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Abstract

Previously the concept of m-projective modules over ring was studied by some authors. The aim
of this research is to give a comprehensive study of n-projective semimodule and access to some new
properties and characterizations for this class of semimodules.

Let S be a commutative semiring with identity 1#0 and T a unital left semimodule, then we say
that T is m-projective if for every two subsemimodules M and L of T with T=M+L, there exist f and g
€End(T), such that f +g=1r, f(T)M and g(T)<L.
Key wards: semisubtractive semimodule, subtractive subsemimodule, m-projective semimodule, quasi-
projective semimodule, , dividing semimodule.

1. Introduction.

The concept of 7- projective modules was studied by many authors, one of
them is [14].The definition n-projective modules was given by [14, p.359] (An S-
module T. is n-projective if for every two submodules C and D of T with T=C+D,
there exists a homomorphism he End(T) with h(T) € C and(1-h)(T) €D. Also some
characterizations of this concept and some propositions related to this concept were
appeared in [1, p.359] and by [2] the detail proofs were given.

Now in this research, S denotes a commutative semiring with identity 1#0 and T a
unitary left S-semimodule. Now the concept of m-projective will be for semimodule
as follows:

An S-semimodule T is said to be m-projective if for every two subsemimodules M
and L of T where M+L=T, there exist f and g eEnd(T) such that f +g=1r1, (T )SM
and g(T)<L.
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Section 2 consists the primitives related to the work.

By section 3 the concept of m-projective semimodule will be introduced and
investigated. Some interesting results, analogous to that in modules, also, obtained.

In section 4, other properties will be explained for the concept m-projective
semimodule. In addition some related concepts will be introduced.

Some conditions have been added for some of the results in the modules to apply to
semimodules.

2. Preliminaries
This section contains the primitives related to the research.

Definition 2.1. [3 ] Let S be a semiring. A left S-semimodule T is a commutative
monoid (T,+,0) such that a function S x T—T defined by(s, t)—st (s €S and t €T) such
that for all s, s" €S and t, t"" €T, the next conditions must be satisfied: (a) s(t +t"")=st +
st". (b) (s+ s") t=st + s't. (C) ss'(t)=s(s7). (d) 0t=0.Note: When 1t =t holds for each t
€T implies that a left S-semimodule is said to be unitary, in this work S-semimodule
means left unitary S-semimodule.

Definition 2.2.[4]Let K be a subset of an S-semimodule T. If K is closed under
addition and scalar multiplication, then K is said to be subsemimodule of T (denoted
by KET).

Definition 2.3. [4]JAn S-subsemimodule K is called subtractive if for every c, d €
semimodule T,

¢, c+d € Kthend € K.{0} and T are subtractive.
A semimodule T is a subtractive if every subsemimodule of it is subtractive.

Definition 2.4. [4]A semimodule T is called semisubtractive if for every c, k € T there
exists d € T implies that c=k + d or k=c + d.

Definition 2.5.[5] A semimodule T is additively cancellative if m +I=d +I then m=d
forallm,l,d eT.

(CSS) denote to the semimodule that satisfy the three conditions, cancellative,
semisubtractive and subtractive.

Definition 2.6.[4] let M and L be subsemimodules of a semimodule T. T is said to be
a direct sum of M and L, denoted by T=M®LIif each t €T uniquely written as t=m+I
where me M and | € L ,then we can say that M (similarly L) is a direct summand of T.

Remark 2.7.[6] Let T be (CSS) semimodule, then T=L&® M if and only if T=M+L
and MNL=0.

Definition 2.8.[4] If H and K are semimodules, then a map p: H — K is said to be
homomorphism if for all d, d' € H and s €S where S is a semiring, the two cases are
satisfy:
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1 B(d + d)=p(d)+B(d").
2. B(sd)=sA(d).

For a homomorphism f:H—K of S-semimodules we define:

1. ker(f)={d € H | p(d)=0}
2. monomorphism, If § is one-one.
3. epimorphism, £ is onto.
4. isomorphism , if £ is one-one and onto.
For any S-semimodule T, End(T) means the set of all endomorphisms of T . In fact
End(T) is a semiring with usual addition and composition of maps in T[7].

Definition 2.9.[3]A subsemimodule K is a small in a semimodule T if for each
subsemimodule H of T, T=K+H implies H=T.(denoted by K «<T).

Definition 2.10. [3] A semimodule T is said to be hollow if all its proper
subsemimodules of T are small.

