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Abstract

In this paper, the dynamics of scavenger species in a web food model incorporating time delay and
prey harvesting is formulated mathematically. Boundednes of all solutions of the model carried out. The
existence as well as stability analysis of all possible positive equilibrium points are discussed. Also, we
proved that under certain time delay, our model exhibits a subcritical Hopfbifurcation. Furthermore, to
confirm our analytical finding, we studied numerical simulation for the model.
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1. Introduction

After the pioneering works of Lotka and Voltera[1],[18] for per-predator interactions,
predator prey models have been important in mathematical ecology and were studied
extensively [3],[16]. In the last decades the classical model of Lotka and Voltera is
modified by many researchers [7]. In 1963, M. Rosenzweig and R. MacArthur, considered
a modification model of lotka voltera model; they replaced the exponential growth by the
logistic growth because of limit source for prey and they replaced the functional responses
of Hollying type I by functional responses of Hollying type Il which has been presented by
Hollying [8], [9]. Also, many researchers considered the prey predator model incorporated
by the effect of spreading disease on species [2],[6],[10-12], and [19], time delay [13], prey
refuge [14-15], and herding behavior of prey [17]. On the other hand, in many articles,
there is an extension of simple prey predator model to food chain model [9], and food web
[6]. However, till now, there is no mathematical model for the receiving benefit from prey
predator interaction by a scavenger. The scavenger species usually consume animals that
have either died of natural causes or been killed by another. Therefore, in this paper we
model the benefit dynamics of a scavenger from natural death of prey and a parts of bodies
of predated prey that is not eaten by predators. Our model incorporates time delay and
harvesting factor on prey. Our work is structured as follows: in section two, we have
discussed the details of the assumption in the model, the significance of parameters used
in it and proof of its boundedness. In section three, all possible positive equilibrium points
and criteria for stability are discussed, and Hopf bifurcation is also studied. In section four,
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we study numerical simulation for our analytical finding using Euler ‘method with help of
MATLAB. Finally, in section five, we discussed significance of the analytical result and
the numerical simulation.

2. Model formulation
Consider an ecological model consisting of a prey, predator and scavenger species,
with the following assumption.

1. The prey species increases due to birth with birth rate b and the prey species
decreases due to natural death with death rate d,, intraspecific competition with
completion rate c;, harevesting with harvesting rate h and predation by predators.

2. Increasing the predator species density is dependent on predation of the prey
species according to the Holing type Il functional responses, and the predator
species decreases due to natural death with death rate d, and the intraspecific
competition with competition rate c, .

3. Increasing the Scavenger species density dependent on eating death prey and a part
of bodies of predated prey that does not eaten by predators and they decreases due
to natural death with death rate d5 and intra specific competition with competition
rate cs.

4. At time t,x(t), y(t) and z(t) are prey density, predator species and scavenger
species repectivly

Then the dynamics of such model can be represented in the following set of nonlinear
differential equations

dx ax
— =bx —¢;x?> — (d; + h)x — Y

dt 1+ aTpx
dy _ ejax(t-t9)y 2
dt 1+aTprx(t—14) 2y dzy (1)
az _ _ ezax(t-1)y(t-12) 2
ol e,dix(t — 1)z + raToatory 2 C3Z d;z

Here, all the parameters are assumed to be positive. Moreover, the parameter a
repersented the predation rate; « is the search efficiency of the predator to prey T, is the
average handling time for each prey; 7, is the time-lag from predation of prey to convert it
in to predator biomass; t, is the time- lag from eating the dead prey or predated prey by
predator to converted it in to scavenger biomass; e, is the biomass conversation rate of
prey population to predator population; e, and e; are biomass conversation rate of natural
death of prey and predated prey by predator. obviously, the right side of the system (1) are
continuous and have continuous partial derivatives on the state space R3, therfor they are
Lipschizian function on R3and then the solution of the system (1) which initiate in non-
negative octant are positive and uniformly bounded as shown in the following theorems.

