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Abstract

Some properties of a class of harmonic multivalent functions defined by an integral operator are introduced,
like, coefficient estimates, distortion property, extreme points, inclusion results and closure under an integral
operator for this class are obtained.

1. Introduction

Let u and v are real harmonic functions in the simply connected domain D € C , then the continuous functions
f =u+iv, defined in D is said to be harmonic in D. In any simply connected domain D < C, we can write
f = h + g, where hand g are analytic in D. We call h the analytic part and g the co-analytic part of f.

A necessary and sufficient condition for f to be locally univalent and sense preserving in D is that |h'(z)| >
|g'(z)| D (see Clunie and Sheil-Small [1], see also [2]).

Denote by H the class of functions f = h + g that are harmonic univalent and sense-preserving in the open unit
disc U = {z:|z| < 1} where h and g are analytic in D and f is normalized by f(0) = h(0) = f;(0) — 1 = 0.

The class Hy(n) (p,n € N ={1,2,3,...}), consisting of all p-valent harmonic functions f = h + g that are
sense-preserving in U was defined by Ahuja and Jahangiri [3] where h and g are of the form

h(z)—zv+zak+p 2L, g(z)—me T by <1 (D)

It may be worth nothing that When p = 1theclass H, (n) Was defined and studied by Jahangiri et al. [4].

In (1985) Salagean [5] introduced an integral operator [" and in (2009) Cotirld [6] introduced it in a slightly
modified from as below

1) 1°f(2) = f(2);

() I'(z) = 1f(z) = p f, f(Otdt;

(38) I"(z) =1(I""'f(z)), n€N, fe A, where A={feH:f(z) =z+a,z?+ -} and H = H(U), the class of
analytic functions in U.

The modified Salagean integral operator [7] of f = h + g given by (1) is defined as
I"f(z) = I"h(z) + (—1)"I"g(2), 2

N p " -
I"h(z) = zP + kzz (m) Qpeyp-12°1P71,

where

and

(o]

p n
g = Z (rrp=) Do

Now, we define the class of harmonic multlvalent functions as follows:
Let H,, (n, u, v, 8) we denote the class of harmonic multivalent functions of the form (1) such that
I"f(z)+282zP
Re {(1—y)zv+y1"+1f(z)} > H ®
where I" is defined by (2), 0 <y,p<1, 0<8<3, nkpeN, z€U.
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Let E(n, 1, v,6) we denote the subclass of H, (n, p, v, 8) consisting of harmonic multivalent functions f,, = h +
Jn Sothat hand g, are of the form:

R@) =2 = ) Gpazb P, g() = (CIM ) Bt (@)

k=2 k=1

where a1 >0, bgyp-g = 0and |b,| < 1.

We deep it worthwhile to point here the relevance of the function class ﬂ(n, u,vy,6) with those classes of
functions which have been studied recently. So we note that
(i) If we take & = 0, then the class E(n, u,v,6) reduced to the class E(n,/?, t) [5] of course after replace
pnandy by B,trespectively.
(ii) The class H, (n, p, v, 8) reduced to the class H,, (n, B) [7], if we take § = 0 and y = 1.
(iii) Also our class E(n, u,v,6) reduced to the class E(n +1,n,a,0) [6] withvalues§ =0, y=1and p = B.

In this paper, we study a class of harmonic multivalent functions defined by an integral operator. Coefficient
bounds, distortion bounds, extreme points, inclusion results and closure under an integral operator for functions in
the class H,, (n, u,y, §) are obtained.
Lemmal.l: [8] Let a = 0. Then Re(w) > aif and only if [w—(1+ a)| < |w + (1 — a)|, where w be any
complex number.
2. Main Results
In our first theorem, we give the sufficient coefficient condition for harmonic functions belonging to the class
Hp(n, 1, v, 8).
Theorem 2.1: Let f = h+g be given by (1). If

[oe) (o]