Definition 2.11. [8] A subsemimodule H of a semimodule T is large in T if for each
subsemimodule K of T, HNK=0, implies K=0.

Definition 2.12. [7] A semimodule T is said to be uniform if all its non-zero
subsemimodules H of T are large in T.

Definition 2.13. [8]A semimodule T is called local if it has a largest proper
subsemimodule.

Definition 2.14.[5] If H is a subsemimodule of a semimodule T, then T/H is called
quotient (factor) semimodule of T by H , defined by T/H={[t]|, t €T}.

Definition 2.17 [9, p.71] A semimodule T is said to be injective if for any
monomorphism 4: C—B and for every homomorphism g: C—T, there is a
homomorphism ¢: B — T such that gh=g

Definition 2.18.[10] A semimodule T is said to be quasi-injective if for any
monomorphism f:C— T and for any homomorphism h: C—T, then there exists a
homomorphism ¢. T—T such that ¢S=h.
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Definition 2.19.[11, 3.1]A semimodule T is said to be m-injective if for every two
subsemimodules A and B of T with 4NB=0,there exist h and g €End(T) such that h+
g=1r, hcker(h) and g<ker(q), and both of h and q are idempotent.

Definition 2.20. [9, p.7] A semimodule T is said to be projective if for every
epimorphism h:K—H and for any homomorphism q:T—H, then there exists g:T—K

such that hg=q.
T
g l q
K H

—
h

Definition 2.21.[10] A semimodule T is said to be quasi-projective if for any
semimodule K, any epimorphism f:-T—K and any homomorphism q:T—K, then there
exists h € End(T) such that fh=q.

Definition 2.22. [12]Let S be a semiring and let | be a subset of S, I will be left (resp.
right) ideal of S if formand m' € I, and s €S, then m +m’ € I and sm € | (mse 1).

Definition.2.23.[3] A semiring S is called local semiring, if the set {re T| r is

(multiplicatively) non-invertible }is an ideal of S.

Remark 2.24. A semiring S is local if and only if the set of all noninvertible elements
of S is closed under addition.

Proof: By Definition(2.23).

Definition 2.25.[11, 3.7] If E is an injective semimodule, and it is essential extension
of a semimodule W, then E is said to be an injective hull(envelop) of S.

3. m-projective semimodule.

In this section the concept of n-projective semimodule and some of its own results

with its proof will be presented.

Definition 3.1A semimodule T is n-projective if for every two subsemimodules M
and L with M+L=T , then there exist f, g € End (T) such that f+ g=1+, f(T)EM and
g(MEL.
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Note:1. If T=M@®L, then f/=zM and g=xL satisfies the conditions f+g=1r, f(T)SM and
g(McL.

2. 1f T=M®L and M, L are the only proper subsemimodules with T=M+L, then T is -
projective by (1).

3. T=Ze as N-semimodule T =2Z¢ @ 3Ze and 2Zs, 3Ze are the only proper

subsemimodules of T, then T is n-projective.
4.In fact T=Zpq (with p and g are prim integers)is n-projective semimodule.
By Definition (3.1), it is clear that the following remark is true.

Remark 3.2 If T is a n-projective semimodule, with T=M+L, then there exist f and ge
End(T) such that: i) f(t)+g(t)=t, forall t€T.

i) t=f(t)+l and t=m +g(t), for all t €T, for some m €M and for some | eL

Recall that a monomorphism h:A—B is split if there exists a homomorphism
g:B—A such that gh=1a An epimorphism ¢:B—A is split if there exists a
homomorphism h:A—B such that gh=1a. [13, 3.9]]

In [1, p359] a characterization for w-projective modules was given. Analogously,

in the following, a characterization for m-projective semimodules will be given.

Proposition 3.3 Let T be an S-semimodule and T=M+L, when M and L are any two
subsemimodules of T . Then T is a n-projective if and only if the epimorphism g

from M@®L onto T which defined by g(m, I)=m +I, for all m eM and for all | €L, splits.

Proof: Let T be a m-projective semimodule, with M+L=T, then there exist f, h €
End(T) such that f+ h=17, f(T)€M and h(T)SL. g:M®@®L—T is an epimorphism
defined by g(m, I)=m +I, for all m eM and for all | L. Let :T—>M@®L define by
q(t)=(f(t), h(t)) , for all €T. Since gg=1t, then one can easy show that the

homomorphism g splits.