Theorem 1. All solution of the system (1) that initiate with positive values are positive
and uniformly bounded if the following condition holds.
d. < 2 % min {(ezd1(b—d1—h)) 93(61—Thd2)} (2)
3 )
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Proof. It is easy to prove that all solution that initiate with positive initial value, remain
positive, therefore the proof is omitted. From the first equation of the system (1), it is
obtained that

dx
e (b —dy — h)x — ¢y x?
It is clear from the condition given by in (2), b —d; —h > 0.

Therefore, we get tlim Sup(x(t)) < b_dl_h, and from the second equation of the system

C1
(1), it is obtained that
dy e
d_ts <_1— dz)y—czyz
the condition given by in (2), guarantees that e, — T,d, > 0,
So, we get tlim Sup(y(t)) < %. Finaly from third equation of the system (1), we
— 00 2

have
dz _ exdi(b—dy—h) es(e; — Trdy) d 2
a - + T2 —d3z |z— 3z
1 2%h
Again from the condition given by in (2), we get ezdl(bc_dl_h) + 63(6;_:2"‘12) > d; .
1 2Th
So,

epd (b —dy —h) n e3(e; — Thdy) _ é
€,1C3 c,c3TH 3

tlirg Sup(z(t)) <
And hence the theorem.
3. Stability analysis and Hopf bifurcation

The system (1) has at most five positive equilibrium points, namely E; = (0,0,0) ,
E, =(x,00),E; =(x0,2),E, = (X,y,0) and Ec = (X, ¥, 2).

Where
= _ b—(d1+h) = __ i b—(dl'l'h) _ ~ i elaa? _
x*= C1 2= c3 (€1d1 C1 d3>’ y= c2 <1+aTh5c' dz) !
o1 B esaxy
C3 1+ alyx

And X is the positive solution of the following equation.

Ax3 + A, x2 + Asx + A, =0 (3)
With Ay = cic,a?Ty,, Ay = 2¢1¢,Ty — c,aTE(b — dy — h),

As = cicp + eqa? + a?d, Ty, — 2c,aT, (b — dy — h) and Ay =c,(b—d;—h) —
ad,
Therefore, the trivial equilibrium point is always exist, while the axial equilibrium exists if
the following condition holds.

b>(d,+h) 4)
The predator free equilibrium point exist if in addition condition given by equation (4), the
following condition holds.

e d, 24t S g, (5)

The scavenger free equilibrium point exist if the equation (3) has unique positive root and
the following condition holds
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_eax o d, (6)

1+aTpXx
Finally, the positive equilibrium exist if in addition to existence condition of free scavenger
equilibrium point the following condition hold

~ ezaxy
ezdlx + 1-SaTh9? - d3 (7)

Now to study the stability behavior of an equilibrium for the system (1), we linearize
the system (1) using the transformations u,(t) = x(t) —x,, u,(t) = y(t) —y, and
u;(t) = z(t) — z, where (xq, ¥o, 2,) is an equilibrium point of the system (1).

Now % = Au(t) + Bu(t — 71) + Cu(t — 7;1)
Where u(t) = (uy(t), up(t), uz(t))"
A
ayo ax,
b—2 —(d;+h)———F— _ 0
/ €1%o = (dy + 1) (1 + aTypxy)? 1+ aTyx,
_ 0 _a 5. 4 0
~ | 1+ aTyx, 2¥0 = &2
€3aXpYo
0 0 d 2
\ €2t1Xo ¥ 1+ aTyxg €s%o0
0 00 0 0 0
_ | &% _ 0 0 0
B - (1+aTth)2 0 And C - d _ e3xZpyYo _ e3xaXgZg
0 0 0 €20120 T QiaT xe)? | 1+alpxg

We look for solution of system (1) in the formu(t) = pe?t, 0 # p € R3. This gives the
following characteristic equation:

(A — al)(ﬂz + azl + ag) = O (8)
Where
€30XpYo
I
ho ayo €1aXo
a, = 2¢;x9 + (dy + h) + +2¢c,y, + d, + (1 + aTpx,)? 1+ aTyx B
0 0

a:(b—Zcx—(d bRy — o )( GaXo —d)

3 1%0 1 1+ aTyxy)?/ \1 + aTyx, 2Yo 2

_ e1a’xyYo o=t
(1+ aTyx,)3

At the trivial equilibrium E; = (0,0,0), the characteristic equation (8) has the following
roots

