3 (Xo1s s Xoa)s s (Xma—1, ---:xmd—l))

= n((xml—xkl) o (g — xkd)) [Cxo1 s %0a)s (X121, s X10)s o) ey s Xma)d; £,
k=0

then

A’;?(f: (x01, ---»de))

m—1
= 1_[(()601 + mh1 - x01 - khl) (de + mhd - de - khd)) [(x01, ...de), (x01 + h’l' ...,de
k=0
+ hd)' ey (x01 + mhll w0 Xod + mhd)) f]
m—1

((Gn = khy) ... ((m = kDg) ) (o, s Xoa)s (ox + hay e, Xoq + By oy (o

0
+ mhy, ..., Xoq + mhy); f]

==
Il

= ((mhy)(Gm = Dh)((m = 2Dhy) .. ((m = m + DAy)) .. (mh)((m = Dhy)((m

— 2hg) ..((m—m+ 1)hd)) [(X01, s X0a), (Xo1 + Ry, s Xoa + ), ey (Xo1
+ mhy, ..., xoq + mhy); f1

= (m! h1m) .. (m! hdm)[(xm: ---,Xod), (Xo1 + hy, .y Xoq + hd), vy (X01 + mhy, ..., Xoq
+mhy); f1]

= (m')d (hl hd)m [(XOII ...,de), (x01 + hl' - Xod + hd), ey (x01 + mhl, -, Xod + mhd),f] O

Lemma 3.2.
Let xo € [a,b]?, h; >0,j =1,...,d, xx = (X1, ..., Xkq) Such that

Xp1 = Xo1 + KRy, e, Xpqg = Xoq + khg and x,, € [a,b]% x,,, = (s oo s Xma)-
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If F € Ly([a,b]?), then for every x € [a, b]? the following inequality is true:

”F((Xl, "'ixd)) - L((xll ---rxd); F' (xOIP ---;de); ey (xml' '"’xmd))”Lp[a,b]d

1
< C(p) mD(h, )™ ||((x1 — Xo1) - (Xg — de)) ((xl — Xm1) - (Xg
_'xmd))”qdmbﬂ wm(F',h, [a,b]D),

Proof:
For every t; € [0,1], we set
Ffil((ul, ...,ud)) =F' ((xl, ...,xd) + ((ul, ...,ud) - (xl, ...,xd))fl)

= F'((xl + (ug — x)ty, e xg + (Ug — xd)fl))'

where u € [a, b]?.
Then relations (16) and (18) yield

[(%1, s X0)s (K01 woer X0d)s oy Xmnts v r Xma); Fl
1 1 d
= .f f [(x()l, ey de), ey (xml, ey xmd); Fi_ii] dtl
0 0

1 1 1 d
— m . e
= (ml)d(hl hd)m_f(; J;) Ah (Fff’ (x01, ...,de)) dtl

Since

| az (Fff; (s, ...,ud)) [

Lp[a,b]d
— ”A;lnfl(p'; (21 + (uy — xl)fl, vy Xg + (Ug — xd)fl))”Lp[a,b]d

< wm(F',hiy, [a,b]Y), < wp(F' b [a,b]Y),
then

NGy, e Xa), oty s Xoa)s s Gt o Xma)s Il gy
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1 1 1 d
— m . 7
= ”(m!)d(hl ."hd)m J(-) ...J(-) Ah (Fff’ (x()l, ...,xod)) dtl

Ly [a;b]d

1
< CO) Gyt g 108 (P G xa)) |,

1 m ’ g f
= C(p) (m')d(hl hd)m ”Ahfl (F ; (xl + (x01 - x1)t1, vy Xg t (xod - xd)tl))”Lp[a,b]d

< C(p) wm(F’) h’) [a' b]d)p ’

1
(mH4(hy ... hg)™
relation (19) follows from (9) such that
F((xll 'xd)) - L((xll ) xd)l F; (x01i ---JXOd)I vy (xml' Ixmd))

= ((x1 — Xp1) - (Xgq — xoa)) ((x1 — Xm1) - (Xg
- xmd)) [C1s s Xa), (Xo1) s X0a)s oo (Kimas oo s Xmad; Fl,

since
NGy, s Xa), (o e X0y s Gty o Xoma)s Fl, g e

< C(p) wm(F', b, [a,b]Y),,

(mDe(hy ... hgy)™

then

||F((x1, ey xd)) - L((xl, ...,Xd); F, (x01, ey de), ey (xml, ey xmd))”Lp[a,b]d

1
<C(p) mDA(hy ... hy)™ ||((x1 — Xo1) - (Xqg — de)) ((xl — Xm1) - (xg
- xmd))”Lp[a,b]dwm(F’: hl [al b]d)p U