Conversely, let M and L be any two subsemimodules of T such that M+L=T.
Assume that g:M@L—T is an epimorphism, defined by g(m, I)=m+ | , for all m eM
and for all | eL splits. Thus there exists a homomorphism q:T— M@®L, such that

gg=1r. Let 11:M@®L—M and m:M@L—L be the projections map. Now we define
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f'=mq ,then f 'eEnd(T), and for all t €T, we have /' (t)=m1q(t)=rm1(m, I)=m eM implies
f(t) eM, thus f(T)SM. Similarly we can define 4'=mq, then 2’ eEnd(T) and 4'(T)SL.
f'()+h'(ty= mq(t)+ mq(t)=miq(m+)+mq(m+=m(m,l)+m2(m,))= m +I=t, for all t €T,

for some meM and | €L, then /" +A'=17, hence T is n-projective semimodule.

In [2, p36] a result for modules was given, in the following an analogous result for

semimodules will be given.
Proposition3.4 Every hollow semimodule is rt-projective.

Proof: Since in a hollow semimodule, the sum of any proper subsemimodules is not

equal to T, so T is m-projective. g

It clear that the converse of Proposition (3.4) in general is not true, see the note after
Definition (3.1).

Remark 3.5 Any local semimodule is hollow.

Proof: A local semimodule has a largest proper subsemimodule. So, the sum of any
two proper subsemimodules is contained in a largest subsemimodule, hence is proper.

this means that , a local semimodule is hollow. @
By Remark (3. 5), we have;

Corollary 3.6 Every local semimodule is m-projective.

Proof: Clear. @

A result which appeared for modules in [1, 41.14], will be converted for

semimodules in the following, by adding suitable conditions.

Lemma 3.7 Let T be an S-semimodule. Then T is hollow if and only if every non-zero

T/D semimodule is indecomposable.

Proof: (=) Let T be hollow semimodule such that it is a non-zero and let T/H be a
factor semimodule of T also it is a non-zero, suppose that T/D=A/D+B/D, where A, B
are subsemimodules of T containing D, since T is hollow, then either A=T or B=T,
hence either T/D=A/D or T/D=B/D, therefore T/D is indecomposable.
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(&) Assum that every non-zero factor semimodule of T is indecomposable. Let C, D
be proper subsemimodules of T such that T=C+D. Now define ¥: T—-7/C® T /D by
P()=¥(x+ y)=(y+ C , x+ D), where x €C, y €D and t=x+ y. To see that ¥ is well
defined, suppose that t=x+ y=p+ s, p €C, s eD. Since Tis semisubtractive, then there
exists a €T such that either x+ a=p or x=p+ a, if x+ a=p, then x+ y=x + a+ s implies
y=a+ s (T is cancellative), since D is subtractive, it follows a ¢D. If x=p+ a, then p+
a+ y=p+ s implies a+ y=s (by T is cancellative), then a ¢D ( D is subtractive), then in
the two cases x+ D=p+ D. Similarly we can write y+ C=s+ C and this implies
that(y+ C, x+ D)=(s+ C, p+ D). Hence yw(x+ y)=w(p+ s). We claim that y is an
epimorphism. To verify this claim,

suppose that (t1+C, to+D) €T/C® T /D , where t1, t2 €T, since T=C+D, let t;=c1+dy,
then t;+C=c;+d1+C=d;+C and to=c>+d; implies to+D=c,+d>+D=c,+D, then (t1+C ,
t>+D)=(d1+C , c1+D)=%(c1 , d1), hence ¥ is an epimorphism. Now by isomorphism
theorem, 7/ ker ¥ = T/IC @ T /D. Since ker P={(x+ y)eT | X, y eCND}=CND . On the
other hand

PHTIC)={ t €T |¥(t) €T/C }={t €T | t=x+Y, X eCND, y eD}=D, similarly

gl (T/D)=C  which implies  (C/(CND))N(D/(CND))=0 : hence
(C/(CND))® DI(CND)=T/(CND). This contradicts the assumption, so, either
C/(CND)=0 or D/(C n D), that is, either CcD or DESC which means, T=D or T=C.
Hence T is hollow.

By [2, p. 36], there is another characterization of m-projective modules when the
ring of endomorphisms of the module is local. Now in the following, this

characterization will be converted for semimodules as follows:

Proposition 3.8 If T is a semimodule with End(T) is a local semiring. Then T is a -
projective semimodule if and only if every non-zero factor semimodule T/D of T is

indecomposable.