111 = (b - (dl) + h) y 112 = _dz and 113 = _d3 , SO E1 = (0,0,0) IS asymptOtlca”y
stable if the following condition holds.

b<h+d; 9)

At the axial equilibrium E, = (x,0,0) the characteristic equation (8).has the following
roots

—-d
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e ax Ao Aoa = —
- =e,dx —d
1+aThx 21 123 201 3

So, in addition to existence condition of E, = (x,0,0) , if the following conditions holds
then it becomes asyptotically stable

A1 = —C1X, App =

ejax
d, > 1+aTpx (10)
ds > e,d X (11)

The root of characteristic equation at the predator free equilibrium point E; = (%, 0, Z)
are

A3p = —C1%, gy = 130;2 —d,, A33 = —c3Z if in addition to its existence condition,
h
the following condition holds
e ax
dz > 1+aTy¥ (12)

Then E5 = (%, 0, Z) is asymptotically stable

Now we have the following theorem regarding stability switch at E, = (%, ¥,0)
and Es = (%, 7, 2).

Theorem 2. Suppose E, exists with the following condition

~ ay
b<h+d1+2c1x+m (13)
and b? < by (14)
Then

1. Eg = (%,¥,%) is locally asymptotically stable for all 7, € [0, t]] and exhibits a
supercritical Hopf bifuracation near E; for 7, = 3

2. Es = (X,¥,0)is locally asymptotically stable for all 7, € [0, ;] and exhibits a
supercritical Hopf bifuracation near E5 for 7; = 7 if in addition to given
conditions (13,14) the following condition holds

esaxy

ds; > ezd; X + ot (15)
Where 77 , b; and bs are given in the proof.
Proof.
1. At Es = (%,7,Z) the characteristic equation become
A+ c32)(A2 + byA + by + bse ™) = 0
(16)
_ ~ ~ ay . _ ~ ~ ay .
by =cy+h+d;+ 2%+ Tratno? b,b,=c,y (h +d; + 2¢,% + AraTio? b)
2 ~ ~
And b, = (fjr";Txy) ~, 50 the root in the z-direction in negative and other roots in x-, y-
h
direction satisfies the following equation
A2+ biA+ by +be 1 =0 (17)

Now if 7, € [0,77[ and the conditions(13,14) holds then the root in the x-, y-
directions are negative and hence Es; = (X, ¥, 2) is locally asymptotically stable. For
accurance of Hopf bifurcation
Suppose A = w + iw is the root of the equation, we get

w? —w@? + byw + by + b; cos(t,@w) e"®1 =0 (18)
2ww + by@w — by sin(t;w)e “"t =0 (19)
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The equation 17, should have imaginary roots for stability change of Es = (X,¥,2) ,
hence, to obtain the stability criterion, we set w = 0 in equation (17) and get

@w? — b, = by cos(1,@) (20)
b,@w = bs sin(t,;w) (21)

Squaring and adding these two equation, we get the 7; eliminated equation
w* + (a? — 2a,)w? + b2 — b3 =0 (22)

It is obvious that the equation always has one and only positive root w? due to condition
14,

Now the time delay at which the equation has imaginary roots, +@ is 7 =

1 (wg—az)

—dIrccos\—

@y as

Now w(ti) = 0 and w(ty) = @y, SO, if we take differentiation for both equation with
wo(b1+2w )

respect to 7, we get [3—“’] ==
1 0

1 T1=T]
And hence the proof 1, is complete
2. If At E; = (%,7,0) the charastrictic equation become
(/1 — (eadyxy + 22000 d3)> (22 + byA+ by + bse™™) =0 (23)

1+aTpxg

ay
by =c,J+h+d; +2c,%+ —<1+ e D b2 =6y (h tdi 20X+ = b)

So, the root in the z-direction is negative if the condition holds and the other two roots
in X-,y-direction are the same as in the first proof part, and hence the proof is complete.

