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Abstract

In this paper, the notion of random nonexpansive operators is generalized to operators satisfying
random C — condition. Some new properties are obtained in uniformly convex Banach spaces, also
well we get result of converge on random operator to random point in Banach space.
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1. Introduction and Preliminaries

In 2007, Suzuk [1] introduced generalization of nonexpansive mappings by
C — condition to prove some fixed point theorems and convergence theorems. Khan
and Suzuki [2] proved a theorem about weak convergence via C — condition in
Banach spaces whose dual has the Kadec — Klee property. In this manuscript, we
present some of these results in the setting of random operators in uniformly convex
separable Banach space. For more results in this area, see the works in [3],[4], [5] and
[6]. Now a set Q, a family ) of subset of Q is said to be o—algebras if its closed
complements and countable unions, i.e fe ), implies f€€ Y. and Bie ),,i € N implies

G Bi € ¥, the pair(Q,Y.) is called a measurable sets [6].
l

Definitionl1.1: [7] Let K be a separable Banach space and &n: Q— K is measurable
sequence.

Definition 1.2 : [7] A mapping h : Q— K is said to be measurable (3; —measurable)
if for any open subset IV of K,

R~ (V) = (w:h (@) NV # @} €Y,

Definition 1. 3 : [7] Amappingh : Q X K — K is random operator, if for each fixed
v € K the mapping h(.,v): Q — K is measurable .
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Definition 1.4: [7] A random operator h: Q X K — K is continuous if h(v, .): Q —
K is continuous, for each v € Q.

Definition 1.5: [7] A measurable mapping 6: Q — K is random fixed point of a
random operator h : Q X K — K if h(w , §(w)) = §(w) For each w € Q.

Definition 1.6 : [8] A Banach space K is said to be uniformly convex if there exist a
strictly increasing function y:[0,2] — [0, 1] such that forevery x,y,p € K,R >
0 and r € [0, 2R] The following implication holds:

Ix - pll <R
X + r

ly—pll <= 22 -p| < (1-4(%)) #

x—yl=r " 2 R

Definition : 1.7 : [9] Let C be a subset of Banach space K, A mapping h: C = K is
said to be demiclosed at u € K if for any sequence {v,} in C with v, converges
weakly to v and hv,, - u, it follows that v € C and hv = u

Lemma 1.8 : [10] LetK be a uniformly convex Banach space , 0<p <t, <q < 1.
For alln e N supposethat {viand {u,} are two sequences of K such
thate limsupl||lv,|| < r, limsupl|lu,|| <r and

n—-oo n—-oo

lim||t,v, + (1 —t,)u,ll =r forsomer >0 Then lim|lv, —u,|| = 0.
n—-oo n—-oo

Lemma 1.9 : [2] Let K be a uniformly convex Banach space. Let {u,}, {v,}and {z,}
be sequences in K let d and t be real numbers with d € (0,) and t € (0,1) Assume
that

lim||lu, — vl =d, lim sup|lu, — z,|| < (1 —t)d and
n—-oo n—-oo

lim sup||v, + z|| < td, then:
n—-oo

n
lim||tu, + (1 — )v, — z,|| = 0.
n—-oo
2. Main Results

In this section we need the Banach space is separable and the following concept
and properties for random condition (C)

Definition 2.1 (condition random C)

Let K be a subset of separable Banach space K. Let G: Q X K — K be a random
operator. Then G is said to be satisfay the random condition C (RC) if :

1
> lv—G(w, V)|l < [lv—ull implies [|G(w,v) = G (w, W < [lv—ull

Forall v,u € Kandforall w € Q
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Proposition 2.2 Let G: Q X C — C be a measurable mapping where K a subset of a
separable Banach space K. Assume that G satisfies condition (RC) , for all v,u €C
and for all w € Q, then te following hold:

) G(w,v) = G*(w, V) < llv-G(w vl
i) Either  |lv—G(w,v)l| < llv—ul
or %IIG(w,v)—GZ(w,v)II < ||G(w,v) — ul| holds

iii) Either ||G(w,v) — G(w, W] < |lv —ull
o |IG*(w,v) — G(w,w)|| < ||G(w,v) — ul| holds