Proof: Let T/D be a non-zero factor semimodule of a semimodule T, and let End(T)
be a local semiring. Assume that T/D=(A/D)®(B/D), where A and B are proper
subsemimodules of T containing D, then T=A+B, since T is m-projective by

assumption, there exist homomorphisms f, ge End(T) such that f(T)SA and g(T)<B.
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and f +g= 1r, then either f or g is invertible (if both are noninvertible then there sum
must be noninvertible, too since End(T) is local semiring), (see Remark(2.24)). When
f is invertible, then f is onto, hence T=A, and when g is invertible, then g is onto,
hence T=B. Both cases contradict with the assumption that A and B are proper. Then

T/D is indecomposable.

Conversely, by Lemma (3.7) T is hollow, then T is n-projective
(Proposition(3.4)). &

A similar to the following result, appeared for modules in [2, p.38].
Proposition 3.9 If T is a quasi-projective semimodule, then it is T-projective.

Proof: Let T be a quasi -projective semimodule and let M and L be subsemimodules

of T such that M+L=T. Consider the following diagram:

.
9i/ \f

¥ ) .

s
T MNL

Where 7 is the natural epimorphism and fi1:T— ﬁ defined by fi(t)= fy(m+I)=m+

MNL, where t €T, m €M, | eL and t=m+I. First to prove that f; is well defined. If m+
[=m'+ ['", since T is CSS, there exists ke M such that (1) m=k+ m’, then k +m' +
[=m'+["' s0 k+ [=I" hence ke L and k eM NL, or (2) m+ k=m', then m+l=m+k+ [’ so
[=k+ I"hence k eMNL, from (1) and (2) fi(m-+1)= f1(m'+I"). Since T is quasi-projective,
there exists a homomorphism g1:T—T such that zg:=f1 that is z(g.(t))=fi(t) which
means gi(t)+(MNL)= m+(MNL), let gi(t)+l= m+ I'. Since T is CSS, there exists xe T
such that: (1) m=x +gi(t) which implies I= x+ ', hence x e L and so x eMNL, or (2)
m+ X =g1(t) implies x+ /=/', then x € L hence x ¢ MNL. From (1) and (2) f(g(t)+
d)=f(m+1") implies g1 (t)eM, hence g1(T)SM. Similarly, when f(t)=f2(m+ )=+ (MNL)
and g exists with zg.=f, and g»(T)<L.

Now, for each t €T , t= m+ |, meM and | eL, m+ MNL= fi(t)= =(91(t))= g(t)+MNL,
this implies m= g(t)+ m1 for some mie MNL(note that m1 is unique and depends on
t). Define hi(t)= gi(t)+ mi=m. Similarly we have ha(t)= g2(t)+ l1=I, hence hy(t)+ ha(t)=

129



Journal of University of Babylon for Pure and Applied Sciences, Vol. (28), No. (1): 2020

m+ I=t, that is hi+ ho=11, and it is clear that hy(T)=M and hx(T)SL. Therefore T is n-
projective. %

We must know that the converse of the last result is not true in general, for example

Z,n as N -semimodule is m-projective, but not quasi-projective.

Note that: every projective semimodule is quasi-projective, then from

Proposition(3.9),we have;
Corollary 3.10 Every projective semimodule is m-projective.
Proof: By above note £
Recall that Hom(4, A") is the set of all homomorphisms from A to 4’ [7].

There are two important notions for a module equipped with n-projective module:
dividing module [14] and uniserial module [15] here it will be converted for a

semimodule as follows:

Definition 3.11 An S-semimodule T is dividing if for any two subsemimodules M and
L of T; Hom(T, M+L)=Hom(T,M)+Hom(T, L).

Example 3.12 Every simple semimodule is dividing semimodule.

Definition 3.13 An S-semimodule T is called uniserial if for any two subsemimodules
M and L of T, either MSL or LEM.

Example 3.14 Z,» as N-semimodule is uniserial. (Zs, where 4Zs and 2Zg are two

subsemimodules of Zg and 4Zs<27Zs).

The following result which has been demonstrated by [2, p.40] for modules, in this

work it will converted for semimodules.
Proposition 3.15 Every dividing semimodule is m-projective.

Proof: Let T be dividing semimodule and let M and L be two subsemimodules of T
such that T=M+L, since T is dividing semimodule, then Hom(T, M+L)= Hom(T,
M)+Hom(T, L), but T=M+L and | eHom(T, T), hence I=f +g such that f eHom(T, M)
and g eHom(T, L) implies that f(T)€M and g(T)<SL. Hence f(T)+g(T)=1r, so, T is -
projective. %
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Note that every uniserial semimodule is dividing semimodule this implies the

following corollary:
Corollary 3.16 Every uniserial semimodule is m-projective.