4. Numerical simulation

In this section the Hopf bifurcation of the system is investigated numerically. We
have performed the simulation using mat lab it is observed that they have good agreement
with our analytical finding. For the parameters given by equation (24), we have r = 1.71.
The solution of the system (1) at t; = 1.7 < 7; plotted in Fig.1 and at 7; = 1.8 >
77 plotted in figure (2).

a=199,c¢, =13,a=12,T, =041,d;, =05h =04
e; = 0.825,d, = 0.15,¢, = 0.05 (24)
e, =0.98,e3 = 0.16,c3 = 0.1 and d; = 0.5
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Fig.(1) Both the time series and phase portrait of system (1) for the data set witht; = 1.7
, showing that the scavenger free equilibrium point E, = (0.2075,0.7576,0) is locally
asymptotically stable.
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Fig.(2) For date set given by equation (24) with 7; = 1.8 both the time series and phase
portrait of system (1) showing periodic orbit near E, = (0.2075,0.7576,0)

It is obvious that the parameters used in Fig. (1) and Fig. (2) satisfies the condition confirm
the second part of the theorem, which confirm our analytical result.

Now for the same date set with d; = 0.1, the system (1) for t; = 1.7 plotted in fig.(4). And
for t; = 1.8 is plotted in fig.(4)
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Fig.(3) Both the time series and phase portrait of system (1) for the data set given by
equation (24) with d; = 0.1 and 7; = 1.7, showing that the positive equilibrium point
Es = (0.2075,0.7576,0.3125) is locally asymptotically stable.
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Fig. (4) For date set by equation (24) with d; = 0.1 and t, = 1.8 both the time series
and phase portrait of system (1) showing periodic orbit near E; =
(0.2075,0.7576,0.3125).

It is easy to verify that the parameters used in fig.(3) and fig.(4) satisfies the condition of
first part of theorem which confirms our analytical result.

Now the system (1) solved numerically using the following date set, see fig.(1), fig.(6) .
a=089c =13,a=127T, =41,d, =05h =04

e, =0.7,d,=0.7,c, =0.5 (25)
e, = 0.58,e3 = 0.16,c3 = 0.5 and d; = 0.5
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z(t)

0.2

y(®) 0 0 x(t)

Fig.(5) The phase portrait showing that the solution for all 7,=1, 2, 20 with parameters
given by equation (25), approaches the trivial equilibrium point.
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0.5+

z(t)

y(t) 0 o05 X0

Fig.(6) The phase portrait showing that the system (1) for all 7,=1, 2, 20 with parameters
given by equation (25) with a = 2, has locally asymptotically stable axial equilibrium
point E, = (0.8462,0,0) .
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z(t)

y(t) 0 o05 X0

Fig.(6) The phase portrait showing that the system (1) for all 7,=1, 2, 20 with parameters
given by equation (25) with a = 2 and c3 = d; = 0.1, has locally asymptotically stable
predator free equilibrium point E; = (0.8462,1.4538)

It is clear that the parameters used in Fig.(5) Satisfies the stability condition for trivial
equilibrium point which confirm our result, when we increase the birth rate to a = 2, The
system (1), approaches the axial equilibrium point because the used parameters in Fig.(6)
satisfies the stability condition of axial equilibrium point. Finally when we decrease the
value c; and d; to ¢ =d; = 0.1 and fixing a = 1 the system (1) approaches the
predator free equilibrium point this confirm our analytical result for stability condition for
free predator free equilibrium point. Note that in each Fig.(5),(6),(7) different time delay
values t; = 1,2,20 used. It is obvious it does not affect the stability as we shown
analytically.

5. Conclusion and discussion

In this paper, we considered an ecological model for dynamics of three species:
prey, predator and scavengers, incorporating harvesting factor on prey species and time
delay. We have seen that time delay for conservation biomass of dead prey naturally and
predated prey by predators, to a scavenger does not affect the dynamics of the model.
However, time delay for conservation biomass of prey to predators is effective as shown
in theorem (2). In our study for system (1), we have given all locally stability conditions
for each of the equilibrium points. Also, numerically, we supported our result as follows:
the figures (Fig.(1), Fig.(2), Fig.(3), Fig.(4)) confirm our analytical finding in theorem (2).

13
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Fig.(5), Fig.(6) and Fig.(7) confirm our analytical finding for locally asymptotically
stability condition for trivial, axial and predator free equilibrium points, respectively.
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