Proof:

i)  Follows from %IIv — G(w,v)|| £ |lv— G(w,v)|land by the condition (RC)

then we have :
IG(w,v) = G*(w, V)| < llv = G(w, V)
i) Arguing by contradiction we assume that

~llv = G(w, Wl > llv — ull and

1
S 6w, v) - 6w, )|l > IG(w,v) —ull

Then we have by (i)
lv—G(w, V)|l < {Iv —ull + 16 (w, vg —ull
<5 llv=Glov)ll + 716w v) - G*(w,v)|

1
v = G(w, W)l + 7 1lv = Glw, V)

N =

<

=llv — G(w,v)|l
This is contradiction

i) Follows from (ii)
Either %llv — G(w,v)|| < ||lv —ull and by condition (RC) then implies.
1G(w,v) — G(w, W < [lv —ull

1
or SllG(w,v) - G*(w, Wl < 116G(w,v) —ull
and by condition (RC) then implies :

16%(w,v) = G(w, )|l < IG(w,v) —ull.

Proposion 2.3 Let C be a subset of a separable Banach space K Let G: Q x C —
C be ameasurable

mapping. Assume that G satisfies condition (RC) for all v,u € Kand for all w €
Qthen :

i) lv—G(w, Wl < 3ll6G(w,v) = vl + [lv —ull
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i) llu—Glowll <3l6(w,v) vl + 2|lv —ull
By Proposition 2.2 (iii)
Either ||G(w,v) — G(w,w)]|| < |lv — ul|
or |G?3(w,v) — G(w, W < ||G(w,v) —ul| holds
In the first case, we have :

lv—Gw,Wll < llv-=Glw, ) + [|6(w,v) - G(w, Wl
< lv-6w vl + llv—ull
v =Gw,wll < v = 6o,V + llv —ull

In the second case, we have by Proposition2.2 (i)

lv = G(o, Wl < llv— 6w, + 16(w,v) — ¢*(w, V)]
+HG*(w,v) = G(w, Wl

< v =6l +llv-Glw, )l +

IG(w,v) — ull
< 2|y - G(w, V)| + |6(w,v) — ull
<2|lv - G(w, V| + |G(w,v) —v|| + |lv — ull
=2|lv - G(w, VI + |lv— G(w, V)| + llv — ull
<3|lv—G(w, V) + |lv—ull
Now:
lu — G(w, WI < llu —vll + llv — Glw, Wl
By using (i)

< lu=vll +3llv - G(w, V) + v —ull
“lu = 6w, Wl < 3llv - 6w, V) + 2[|v —ull

Proposition 2.4 Let C be a bounded and convex subset of uniformly convex separable
Banach space K. let G: Q X C - C be arandom operator. Assume that G satisfies
condition (RC).Then for any €> 0 there exist y(€) > 0 such that for any t € [0,1]
and for any u, v € C with :

|G (w,v) —v|| < y(€), ||G(w,u) —u|l < y(€) we have :
|G(w, tv+ (1 —t)u) — (tv+ (1 —t)ul|| <€

Proof:

Arguing by contradiction we assume that there exist €> 0,sequences {v,}{u,}

inC,t, €[0,1] and
1 1
”G(w; Un) - vn” < E ) ”G(w; un) - un” < E

And
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”G(a); tnl?n + (1 - tn)un) - (tnvn + (1 - tn)un” =€

Denote z, =t,v, + (1-t,) and G(w,z,) using

Proposition 2.3 (ii) we have that
0 <€ < liminf ||z, — G(w, z,)||
n—-oo

< lim inf Bllun — G (@, u)ll + 2lizn — unll)

1
< lim inf (3 (—) + 2||z, — unll)
n—oo n
= 2 lim inf ||z, — u,||
n—oo

Similarly we can show that 0 < lim inf ||z,, — v,||

n—-oo
Thus 0 < lim inf ||lu,, — v,|| .Since C is bounded and

n—oo

0 < lim inf ||z, — v, || = lim inf t,||u, — v,l|
n—-oo n—-oo

< liminft, . supl|lu, — v,ll
n—-oo

We have that 0 < lim inft,, , similarity we can prove that Lim sup t,< 1. So without

loss of generality. \7\7&0 may as sume that {||u,, — v, ||} and {t,} converge to some real
number.
d € (0,0) and t € (0,1), respectively .
Since lim|lu, — G(w,u)ll = 0 and 0 < lim inf |lu, — z,|l we have that = [lu, —
G(w,uy)|l < llu, — 2, for sufficiently Large n € N. From
condition (RC) we get that :