Proof: Let T be a uniserial semimodule, then T is dividing semimodule and by

Proposition (3.1.15) T is n-projective. £

The converse of Corollary(3. 16) in general is not true, for example Zs as N-
semimodule is m-projective but it is not uniserial (because neither 2Ze¢< 3Zs nor 3Zs<
276, Where all of them are a proper subsemimodules of Zs). But this Corollary is true

under certain condition.

In [2, p.41] the following lemma was appeared for modules. Now it will be

converted relative for semimodule.

Lemma 3.17 If T is m-injective indecomposable has an injective hull and it is quasi-

injective, then T is uniform and End(T) is a local semiring.

Proof: Let T be m-injective and indecomposable semimodule , then by [11,4.6]T is
uniform. To show that End(T)is local, by Definition(1.24), we must prove that the set of
noninvertible elements of End(T) is closed under addition: assume that (0£fand 0£g)e
End(T) such that f+g is invertible, then ker(f+g)=0, and so ker f Nkerg=0(since
ker(f+g)=ker f Nker g), since T is uniform, then either kerf=0 or ker g=0, that is either f

or g is monomorphism. If f is monomorphism, consider the diagram:

o, fm__i T

-
e

/”
.
p
.
p
P
p
P
-
L

X
.

where i is the inclusion map and h: f(T)—T is defined by h(f(t))=t, for all t €T, since T
IS quasi-injective, then ¢: T—T such that ¢ i =h. Claim that f ¢ a left inverse of i, to
verify this claim: since f ¢ i=f (¢i)=th=Ism. Hence T= f(T)®L, for some
subsemimodule L of T, since T is indecomposable, then L=0— f(T)=T, that is f is

invertable. Similarly when g is monomorphism. Thus End(T) is a local semiring.

The following result will explain that the converse of Corollary (3.16) is true under

certain conditions for a semimodule (for the module version see [2, p.42]).
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Proposition (3.18) Let T be m-projective and every factor semimodule of T is m-
injective has an injective hull, then the following cases hold:

a) When End(T) is local, then T is uniserial semimodule.
b) If T is indecomposable, then T is uniserial.

Proof: a) Assume that End(T) is a local semiring, since T is m-projective, then by
proposition(3.7) all non-zero factor semimodule of T are indecomposable and since all
factor semimodule of T is m-injective , then by [11, 2.6] every non-zero factor
semimodule of T is uniform. Let K and H be non-zero proper subsemimodules of T,

then T/ (KNH) is a non-zero factor semimodule of T which is uniform. Since

K H _ . _ _ .
mmm-o, then either (KI(KNH))=0 or (H/(KNH))=0, if

KI(KNH)=0—-KNH=K—KcH and if H/KNH=0—-KNH=H—HCK. Thus T is

uniserial.

b) Since all factor semimodule of T is w-injective and T is indecomposable, then by

Lemma(3.17) End(T) is local semiring, then by (a)T is uniserial semimodule.
4. Some properties of T-projective semimodules.

This section will gives some properties of m-projective semimodule with the detail
of proofs. It will start with the following proposition, which was appeared for
modules in [1, 41.14].

Proposition 4. 1 Let T=M+L be n-projective semimodule and if M is a direct

summand of T, then there exists a subsemimodule L’ of L such that T=M @ L".

Proof: Since M is a direct summand of T, then T=M@®K for a suitable subsemimodule
K of T. Since T is n-projective semimodule with T=M+L, there exist h and q eEnd(T)
such that h+ g=1r, h (T) €M and q(T)<L. Claim that q(M)SM and T=M@®q(K). To
verify this claim: let k eq(M), then g(m)=k for some m eM, by Remark(3. 2),
h(m)+qg(m)=m, then h(m)+k=m, since h(T)SM implies h(m)eM, and T is subtractive
semimodule, then k eM. It is clear that q(K)SL. Now to prove T=M +q(K), since
T=M@®@K, then q(T)= q(M)+ q(K) €M+ q(K) . Hence T= h(T)+ q(T) €M+ M+ q(K)=
M+ q(K), which implies T=M +q(K). Let t (M Ng(K)), then t eM and t eq(K), then
t=q(k) for some ke K, since h(k)+q(k)=k, so h(k)+t=k eM (t eM and h(k)e M), hence ke
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MNK=0, then k=0=h(k)+t .Thus t= 0 and MN q(k)=0. Hence T=M@®q(K). Let
L'=q(K), then T=M@®L".
The two following results which are needed later in this work, have

module versions in [9, p.17].