4. Proof of theorem 1.1.
Let x; = (Xg1, ..., Xga) and xo = (X1, ..., Xoq) sSuch that x,; = a,

b—a
hj:= — ,J=1,..,d and x3; = x91 + khq, ..., Xgqa = Xoq + khy,
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F((xl,...,xd)):zf 1 f df((ul,...,ud)) du, ..duy ,

G((xl,...,xd)):= F((xl,...,xd)) — L((xl,...,xd);F; (x01,...,xod),...,(xml,...,xmd)),

g((xl, ...,xd)) = G’((xl, ...,xd)) ,

(s, s ta)) = Oty s ta). £ b]d)p = wn((ty, - ta), g, [a,b]7) .

P
We fix x € [a, b]¢, choose & for which (x + mé) € [a,b]¢ and let §' = (t,64, ..., t404).

As aresult , we get

1 1
f f AT (g; (xq, ., x4)) Aty .. dty
o Jo

=(-nm g((xl'r}l"xd))
N Z ((_1)m—k (Tl?))djo L 9((xy + kty 8y, o, xg + ktg84)) dty ... dty
k=1

= (-m g((xp w1 X))

+ Z (( 1)m- k f f G'((xy + kty8y, o, xq + kt484)) dty ... dt,

=(-1)™4 g((xly-- Xq))
1
4 Z (( 1ym- k ) m(c((xl + k84, ., Xg + kbg))
— G((xl, ...,xd))),

whence

| g((x], ...,Xd))|
— en A ! , X ) ...,.'X' dt ...dt

Z (( 1)m- k )dm((;((xl +kéq, 0, xq + k6d))

k=1

— G((xl, ...,xd)))‘

+
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Then
”g”Lp ab |A (gl (xll L xd))l dtl dtd
1
+ Z (( 1)m- k ) kd(a—(G((xl + ké&q, . xq + k(Sd))
— G((xl, ...,xd)))
Lp[a,b]d
1
ATH(g; (g, ey xg)) iy .. dity
0 Lpla,b]¢
m k d 1
- G((xl, ,xd)))
Lpla,b]¢
2 m
S C(p)wm(g!|6|![a!b]d)p+C(p)|61| |6d| ”L abdz< )
k=1

By virtue of Lemma(3.2) we have ”G”Lp[a,b]d < C()(hy ...hg)wn(F', h[a,b]?),

=C()(hy ..ha)wn(f, h [a,b]),.

Therefore

m 1(f)L ab ”g”Lpab
< C®) on(g, 101 [a, D1, + CO) 15— = 5k hd)z< —) wm(f,h,[a,b1),,

note that §; can always be chosen so that h; > |§;| = h; /2, then En-1(f)pfapt <
CP)wm(f, h,[a,b]"),

+C(p) ( hd)z < _> wm(f' h, [a' b]d)p
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m 1 d
= <c<p) +20() ). ((’,?) ;) )wmm h,la, b]%),
k=1

= C(p) mr d)(l)m(f, hr [a) b]d)p J
where C(p,m,d) is Whitney constant

References
[1] H. Burkill , “Cesaro—Perron Almost Periodic Functions ”, Proc. London Math. Soc., 3,150-174,1952.

[2] E. A. Storozhenko, “On The Approximation of Functions of Class L,, 0 < p < 1, by Algebraic
Polynomials ”, Izv. Akad. Nauk SSSR Ser. Mat., 41,652—662. English Translation in Math. USSR 1Izv., 41,
1977.

[3] H. Whitney ,“On Functions with n — th Bounded Differences ”, J. Math. Pures Appl., 36, 63—85,1957.

[4] H. Whitney , “On Bounded Functions with Bounded n — th Differences ”, Proc. Amer. Math. Soc.,
10,480—481, 1959.

[5] E. S. Bhaya , “On Constrained and Unconstrained Approximation”, Ph. D dissertation, Baghdad
University , College of Education Ibn Al — Haitham , 2003.

[6] S.Dekel and D. Leviatan , “Whitney Estimates for Convex Domains with Applications to Multivariate
Piecewise Polynomial Approximation ”, Found. Comput. Math. 345- 368, 2004.

[7] Dinh Dung and Tino Ullrich, “On Whitney Type Inequalities for Local Anisotropic Polynomial
Approximation ”, 2011.

-

AauadAl)

ihds 0<p <oo,Lp ebadl J can A f AVall saie u i Jual) 5y Ak a1 b Ly
cm =1 sl o B8 As ol e Prylg <l piall Badeie Ay yiall 3 gaal) Baamie

I SY dga Baaata ,daatall y @Y, B Ay s :dalidal) clalcl)

403



