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Abstract

By making use of the operator on Hilbert space, we introduce and study some properties of geometric of
a subclass WX (0, ®, 1, ) of multivalent convex functions with negative coefficients.

Also we obtain some geometric properties, such as, coefficient inequality, growth and distortion theorem,
extreme points, convex set, closure theorem, radius of close-to-convexity, weighted mean and inclusive
properties.

1. Introduction

In this paper, the aim is to mention the basic facts about geometric function theory, which this is
obtained from mixing of geometry and analysis. Its origin started from the 19th century, but it continued and
continually applicable till now. Geometric Function Theory is an important branch of complex analysis; It deals
with the geometric properties of the analytic functions. In particular , we will concentrate on the important ideas
in this theory. The fundamentals of this theory are explained in most text books on this subject. Also, we review
and consider the basic ideas, principles, definitions and the general principles of complex analysis, which
underline the geometric function theory of a complex variable rather than the basic lemmas which are needed in
the proofs of our results. A full discussion of these principles can be found in standard text books, [1], [2].

The study of multivalent functions is one of the main branches of geometric function theory and plays a
central role in complex analysis.
Let Wp be the class of functions f of the form:

f2) = 2 + T2, anpa™? (PEN = {1,2,..)), &)

which are analytic and P- valent in the open unit disk U = {z € C:|z| < 1}. Let %p denote the subclass of Wp
consisting of functions of the form:

f(2) = 2F — X5, anspz™? (asep 20,PEN={1,2,..}), ()

Definition (1.1): A function f € Wy is said to be in the class WXp (0, , 1)) if it satisfies

2 (z)+2f (2)-P(1+P)z" 1 <0
0 @42 @)—Po)+P(P-rD)|
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where 0 <V <1,0< 0 <P,0<¥ <ldanzeU.

Let H be a Hilbert space on the complex field. Let T be a linear operator on H. For a complex analytic
function § on the unit disk U, we denoted f(G), the operator on H defined by the usual Riesz- Dunford integral [3]

f(B) = = [. f(&)(zl — B)dz,

2mi

where 1 is the identity operator on H, ¢ is a positively oriented simple closed rectifiable contour lying in U
and containing the spectrum k() of T in its interiOr domain [4]. Also f('G) can be defined by the series

£0) = £, 22w,

which converges in the norm topology [5].

Definition (1.2): Let H be a Hilbert space and G be an operator on H such that T # ¢

and ||'T|| < 1. Let ¥, ® be real numberssuchthat 0 <0< 1,0 < <P,0 < < 1.

An analytic function {on the unit disk belong to the class WK (0, ®, 1, T) if it satisfy the inequality
[T () + 2f (T) — P(1 + P)TPY|| < AIIOCT'(T) + 2f (T) — Pod) + P(P — & + ],

The operator on Hilbert space were consider recently by [6]-[12].
2. Main results:
The first theorem gives Coefficient inequality for a function f to be in the class WXy (0, ®, 1, T).
Theorem (2.1): Let f € Xp be defined by (2). Then f € W2Kp (0, 0,1, ) for all T # ¢ if and only if
Y @+P)E+P+ DA +100)asp S HAPO+D(P— &+ 1). (3)

where0<¥9<1,0<0<P0<n <1
The result is sharp for the function f given by

_p_ _iPGHD(P- o) ayp o
fz) == (B+P) (fi+P+1) (1+10) fi=1. (4)

Proof: Suppose that the inequality (3) holds. Then, we have

[T (T) + 2£ (T) — P(L + P)TP~|| = 4IIO(TF(T) + 2f (T) — Pd) + P(P — & + ||

[oe]
- Z(ﬁ +P)(A + P + Dagyp TP
fi=1

o)

OP(P+ 1)TP 1 — Zt’)(ﬁ +P)(fi + P+ 1Dazpp TP — 0P + P(P— o + 1)

=1

N

<Y, @E+P)@A+P+ DA +M0)asep —MPO+D(P—- 0+ 1) <0.
Hence, f € WXKp (0, ®,1, D).
To show the converse, let f € WXKp (0, ®,1, T). Then
o687 (D) + 2£ (B) — P(1 + P)TPH| < #lIOCTF(T) + 2§ (T) — Pd) + P(P — & + 1) ||, gives

”_ZgO:l(ﬁ +P)@+P+ 1)aﬁ+PT,ﬁ+?—1”
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<H|[OP(P+ TP = X2, 0(f + P)(A + P + Dagp TP~ — 0P + P(P — o + 1)|.
Setting & = #I(0 < ¥ < 1) in the above inequality, we get

$2 ([A+P)([+P+1)azpr P L < ()
VP(P+1)FP1-3 2 0(A+P) (A+P+1)azpr P~ 1-0PO+P(P—d+1) n-

UpOn clearing denominator in (5) and letting ¥ — 1, we obtain
i (i +P)AE+P+ Dagep <NPO+D(P— &+ 1) =X, 10 + P)A + P+ Dagp.
Thus

Y@ +P)A+P+ DA +10)azep <HPO+D(P - o+ 1),
which completes the proof.