1G(w, up) — G(w, z)I < llup — z,ll
Similarly we can show

IG(w,un) — G(w, z) | < llvn — 2z, |l
Then now: Let G(w , z,) = x,
Jimsuplv, — xall <

limsup(llv, = G (@, v)ll + 116G (@, vp) = G (w, xnll)

< 1lli_r)r010(||vn — G(w, vl + vy — z,l1)
=(1-1t)d

From Lemma (1.9) we obtain :

0 <e< lim||z,, — x, ||
n—oo
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< lim (llzn, = (tupn + (1 = vl + [l (tn + (1 = vn) — xnlD)

0 < 0 which is a contradiction.

Proposition 2.5 Let € be abounded and convex subset of a uniformly convex
separable Banach space K. Let G: Q X C — C be a random operator. Assume G
satisfies condition (RC). ThenI-G is demiclosed at zero. That is if {v,} IinC
converges weakly to z € € and Ji_)rgMG(a), v,) — vl =0, then: G(w,z) =z

Proof:

Let y be a function from (0, ) in to it self which satisfies the conclution of
proposition (2.4) we assume that { v,} converge weakly to z and lim||G(w, v,) —
n—-oo

v, || = 0 let €> 0 be arbitrary chosen. Define a strictly decreasing sequence {€,} in
(0,0) by €;,=€ and €,,,= min{€,, y(€,)}/2

It is obvious that €,,,,< y(€,). Choose a sub sequences { v,;} of {v,} such
that ,

v — G(w, v)l < y(€,).since{v,i} converges weakly to z , v, belongs to the
closed convex hull of {v,;:n € N} so there exist u € Cand p € N such that |lu —
z|| <€ and u belongs to the convex hull of {v,;: n=1.2.3,......p}

From Proposition (2.4) we get that

|G (w,u) — u|| <€. So we have from Proposition (2.3) that :
|G(w,z) —z|| <3||G(w,u) —u|| +2|lu—2z|| <5 €

Since €> 0 is arbitrary. We obtain ¢G(w, z) = z.

Theorem (2. 6)

Let C be a nonempty closed convex subset of a uniformly convex Banach
space K. Let G and h be two random operators G,h : Qx C - C satisfying
condition (RC) such that :

61:Q - C, 6,: Q ->C
Sni1 = (1 — a)G(w, 8,) + azh(w, 6,) (2.1)
S, =(1-b,)8, + b, G(w,5,)

Where {a,} and {b,} are sequences in [&,1 — &]n € N. And for some € in (0, 1)if
RF = RF(G) N RF(h) # @ then lim |5, (w) — %(w)||
n—oo

exists and lim [|6,,(w) — G(w, 5, )|| = 0 = lim||6,, — h(w, 6, )|
n—oo n—-oo

Proof :

Let 3(w)eRF. By use of condition (RC) , we get : in (0,1)

%ll%(w) —G(0,3()]| = 0 < 16, (0) = 3| =
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16(w, 82(w)) = G(w,5(@))|| < 162(w) =3I (2.2)
~|[3(w) = 6(,3(@))]| = 0 < || Bu(w) — 3()|| =

|7 (@ B0(@)) = h(w,5@))|| < [ 8a@) = 5@ o o (2.3)

Using inequalities (2.2) and (2.3) a long with (2.1), we have :

18n+1(@) = 5@l = ||(1 = an) (6(, 8, (@) = 5(w)) + ay (h (@, 60(w)) -
3|
< (1 - ap)[|6(w, 8,(0)) = 3()]| + an || (@, 8,(w)) = 5(w)
< (1= a)ll 8,(w) = 3@l + ay||6n () — ()|

= (1 = ap)ll 8 (@) = 3(0)Il + an||(1 = by) 8p(w) +
bnG(w: 6n(w)) - g(w)”

