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Abstract

In this publication, We have done Lie group theory is applied to reduce the order of ordinary differential
equations (ODEs) with 1-parameter and reduce a PDEs to ODEs . Also set up algorithm to solve ODEs and PDEs
to obtain the exact solution .

1. Introduction

The Lie symmetries and their various generalizations have become an inseparable part of the modern physical
description of wide range of phenomena of nature from quantum physics to hydrodynamics. Such success of a
purely mathematical theory of continuous groups developed by Lie and Engel in 19th century[8] is explained by
the remarkable fact that the overwhelming majority of mathematical models of physical, chemical, and biological
processes possess nontrivial Lie symmetry. Symmetries can be applied to reduce the order of an ODE . [9]
proposed a generalization of Lie's method called the non-classical method of group-invariant solutions. It is well
known that the classical Lie symmetry method of point transformations is often used for reducing the number of
independent variables in partial differential equation to obtain ordinary one can obtain partial solutions of the
equation under study [1], [2], [3]. For partial differential equations , Lie symmetries are used to reduce the
equation to an ODE via appropriate reduction variables. These can lead to the group-invariant solutions [4] of
PDEs which are so important today[5],[6].

2.Reduction of Order for ODE,[1]

Consider the n'" order ODE as:

GOy, YY"y ™M)=y P =g,y y 'y, y 07)=0 ~21)
Admits the group as

X =X (X,y,e)=x +e<(x,y)+0(€?) (22)

y =Y (X,y,e)=y +en(x,y)+0(e*) -(23)

2
Where O(e ) is acting the Tayler expansion about € =0 at the second derivatives

If and only if X MG =0 when G =0 where X ™ is the n'™ extension of the infinitesimal generator X
introduced in the following:

X =S 0 y) S n(x,y) -(24)
X oy
Then G is some function of the invariants write as:
ux,y),v,(xX,¥y,¥y"),..v . (X,¥,y ',y ™) ..(2.5)
Which implies:
Xu(x,y)=0 ..(2.6)
Then
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) oV .
XV (XY, Yy () =0 with 6—(’”7&0, for k =1,2,...,n 2.7
y

For the n'" extension of the group (3.2) and (3.3) we have u” = u, \Y j =V j

' (i)
Fork=1,2,..n; v j (X y y ) y yroey y ) is constant of integration of the characteristic equations given as:

dx __dy _ dy’ - = dy @’ (2.8)
Sy)  ny) nPy.y) T PGy, y ey )
Where 77 ) introduced by :

) ' iy Pn"  yDLXy)
nx,y,y' ...y )= -y 1=12,...., ..(2.9)

D x D x
For any set of invariants (2.5) the ODE (2.1) turn into:
ZUu,v,V,,..,v,)=0 ..(2.10)

For some function Z (U,V,,V ,,...,.V ).

3.Applications for ODEs
In this part, we give algorithm to established some problems for ODEs how computed reduction order by using
symmetries,

1-Algorithm
Stepl: Write the vector field of the form:

X =§(X,y)£+n(x,y)%

Step2: Find the n™" prolongation for equation (2.1) in style:

X Mox 1p® 0y w9

n FaL n oy ®
Step3: Applying the prolongation X" on equation (2.1) found in Step2 as:
Xy @ —g(,y,y,y ey @) =0

(2.1)=0

2 3 4 5
Step4: By using expansion of é/(l) ,4( ) ,C( )from[lo] and 4( ) ,4/( ) ) ...,J(n) found by using maple
package.

Steps: Replacing Y () by g(xly,y/,y"wly (n—1)).

Step6: Find the general solution .
Step7: Reduce order of ODE by using new vector field found in Step6.
Step8: Appling the n'" prolongation for the new vector field .

n
Step9: Find invariance using X [n] | =0 whose characteristic system s :
dx dy dy’ dy 4?

cxyy)  mx,y) nP0y,y) T PGy, y ey @)
Step10: Solving system in Step9 and substituting solution in (3.1) at end we get the general solution.