Z o,k 1,7, 6) |Qesp-1| + Z d(n,p, k.11, ¥,8) [brap-1| < 1, 5)
k=2 k=1
where
p p
up.k 6)_(k+p—1)n[1_#y(k+p—1)]
§0 !p! ;,u/V; - (1+6_ﬂ)
p p
o(n,p, k 6)_(k+p—1)n[1+m/(k+p—1)]
;p/ ;.u:V, - (1+5_#) ’

1
0Sy,u<1,0§5<5, nk,p €N.
Then f is harmonic multivalent sense — preservyngin U and f € H,(n, v, ).
Proof. Denote ( P ) by p through in this proof . To prove that f € H,(n, u, v, 8) by the condition (3), we only

k+p-1
need to show that if (5) holds, then
1"f(z) + 28zP L(z)
Re =Re——=<2=>1u,
(1 =y)zP +yI"*f(z) K(z)
wherez=rel® , 0<06<2m 0<r<l,and0<p<1.
Note that

L(z) = I"f(z) + 26zP and
K(z) = (1 — y)zP + yI"*1f(z).
By using Lemma 1.1, it suffices to show that
IL(z) + (1 - wWK@)| - |L(z) — (1 +wWKE@)| =0. 6)
Substituting L(z) and K(z) in (6), we obtain
|L(z) + (1 - WK@)| - |L(z) — (1 + WK(E)|
= [I"f(z) + 282P + (1 — W[(1 = y)zP + yI"*H(D)]| — [1"f(2) + 6zP — (1 + W[(1 — y)zP + yI"*f(2)]]|
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zP + Z pnak+p—lzk+p_1 + (_1)1’1 Z Pn bk+p_1zk+p_1 + 286zP
k=2 k=1

+1-w [(1 —y)zP +yzP

[ee]
+ YZ pn+1ak+p_1zk+p—1 + y(_1)n+1 Z pn+1 bk+p_lzk+p—1]
k=2 k=1

zP

[ee) [ee)
£ D a2+ (D) pP by T 4 827
k=2 k=1

- @+ (A =y)zP +yzP

[ee) [ee]
+ YZ pn+1ak+p_1zk+p—1 + y(_1)n+1 Z pn+1 bk+p_lzk+p—1]
k=2 k=1

(24286 —wzP

+ 2 p"[1 + (1 — Wyplagsp-1z¥P1 — (=1)*? Z p"[1 = (1 = Wyp] byyp_yzK+P~1
k=2 k=1

pzP

+ 2 p"[1 — (1 + Wyplagsp-12¥P~1 — (=1)*? Z p"[1+ (1 + Wyp] byyp_ zK+P~1
k=2 k=1

2 (2+28 = WzlP = ) o1+ (1 = Wpl[asp-al 257 = > p"[1 = (1 = 10vpl[biespoa 24P~ = plzl?

- Z p"[1 — (1 + Wypl|agsp-1|lz<P~t — Z p"[1 + (1 + Wyp] |biesp1|lz[<P~2
k=2 k=1

=2(1+8—wlzlP - Z p[1+ (1 — Wyp + 1 — (1 + Wypl|agep1|lz<P~1

=
N

o)

= > p" 1 - A —Wyp+ 1+ A+ Wypl|bgspa|lzl<+P1

k=1
=2(1+6—wlzlP - Z 2p"[1 — pypl|aksp—1|lz/<P~1 — Z 2p"[1 + pyp]|bysp-1|lzI<+P~1
k=020 k:ol
p"[1 — pyp] i 2p"[1 + pyp] _
=2(1+6—wlzlP [1 - {k_z(“_—(g_u) |asp—a|lzI<P~1 + k_lmlbkﬂ)—lllzlkﬂ) 1

o p"[1 — pyp] o 2p"[1 + pyp]
—2(145-w) 1—{ i (PN Wt il

k:2(1+6—u) ] 1+6-w

Or equivalently to
IL(z) + (1 - WK@)| - L) — (1 + WK@)|

=21+6—-w|1

i(ﬁ)“[l—w(kﬁ;ﬁﬂ

_ |ak+p—1|
&~ 1+6-w
o p n p
+Z(k+p_1) [1+HY(k+p_1>]|b | >0
— k+p-1 =Y
o] 1+6—-w
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by (5), which implies that f € H,(n, 1, v, ).
The harmonic multivalent function
- 1 & 1
z)=2zP + Z — xZfPl 4 Z— ZkP=1 (7
/@ Liopkpy, 6" Lo p k)" @

where ne N and X, xx + Xr—; Yk = 1, shows that the coefficient bound given by (5) is sharp. The functions of
the form (7) are in the classH, (n, 1, , 8), because