Corollary (2.1): If f € WX (0, ®,1, T), then

HPV+1)(P— ®©+1)

%+ = Emmrpr Dy 1 2

Next, we obtain the growth and distortion for a function f to be in the class WX (0, ®, 1}, B).

Theorem (2.2): If f € WXp (0, ®,1, D), and ||G|| < 1,'C # @, then

P _ HPO+D)(P= G+1) Pr1 P, HPO+1)(P-h+1) Pr1
IBIP = EEDCE P+ < I < DI + S 2O

and

HP(O+1)(P— d+1)

P P-1 _ NPO+1)(P—- w+1) P
GO ITI < 1if (0)) < PIT|P - FEDESD g,

P-1 _
PGl (P+2)(1+10)
The result is sharp for the function f given by

_ P _ NPO+D(P=-0+1) pyq
@ =2 - G S mnarv
Proof: According to the Theorem (2.1), we get

o HPO+1)(P— d+1)
i1 Aip S oo

(P+1)(P+2)(1+10)
Hence
o
IO = DI = ) anpllTI
n=1
2 [BIIP = 1P £ aavr
P _ APEO+H(P-w+1) P+1
[Tl (P+1)(P+2)(1+10) ol '
Also,

SO < ITIP + > anyolTIT
n=1
P NPO+D(P- o+1) P+1
< IITl™+ (P+1)(P+2)(1+10) ol '

In view of (Theorem 2.1), we have
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Zoo (ﬁ+'P)a~ ’P <ﬁ'P(\’)+1)('P—d)+1)
fn=1 n+P =

(P+2)(1+10)
Thus
If (&Il = PIITIP* - Z(ﬁ + P)agp |Gl
=1
= PIBIP = IBIP X5, (B + Pagse
p1 _ HPQ+1)(P— o+1) P

=PI~ s Il

and

I CTOIl < PITITT - IITJII"Z(ﬁ +P)asip
fi=1

- NP(0+1)(P— d+1
< PlIoIPt - TS T,

Therefore the proof is complete.
In the following, we prove extreme points of the class WKy (0, ®, 1, T).
Theorem (2.3): Let f,(z) = zF and

AP(O+1) (P— d+1)

n+P =
O L 1.

fa(2) = zf —
Then f € WXKp (0, o, 1, T) if and only if it can be expressed in the form
(&) = X3 Bafa (@),
where Bz = 0 and Y32, B; = 1.
Proof: Assume that f can be expressed by (6). Then, we have

_ v b we _MPOHIP-6+D) o, aep
f() = Xizo Bafa(2) = 2 =0 (74 P)(A+P+1)(1+10) 1 :

Thus

o (@+P)A+P+1)(1+70) APO+1)(P- d+1) _ Yoo 1
A=0" 4p(+1)(P— do+1) (@+P)(A+P+1)(1+10) Bi=2nzoBi=1-Bo =1,

and so f € WXp (0, , 1, 5).
Conversely, Suppose that f given by (2) in the class WK (0, ®, 1, T). Then by

Corollary (2.1), we have

o APO+1)(P— G+1)
i+P = G+P)G+P+1D) A +10)

Setting

— (AP)(A+PHD)(L+i{0) <
By = PG+ D (P o) L+ Tl =1,

and B; = 1 — Y, B;. Then

§(2) = X520 Bafa(2),
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This completes the proof of the theorem.

Next, we obtain the convex set of the class WXp (0, ®,1), T).

Theorem (2.4): The class WXKp (0, ®, 1, T) is a convex set.

Proof: Let f; and f, be the arbitrary element of WK (0, w,1, T). Then for every

y(0 <y < 1), weshowthat (1 —y) f; + v, € WKp(0, &, 1, T). Thus, we have
A=V fi+vh=2"-ZZ((1 - Vasp + ybap)z ™"

Hence,

Yis @ +P)@ + P+ DA +90)((1 - Yassp + Ybirp)
- —y)Z(ﬁ FP)E 4+ P+ DL+ 70)anss +yZ(ﬁ FP)E+P + DL +10)bgep
n=1 n=1

SA-YfPO+DP - 0+ D)+ MPO+D(P- &+ 1).