< (1 - apll 6p(w) = (W)l + an(1 = by)|| 6r(w) —
3wl +ay, bn”G(w: Sn(w)) - %(w)”

< (1 =ap)ll 6n(w) = 3@l + an(1 = bp)ll 6x(w) = Z(w)II
+an byl (w) — %(w)l
= 16 (w) = 3(w)l
Therefore rlliirgolwn(w) — %(w)|| exist for any 3(w) € RF

Let lim||6,(w) — %(w)|| = a.Consider
n—-oo

167 (@) = 3(@)]| = [|bnG (@, 8, () + (1 = b)) 8, (w) = 3(w)|
< by[|G (@, 8, (@) = 5(@)]| + (1 = bl 8n(w) = 3(w)|
< bplln(w) = 5(@)l + (1 = byl 6 (w) = 5(w)|

= 16, (w) = 3(w)l,
which implies that
lim supl|8, (@) — 3(@)]| < a
Using (2.2) and (2.3) , we have

7llirn sup||G(w, 5n(w)) — g(w)” < aand

lim sup ”h (w, Sn(w)) - g(w)” <a (24

n—-oo

Moreover, we have
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a = lim18,41(w) = 3(@)l

= lim [|(1 = @) (6(0,80(@) = 3@)) + @ (h (0. 52@)) ~3@))|| @)
Therefore, by using (2.4) , (2.5) and Lemma (1.8) we have

lim sup ”G(w, Sp(w)) —h (a), Sn(w)) || -0 (2.6)
On the other hand, we have
18n11(@) =3Il = [[(1 = an)G(@,6,(0)) + anh(w, 8, (w)) = 3(w)|
= 1(6(0,80(@) = 3@)) +an (1 (©,6:(@)) = 6(, 82@)) |
< [16(@, 8:(@)) = (@) + @n || 6 (@, 8:(@)) — h (@,6,(w))]|
Taking Lim inf on both the sides, we get
a < lim inf [|G(w, 82()) = 3(w)|
Which implies with (2.4) that ||G(w, 8,(w)) — %(w)|| = a. (2.7)
Using (2.7) , we have

16 (@, 8n(w)) = 3(w)|
< || 6(@,80(@)) = h(@,82(@))|| + |2 (@, 52(@)) - 5@
< [|6(w, 82()) = 1 (w,8,()) || + [18a(w) - 3()]

Taking Lim inf on be both sides and using (2.7), we find that
a < lim inf [|8,(w) - 3(w)|| (2.8)
Hence, by (2.3) and (2.8), we have
lim||5, (@) - 3(w)]| = a (2.9)
Since a = lim||5, () — 3()
= lim || (1 = b) (80(@) ~ 5@)) + by (6,8, (@) ) = 30|

We find from Lemma (1.8) that

lim |6 (, () = 82(w)[| = 0 (2.10)

Since||8, (@) — 8,(@)|| = ||bnG(w, 8n(w)) + (1 = bp)Sn(w) — 8x(w)||
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= ”G(w; Sn(w)) - Sn(w)ll
Making use of (2.10) , we get :
lim|[|6, (@) — 8n(w)]| = 0 (2.11)

Using (2.6), (2.10) , (2.11) and Proposition ( 2.2 ) (ii), we have

18,() = h(w, 82 ()] < 3[|84(w) = b (@, 84(0))|| + 2[|6(w) = En (@)

< 3]18, (@) — 6 (@, 6, (@) +3 ]| 6(, 84@)) ~ h (w, 8, (@) )|
+ 2||6n(w) = 8p ()|

= 3||(1 — bn)(Sn(a))) + bnG(a), Sn(a))) - G(a), Sn(a)))”
+3|6(, 8, (@) = 1 (w,8,(0)) || + 2l|8n (@) — 5n(w)]

= 3(1 = b)|[62(w) = 6(, 5,())|| + 3 || 6(w, 82()) = h (@, 8x (@)
+ 2”671((‘)) - Sn(w)”

Yielding there by Lim||h(w, 8, (w)) — 8,(w)| =0
This concludes the proof.

Finally, we suggest using recent results to generalized the results in [11] or study of
these properties for in other spaces, such as, in modular spaces [12].
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