Z oM, p,k 1Y, 8) |agsp-1| + Z ®(n,p, k1Y, 8) |brsp—1]
k=2 k=1

5 |yl

N 1
x| + E @, p,k Ky, 8 ————
LI ERY Y et oy,

1
o, p kY5

= D lxd + ) Iy = 1.
k=2 k=1

Now, we show that the condition (5) is also necessary for the function f, = h + g,, to belong to E(n, wy,6),
where h and g,, are given by (4).
Theorem 2.2: Let f, =h+g,, be givenby (4). Then f, € E(n, u,v,6) if and only if

Z (p(n! b, k! wYy, 5)ak+p—1 + Z (D(Tl, p, k. wy, 6)bk+p—1 <1, (8)
k=2 k=1

= Z o(n,pkwy s
k=2

where 0 <y,u<1, 0<6< % , M€ N,with byip_1 > agyp_q, for every k = 2.

Proof. Denote (k+g—1) by p through in this proof. Since K(n, 1wy, 8) € Hy(n, 1,7, 8), we need only to prove the

"only if " of the theorem. For functions f, of the form (4), we notice that the condition

I"f(z) +26zP
ke {(1 S P VI"“f(Z)} > K

is equivalent to

( A+5—-wz? \
Re =Yoo P — pyplagp-1 2P+ (1P ER pM 1+ uyp]bk+p_12k+p'1 !
> 0. ©)

Now, the last inequality (9) must hold for all values of z in U. Choosing the value of z on the positive real axis
where 0 <z =r<1,wehave by, 1 > ag;p_q, foreveryk =2,
1+6-w
[_ Y2 PP1 - HYP]31<+p—1I'k+p_1 — Yk P11+ HYF’]bk+p—1rk+p_1
[1 _ YZ}?:Z pn+1ak+p_1rk+p—1 + y(_1)2n Z}O(O=1 p1r1+1bk+p_1rk+p—1]
We notice that the expression in (10) is negative for r sufficiently close to 1, when the condition (8) does not
hold. Hence there exist z, = r, in (0,1) for which the quotient in (10) is negative. This contradicts the required

condition for £, € H, (n,,y,6)m

>0. (10)

3. Extreme Points and Distortion Bounds.

Here, we consider the extreme points of closed convex hull ofﬂ(n, u,v,8), denoted by clcoﬂ(n, u,v,8) and
we obtain the distortion bounds for functions in E(n, uv,o6).
Theorem 3.1: Let f,, given by (4). Then f, € clcom(n, wy,6) if and only if

fa(2) = Z[xk+p—1hk+p—1 (2) + Vierp-19rp-1(2)],
=1

where h,(z) = 2P, hyyp-1(2) = 2P — L

o(mpkuy,d)
Grap-1(2) = 2P + (=1)" 7!

zktP-1 |k >23 .., and

k+p-1 k=23, ..

’

—_—Z
o(n,p, k,uy, ci)

Xg+p-1 20, Yeip-120, xp, =1— Z Xk+p-1 — Z Vi+p-1-+
_ k=2 k=1
In particular, the extreme points of H, (n, u,v,8) are {hy+p-1} and {gx+p-1} -
Proof. Suppose

@ = ) [tip a1 + Yierp18kpr ()]
k=1
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1
Z(ka 1+ Yk+p- 1) zP — Z—(p(n DK 1LY.0) Xk+p_1zk+p‘1

1
+ (_1)n—1 Z B Zk+p—1
&io(n,pk 1 Y,8) Yierp-1
=zP - Z S Xk+p—1Zk+p_1 + (=Dt Z . Yk+p—1Zk+p_1-
& o, pky,8) & @(n,p, kv, 8)
On the other hand

Z (p(nr b, k, WY, 8)|ak+p—1| + Z cb(nr b, kr WY, 8) |bk+p—1 |
k=2 k=1

oo 1 0 1
= 00 p 18 (s Xy ) + Y Bk 8) (Vi 1)
kZZq)( Pk 1y, 8) P p Ky, 8 Jert A (n,p,k py,8) S p Ky, 8 Kt

o]

= Zxk+p—1 +ZYk+p—1 = l_Xp <1.
k=1

=
Therefore f,(2) € clcoH, (n, 1,7, 6).