Example(3.1): reduce the ODE given in the form:

y2 yrr+Xy72_y yr:O (31
To solve (3.1) we must write the vector field as:
X =C0x,y) 2 tn(x,y) -32)
OX oy
We need the 2-prolongation of (3.2) then:
X B=X +n® —4p® 0 - .(3.3)
oy ay

Applying equation (3.3) in equation (3.1) given as:
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[2] 2 ” r2 ’ _
X (y y"+Xxy yy )(3.31)=0 =0 -(3.4)
Then
y n® +2xy'n® —yn® +(2y y"-y)n+y'*¢ =0 39

By substituting 77(1) and 77(2) from definition:
M x +(277xy _gxx )y'+(77yy _ngy)y,z_gyy y’3

’ ” ’ ’ ’ 36
[, -2¢, -3¢, y)y" |y 2+2xy' [n,+(, -¢)y' ¢, y'?] GO
~y [+, =C)Y' =&,y +n(2y y"=y')+y'* ¢ =0
Now , substituting y "by [y y'—>2< VVZJ we find:
' ' ' i '_X 2
Mo 20, -G )Y (ny, 26, Y2 C,, Y 3{% ~2¢,-3¢,y )[”zyﬂyz
Y (37)

2y [n, +0, -Gy =,y ]y [+, -6)y'=¢, v 7]
+ {ZV [yy;)fy]—y’}y”bo

By separation of the coefficient Y%,y ">, y" ,y y'>,yy',y?y'?andy ’y".

, 2X
v rgwax(n, ~C )= Trnx (n, =2, )=0 ~(38)
y'?:-2x¢,-¢,,+3x ¢, =0 -.(3.9)
y':2xn,+n=0 .(3.10)
yy'?:-4¢,=0 (3.11)
yy':-¢, -2¢, =0 .(3.12)
y2y12 :nyy_z é/xy:o (313)
Y2y 2m,, = ¢ =0 319
1:n7,,¥%-1n,y=0 .(3.15)
Then the general solution of above system is :
S(x,y)=c,x .(3.16)
n(x,y)=c,y (3.17)
Now , to reduce order of ODE write the vector field as follows:
0 0
X . =X — - ..(3.18)
1= 5% Y oy
The 2" prolongation of X is:
0 0 0
X=Xty o=ty oy (319
ay =~ oy ay
Then
Xl[2]:X1_|_y i+0i+y” 0 ..(3.20)
ay ay! ayll
We find invariance using X (21| =0 whose characteristic system is :
dx dy dy’' dy .(3.21)

X y O _y”

Solving equation (3.21) we result two invariance of X given by:

Y _4 .(3.22)
X
v=y'’ .(3.23)
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To write the given ODE in terms of u and v we get:

2.," Zdy' 2dV 2dV du dv (324)
oy d x y d x y du dx du ( y)
Using equation ((3.22)-(3.24)) in the ODE of (1) gives:

u(xv—y)g—v+xv2—yv=0 -+(3.25)

u

Dividing equation (3.25) by x implies that :

u(v—u)—dv +vZ2-uv=0 -(3.26)
du

Now , solve equation (3.26) if:
A-V #=U we get the following:

dv _—v .(3.27)
du u
Solve equation (3.27) we find the result:
v=C ,y2dy _¢c  dy cXx .(3.28)
u d x Yy d x Yy
X

Then by solving equation (3.28) we get:

y =% Jc,x°+c, .(3.29)

B-V=U

y=Y_ dy _y ..(3.30)
X d x X

Then from equation (3.30) we obtain:
y=CX ..(3.31)

Example(3.2): reduce the ODE write in style as:

2 2
X2y 3 xy2 +X [3—){) +y (g—ij—x y?=0 -(3.32)

First write the vector field given as:

o 1%
X =CXx,y)—+n(x,y)— ..(3.33)
oX oy

To compute equation (3.32) we need the 2™ prolongation given by the following:

X P ox 40 2 4 @ 9 .(3.34)
oy’ oy”
Now, applying the formula of equation (3.35) in equation (3.32) we obtain:

X B (x2yy +xy'*+yy’'—x y)‘ =0 .(3.35)

(3.32)=0

Then
x*yn@+2axy'n®+yn®+2xyy Caxty ey ey n-y fE-2xy n =0 ..(336)
By substituting 77 and 77 ® from definition are:

X 2 y I:nxx +(277xy _é/xx )y’+(77yy _ngy)ylz_é’yy y,3:|
[(n,—2¢.-3¢, y)y" J+2x vy [no+(n, ~¢ )y’ ¢, v7? ] -(337)
+y [+ (n, =€ )Y =6, Y JF Xy Xy +y TSy

—{y*=2xyn=0

After that , substituting y, 7 py, (X y2i-xy?_y y,) 1 we get:
x?y
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X2y [+ (200, =€)y '+ (my, =26, )Y 7=, ]

{(ny ~2¢,-3¢,y)(xy Toxy ey y ) zly }ZX y[no+(m-¢)y'=¢,v?] L@

y [+, =€ )y'=¢, v 7 (@) y CoxPa)(x y 2-xy -y y’)ﬁ +y 24y

~{y*-2xyn=0
Then

y'{ZX (m, =&y )=¢=x(n, ~2¢, )—Mw'[zx n, —zx—yé}y“[x &4 ]

+y Y7 (ny, =260, )43y €, |y v D (2m, =6 )+ & Ry [X P —2xn e+, ]
~Cytexyi(n, -2¢, )+xn, +2y P C-3x y Py'L, =0

..(3.39)

By separation of the coefficient of the above system:

' X
y'?:2x (ny —(x)—é’—x (ny —ZQ“X)—yn:O ..(3.40)
y'i2x n, —2X—y;’ =0 ..(3.41)
y*:x¢,-¢, =0 .(3.42)
yy'?ix*(n,, -2¢,,)+3y ¢, =0 .(3.43)
yy':x?(2n,,-¢,,)=0 ~(34)
yry': —3x ¢, =0 ...(3.45)

1ry (X, —2xn+n,)-Cy +xy?(n, =24, )+xn,+2y°¢ =0 ..(340)
Then the general solution of above system are:

S(x,y)=0 .(3.47)
nn(x,y)=c,y (3.48)
The generator given as :
0
X, =y — ...(3.49)
1=Y 3y

The 2" prolongation of X, is:

X1[2]=X1+y i+y’i+y” o (350)
a y a y ’ a y ”n

Then

Xl[zlzoi_ky i+y'£+y”i ..(3.51)
O0X oy oy’ oy"

Solving the characteristic system X [21| =0 is given the differential invariants .

dx _dy _d y,':d y (352)

0 y y y

Then

U=Xx ...(3.53)

v=_L - y'=vy ..(3.54)

y L y d_v_|_v 2 y (355)
du

Now , substituting equation (3.55) in equation (3.32) we obtain:
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dv

xzyz[d—+v2}+xy2v2+y2v —-xy?=0 .(3.56)
u
2 2
Dividing equation (3.56)on X ~ Y © we get:
2
[d_vw z}v_ﬂ_z_i: 0 (357)
du u u u
Multiplying equation (3.57) by u? we find:
u? d—v+v 2l+v?u+v —u=0 -(3.58)
du

Then
dv _1 v*® v . ..(3.59)

du u u u
Then the equation (3.59) reduced 1°* order ODE .

4.Reduction of Order for PDEs
In this part, established reduction order for PDEs the technique is basically the same as for ODEs
Now, consider the second order of PDE is :

G(t,x,u,u,,u,u,,u,,u,)=u—gx,uu,,u,u,, u,,u,)=0 (4.2)
The point symmetries of the form:
t =T (t,x,u;e)=t +ez(t,x,u)+0(c?)
X=X (t,x,u;e)=x +el(t,x,u)+0(€?) ~(4.2)
u'=U (t,x,u;e)=u+en(t,x,u)+0(c?)