This completes the proof.
We will consider the function f;(z) defined, for every & = 1,2,3, ..., ¢ by

f:@ = 2F = X221 anipsz™? (aasps 2 0). 9
Next, we discuss the closure theorem.
Theorem (2.5): Let the function f:(z) defined by (9) be in the class WK+ (0, &, 1}, T).
Then the function G(z) defined by

G(2) = Yoy Eefr(2) and i, & = 1,8 2 0
is in the class WXKp (0, ®, 1), D).
Proof: By using definition of G(z), we get
¢ o [ &
G(z) = Z & |z° — Z Z €ra1p 2P,
=1 fi=1 \ =1

further. Since f;(z) are in the class WXp (0, w, 1}, T), for every ¥ = 1,2,3, ..., €, we get
Z(ﬁ +P)AE+P+ DA +1M0)azpr <NPO+ 1D(P— o+ 1),
n=1

foreveryt =1,2,3, ..., ¢.

Hence, we can see that

es) ¢
Z(ﬁ +P)E 4P+ DL +10) Z .
=1 f=1

=Y, &G +P)E+P+ DA +10)ases) < Xiy &MPO+D(P— 6 + 1),

which implies that G(z) is in the class WKp (0, ®,1), T).
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In the following, we prove the radius of close- to- convexity.
Theorem (2.6): Let the function f defined by (2) be in the class WX (0, ®, 1, ).

Then {is close-to-convex of order (0 < & < 1) in |z < #4,

where
. (f+P+1) (1+170) 5
F1 = iz {ﬁ(ﬁ+1)('P— m+1)} (10)
The result is sharp, the external function given (4).
Proof: It is sufficient to show that
L9 —p| < Pforfal <, (11)
where ¥, is given by (10). Indeed we find from (2) that
f () f @) = PPl PPl — N2 (A + P)agpe™ Pl — PaP
ZP-1 Pl = ZP-1 = ZP-1
-2 (i + P)ag,pzi P! o (fi + P)agsplzl®
_ ‘ Yiea( Z’P—)l fi+P < Z( )Pn+P| | <1 (12)
=1
by using Theorem (2.1) and by (12) we get
(A +’P)| < A+P)H+P+ 1A +10)
P ST RPG+D(P- o+ 1)
then
(P4 |7
n+P+1)(1+190) )a
|zl < {ﬁ(t’)+1)(’P— o'o+1)} . (13)

The result follows easily from (13).
Definition (2.1): Let f* & and y * w be in the class WK (0, w, 1M, T). Then, the

weighted mean Yy, of f* dand y = w given by
1
Y, (2) = E((1 -D)F*D@ + A +D)F*w(2),0<b< 1.

Theorem (2.7): Let f* dand y * w be in the class WXKp (0, o, 1, T). Then, the
weighted mean of {x d and y * w is also in the class WK (0, ®, 1, T).

Proof: By using Definition (2.1), we get

1@ =3 ((+ D@ + 1+ V(@)

(o]
P i+P
zZ - z 2+ pO0n+PZ ]

fi=1

1 N i
=3 1-1) [ZP - Z AnspSarpz |+ (1 +D)
A=t

o 1 f
=z - 2515 [(A = D)asipsise + (1 4 D)2sspOisple P,

Since f * d and y * w are in the class WX (0, ®,1), T) so by Theorem (2.1), we have
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o)

Z(ﬁ +P)A+ P+ DA +1q0)azipdaep < NPO+ D(P— &+ 1)

fi=1

and
Yl @ +P)A+P+ DA+ 10)24p0aep < NPO+ (P — &+ 1).

Hence

C 1 1
Z(ﬁ +P)({ + P+ (1 +10) [E (1 —D)aspSasr + 2 1+ b)2ﬁ+'P6ﬁ+'P]
=

1 ()
=S =1) ) (i +P)@ +P+ D +10)an 08547
n=1

1 [oe]
=(+b) Z(ﬁ +P)(E + P + DL +10)2np05sp
=1

SSA=DMPE+ (P — &+ 1) +5 (1 +BNPO + (P — b +1).
Which implies that Y, € W2Kp (0, ®, 1, T).
Now, we obtain the inclusive properties of the class WXXp (0, @, 1), T).

Theorem (2.8): Let0 <0< 1,0< 0w <P,0<1 <1.
Then WXKp (0, &, %, T) € WiKp (%, w§ B), where

3 < L2031
S—T

Proof: Let the function f(z) given by (2) belongs to the class WXKp (0, o, 1, T).
Then in view of Theorem (2.1), we get

oo ([\+P)(@E+P+D A +70) <1
A=1"4p+1)(P— d+1) ~0tP = =
We want to find the value A such that

[ee)

(6+P) (3+P+1)(1+37)
=1 " Tn o im oy

Iput1)(P- o+ 1) Tep < 1.
The inequality (14) would obviously imply (15) if

@+P)E+P+D(1430)  (@4P)@4P+1)(1410)
%‘P(Z+1)('P—d>+1) = APO+1)(P-h+1)

Rewriting the inequality, we get

1-2/6-34
-1

This completes the proof.
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