Conversely, if f,(z) € clcoH (n, 1,7y, 8). Assume

—1_Zxk+p l_zykﬂ) 1-

k=1
Set Xirp—1 = @D, b, 1,7, 8)App_q k= 2 3 and
Vi+p-1 = (D(n p,k wy, 6)bk+p—1, k=23,.
Now , consider

o)

fn(z) =zP - Z ak+p—lzk+p_1 + (_1)n—1 Z bk+p—1, zk+p=1
k=2 k=1

1 1
— D _ - +p-1 1)n- 12— k+p—-1
= kchp(n DKLy, 5) P TP () (0, p, K 1,y,8) <P~ 12"

[oe]

=zP — Z[Zp — hyp-1(@)] Xap-1 + Z P = girp-1(@)] Yicrp-1

=2

[1 - Zxk+p 1 ZYk+p 1

k=2

SW‘

zP + Z Xk+p— lhk+p I(Z) + Z Xk+p— lhk+p I(Z)

= Z Xik+p-1hk+p-1(2) + Z Xic+p-1Nk+p-1(2) W
k=2 k=1

Theorem 3.2: Let f,, € E(n,u, y,8). Then for |z| = r < 1,we have

; Ifa(D] < (L +b)rP + {p(n,p, k. v, 8) — p(np, k, wy, O™, (€3Y)
an
Ifn(Z)I = (1 + b)rp - {d)(n; b, k! wy, 6) + ¢(Tl, D, k, wy, 6)}7‘p+1, (12)
where
(1+6—puy)

I,[)(Tl, D, k, wy, 6) =
p _ p
(p+1)n[1 #y(p+1)]
(1+6+uy)

p _ p )
p+1)n[1 #y(p+1)]
Proof. We prove the right hand side from (11) for |f,|. The proof of inequality (12) is similar. Let f, €
E(n, U, v, 6). Taking the absolute value of fn, therefore by Theorem (2.2) , We obtain :

@I = Zp—Zak+p 21 4 (1) 12% e

o(n,p, ke, i,y,8) = (

[

k+p-1 k+p-1
ak+p 1! + Z bk+p 1T
k=1

1
EFAPIOTA S S
I W P2 Y & ¥(n,p.k ,y,8)

NMS

(ak+p—1 + bk+p—1)rk+p_1

< (1+Dby)rP +y(n,p, 2, v, §)rP+t
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o

Z ¢, p, k1Y, 8)arip-1 + P, p, k 1y, 8)brypg
k=2
<@ +b)rP+ (Y, pk1,y,8) — d(n,p,k iy, 8Pt m

4. Convolution Property and Convex Combination of the Class ﬂ(n, ny, o).
Here, we want to prove two theorems, the first theorem about convolution for the class E(n, u,y,6) and in the
second theorem, we prove that the class E(n, U, v, 6) is closed under convex combination.

The convolution of two harmonic functions

@) =2 = ) g azE P (CD Y by (DR, (13)
k=2 k=1
and
4n(D) = 27 = D g azF P (DY dy 1 DF, (14)
k=2 k=1
is defined as