If and only if X @G =0 when G =0 where X @ is the 2" extension of the infinitesimal
generator X introduced in the following:

XX !

- 9 9 o (43
X _g(t,x,u)ax +r(t,x,u)at +77(t,x,u)au (4.3)
Then G is some function of the invariants write as:
It,x), 1, @t x,u),.,1,@tx,uu,,u,u,,u,.,u,) ..(4.9)
Which implies that:
X1=0 ..(4.5)
This condition (4.5) can be expressed by using the characteristic of the group which is:
Q=n—4gu, —ru, ...(4.6)
From condition (4.5) , the surface u = u(t,x) is invariant provided that:
Q =0 when u=u(tx) ..(4.7)
In other words from [7], every invariant solution satisfies the invariant surface condition write as:
Q=n—-gu,—zu =0 ..(4.8)

Now , suppose that § and 77 are not both zero then the invariant surface condition is a 1-order quasilinear
PDE can be solved by the method of characteristic equation are:
dx _dt _du - (4.9)
& T n
5.Applications for PDEs

In the following, we confirmed algorithm for reducing order of PDE by using symmetry .Moreover calculated
some examples about it.

2-Algorithm
Stepl: Write the vector field of the form:

0 0 0

X =4t,x,u)—+7z(t,x,u)—+nt,x,u)—

¢ ) ox z( ) 3t n( ) 50
Step2: Find the 2™ prolongation for equation (4.1) in style:

0 0 0 0
X [2]=X + t + X + tx + tt + X X
d ou, d ou d ou d ou d 0

X tx
Step3: Applying the prolongation X' on equation (4.1) found in Step2 as:

0
u

tt X X
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[2] _
X (ut_g(tix7u’ux’ut’uxx’uxt'utt))‘(41):0_0
Step4: By using expansion ', ¢, and & from[11]
Step5: Replacing u, by g (t,x,u,u,,u,,u,, ,u,,,u,) .

Step6: Find the general solution .
Step7: Reduce order of PDE by using new vector field found in Step6.
Step8: Appling the 2" prolongation for the new vector field .

Step9: By solving the invariance Q En—é’u x —TU, =0 whose characteristic equation:
dx dt du
¢ 7T 7

Step10: Solving the characteristic in Step9 and substituting solution in (1) at end we get the general solution.
Example(5.1): reduce the PDE given in the form:

ou 0%u au
- = > + —
ot oX oX
First write the vector field given as:

~(5.1)

5] 0 1%]
- _— - — ..(5.2
X g’(t,x,u)ax +z-(t,x,u)at +77(t,x,u)au (5.2)

The vector field in equation (5.2) we need the 2" prolongation given by:

0 0 0 0 0
X [2]:X + t + X + tx + tt + X X
J ou, J ou, J ou,, J ou,, J ou

Now, applying formula of equation (5.3) in equation (5.1) we get :

[2] _ _ _ ..(5.4
X (ut u,, ux)|(1):O 0 (5.4)
Then
- = =0 ..(5.5)
By using definitions of &', ¢ and ¢** we obtain the following:

2 2

;U (nu _Tt)_ul T, ~Uy 41 —Uy Uy gu /" _Zux Myw =Wy My —Uy 7y +2uxx élx Uy gxx

2 3 2
+ux{Xuﬂu(utuxx+2uxuxt)+uX§uu+2quX U, 7y, 20, U, T FUU T UL U G,

t 7 xx Xt xu Xt uu X XX

(5.3)

2
_ux(nu _gx )+ux gu U T UL U T, =0
...(5.6)

Now , replacing U, by u,, tu, weresult:

2
R +(uxx +ux)(’7u _Tt)_(uxx +ux) T, —U, gt_(uxx +ux)ux gu ~Tix _2ux Myu
_uXX 77“ _u)(znuu +2uXX é/)( +UX é/XX +u)<2§)(u +TU ((UXX +uX)uXX +2uXuXt)

X uu

FUS 20, 7 (U H, )7 +2(u Uy YUy 7 +H(uy, Uy Jul e

+3ux Uy é/u —7 Uy (nu _gx )+ux2§u +(ux>< U, )Tx +(uxx Uy )ux T =0
.(5.7)

Uyx (Txx TT, T +2§x )+ux (;xx +é,>< T T — T _é/t _277xu )
+ux2 (gxu +22—xu My )+ux Uy ( 2Txu +2§u )+U: (é’uu +Tuu)

2
+uxuxx Tuy +2uxuxl Ty +2uxt Ty —Mxx — T +77[:0

...(5.8)
By using separation of the coefficient :
U, T, +7, —7,+24, =0 .(5.9)
u, :é/xx +§x T TT =T _é/t_znxu =0 -(5.10)
u? £, +27,,-1,,=0 -(5.11)
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u,u,,:27,,+2¢, =0 .(5.12)
3.

Uy, ¢y +7,=0 ..(5.13)
u’u,, :7,=0 .(5.14)
u,u,, :27,=0 ...(5.15)
u,,:2z,=0 ...(5.16)

1 =ny-n,+n,=0 ..(5.17)

Then the general solution of above system is :

1 1

?(t,X,U)=§(C1X—C2—4C4)t +§x C,+C, ...(5.18)
T(t,x,U)=%c1t2+c2t+c3 ...(5.19)

7@, X ,u)=— %[(t2+(2x +2)t+x?)c, -8c, (t +x )-8c, }u +at,x)  .(5.20)

Then the Lie symmetries given as:

Xl=lxt£+£t22—l(t2+(2x +2)t +x2)ui -(5.21)

2 ox 2 ot 8 au

X zz[—t +1xji+ti -(5.22)

2" Jox ot
x =2 .(5.23)
ot
X, =4t qrxyu -(5.24)
OX ou

X .= u- ..(5.25)
ou

X = -2 ...(5.26)
OX

X, =al(.x) h ..(5.27)

ou

Using the symmetries as:
X =X ,= 1y t i+1t zi—l(t 242X +2)t +x 2)u 2
2 ox 2 ot 8 ou
Then
dx dt du ...(5.28)
%xt %tz —%(t2+(2x +2)t+x2)u
By solving equation (5.28) we find the following :

é’(t.X):)t(— ..(5.29)

Sy %2
V(t,X)=p ()t > Ve 4[ ‘J ...(5.30)
2
By using (5.29) and (5.30), we find a—u,é—uand o"u
ot 'ox ox*?

(2x +2) (2x +2) 2 1 t—g
6“ —a_v %—[Xt a_¢+¢((zx +2)t2x+1_t 4 (1+):—JJ:|E 4[ t J

we get:

ot ac’et | t? oc¢ 2
.(5.31)
X+ ,l ,ﬁ
ou _ov oc_ Q%’ﬂa or e X g ) (5.32)
ox 0¢ Ox t og 2t
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2 2 2%+2 2%+2 2x+2 _ifx?
ou {6 ot . &/)[Xt +4t +XJ+¢[X[2t2x+2+xj+4t2“2+1ﬂe 4( ‘)

ox? |o¢c? t2  ac | 2t? t 2t? 2t 2t 2t
..(5.33)
Now , substituting equations ((5.31)-(5.33)) in equation (5.1) we obtain the ODE :
Dy -2 g@g + CZ(P =0 (5.34)
By solving equation (5.34) we find:
1., 1. >
=< ¢
p({)=c,e? cos({)+c,e? sin(g) ..(5.35)
Then
1 1
u(t,x)=c,e2t’ cos[t—j+c2e 2 sin[t—J .(5.36)

Discussion and Conclusion

Lie group methods is finest for all techniques yet based on algorithm established above .In this work ,
introduced 2-algorithms for ODEs and PDEs, the first algorithm is applied to reduce the order of ODEs and the
second algorithm is applied to reduce PDEsto ODEs . Also give some applications for ODEs and PDEs to obtain
the exact solutions.
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