(fn *gn)(z) = fn(z) * qn(z) -

=zP — Z ak+p—1Ck+p—1Zk+p_1 + (= Z bk+p—1dk+p—1(z)k+p_1f (15)
k=2 k=1
Using this definition, we show that the class Hy, (n, 1, v, 8) is closed under convolution.
Theorem4.1: For 0<7<u<1, 0<y<1,0<6§ <%, let f, € H, (n,11,y,8) and q, € H, (n,7,7,6).
Then
fo*an € Hy (n,u,v,68) € H, (n, 7,7, 6).
Proof. Let

e [oe)
R =2 = ) Bapma P D) b @R
— k=2 ~
be in the class H, (n,u,v,8) and

(o] [oe]
an(@) =2 = ) Gy Z P (CDM Yl D,
k=2 k=1
be in E(n,r,y, 6).
Then the convolution f,, * q,, is given by (15), we want to show that the coefficients of f,, * q,, satisfies the
required condition given in Theorem (2.2).
For g, € E(n, 7,¥,6), We note that ¢, < 1and dg,p_1 < 1. Now consider convolution functions f, * q,
as follows:

z (P(Il, b, k' TY, 6)ak+p—1ck+p—1 + Z CI)(n, b, k' TY, S)bk+p—1dk+p—1
k=2 k-1

8

Z oM, p,k Ty, 8agp-1 + Z ®(n,p,k 1,7, 8)bysp-1

k;Z k—1
2 @(n,p,k 1,y,8)aysp_1 + Z @(n,p, k1Y, 8)byip1
k=2 k=1

<1. (smce0<r<u<1 and f, € H, (ny,y,é))
Now , we prove the second theorem in this section as follows
Theorem 4.2: The class H_(n u,v,8) is closed under convex combinations.
Proof. For s = 1,2,... . Suppose that fns € H (n,u,y,8), where f, ¢ i |s given by

fas(@) =zp—2ask+,, 24 (—1) 12bsk+p L@,

k=2 k=1
Then by Theorem 2.2, we have
Z q)(n’ b, k' WY, S)as,k+p—1 + Z (D(n, b, k, Wy, 8)bs,k+p—1 <1 ) (16)
k=2 k=1

o)

For Zts=1, 0<t;< 1L
s=1
Then the convex combination of £, ; written as
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i tofus(2) = 2P = i (i ts as,k+p—1> ZktP=1 4 (—1)nt i (i ts bs,k+p—1> @)k+p-1

s=1 k=2 \s=1 k=1 \s=1
Now by using the inequality (16), we obtam

Z (p(n b, k, Y, 8) (Z ts as,k+p—1> Z Cl)(n p, k, WY, 8) (Z ts bs,k+p—1>

s=1 s=1

tS <Z o, p,k 1,7, 8)agksp-1 + Z ®(n,p,k Wy, 6)bs,k+p-1>
k=1

IA

‘"MS“MB

tS =1, which is the required coefficient condition m

Next, we introduce the last theorem in this paper of the class E(n, u,v,8) under the generalized Bernardi-
Libera-Livingston integral operator (see [9] and [10]) F,(f) can be defined as

Fu(f) = %fzt“‘lf(t)dt, u>-1. 17)
0

Theorem 4.3: Let f,,(2) € H, (n,1,7,5). Then

Tu(fn (Z)) € E(n: wy, 6)
Proof. From definition of £, (f,,(z)) given by (17), it follows that

o

u+p (* _ i
Fafa(@) = Z—“J; tu1 [t — Z ak+p_1tk+p 1Ly (—nnt Z bk+p—1tk+p_1 dt
k=1

k=2

o5} (o)

u+p Kt pe _ u+p _ _
:Zp_kz—zmak""'lz e 1kzlu+p+k—1bk+l"1(z)k+p '

[oe) [oe)
=22 = D G2+ (P Ly @R,
k=2 k=1

where
u+p
Gip-1 = mak+p—1 , and
u+p
bietp—1 = = 1 D1
Hence
u+p u+p
PRy, —— _Z‘D,,k-,,— -
Zcp(np uyé)u+p+k_1ak+p1+ (n,p uvé)u+p+k_1bk+p1
k=2_ k=1
< Z (P(l’l, b, k. WYy, 8)ak+p—1 + Z CI)(II, p, k. WY, 8) bk+p—1
k=2 k=1
<1 (by 8)

Therefore by Theorem (2.2), we have F,(f,(z)) € H, (n,1,y,8)m
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