Proposition 4.2Let T be an S- semimodule and let{X;};c; be a set of S-semimodules,

then:
1) fSIXi is T-projective if and only if X; is T-projective for all i€l

2) If the semimodule T is X-projective for finitely many semimodules X1, Xo,

..., Xn, then T is @}, Xi -projective.

Proof:1) = Suppose that @« X« is T-projective and consider the following diagram:

OrerXx —T» X,

—
Jji
q
I
A// — >0
—_—
T g

where g:Xi —K is any homomorphism(K is any semimodule), g.:—K is an
epimorphism, z; are the projection map from @«a Xk onto X; and j; are the injection
map of Xi into @ka Xk, kel . Since @ka Xk is T-projective, then there exists a
homomorphism S:® ka Xi—T such that g =¢ =i. Define Si.Xi—T by pi=p ji, hence g
pi=g Bji= q mi ji= q (m ji= 1x,). Thus Xi is T-projective for every iel

suppose that Xi is T-projective for every iel and consider the following diagram: <«

. T > @
XI JI //ke[Xk

i 6 q
/'
e
T K——p0

g

where K is a semimodule and g:7—K is an epimorphism, g:®«1 Xk—K is any
homomorphism and ji:Xi—@®x«q X« is the injection map. Since Xi is T-projective for all

i el, there exists a homomorphism §i :Xi —T for each iel such that g §i =qji for all iel.
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Define §:@ka Xk =T by § ((Xi)) =X ker Ok(Xk), Where (Xi) e®xa Xk. Since the sum is
finite, then & is well defined and it is clear that & is a homomorphism. Let (Xk)e @k
Xk then g(8 ((x)))= 9(Xer Sk(X) = Lrer 9Ok(Xk) =Xiker @ Jk(X))=0((XK)), Where Xyee; jk
()= (x«).Hence g & ((xi)) =q((xi)). Thus g & =q. That is, @«a X« is a T-projective

semimodule.

2) The proof can be found in [9,p.17].

By[1, 41.14] for modules the following results were appeared. Here it will be
proved for semimodules.

Proposition 4.3 Let T=K@D be a mr-projective semimodule, then D is K-
projective(and K is D-projective).

Proof: let g:K—L be an epimorphism where L is an S-semimodule, and let #:D—L be
any homomaorphism. Consider the following diagram:

D
g/ h
¥ v
K L— 0

q
Now to show that there e g »K such that gg=h. Since q is epimorphism,

then for each de D, there exits ke K such that q(k)=h(d). Let X={be T| b+ k=d, for de
D, keK and q(k)=h(d)}. surly that X# ¢ and is a subsemimodule of T, so T=K+X to see
this , let teT, then t=k+ d for some ke K and for some de D, h(d)e L, since q is
epimorphism and there exists k'e K such that q(k")=h(d) there exists be X such that b
+k'=d , but t=k +d=k +b +k'=((k +k")+b)e K+X, then T=K+X. By Proposition(3.2. 1)
there exists X’©X with T=K@X". Let i. D—T be the inclusion homomorphism and let
r:K@®X'—K be the natural projection map. Let g== 7, then (q g)(y)=(¢ = i)(y)=¢ =n(k
+a) for some keK and for some a € X’ with y=k+a, (q 9)(y)=(¢ =)(k +a)=q(k) , since
y=k+a and ae X'SX implies that q(k)=h(y) , thus qg=h. §

Proposition 4.4 Let T =K@®H be a n-projective semimodule with K=H, then T is

quasi-projective.

Proof: By Proposition(4.3) K is H-projective, since K=H, then K is K-projective.
Similarly H is H- projective. By Proposition(4.2) K is K@H-projective and H is
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K@®H-projective. Also by Proposition(4.1) K®H is K@H-projective, hence T is quasi-
projective. %

The next definition which is needed to prove the following proposition analogues to
that in modules [16].

Definition 4.5 An S-semimodule T is said to be completely m-projective if every

subsemimodules of T are n-projective.

Example 4.6 Zs as N-semimodule is n-projective, and [{0}, 2Zs and 3Zs] which are
only proper subsemimodules of Ze are m-projective, then Zs is a completely -

projective.

The end of this section will be with the following proposition for semimodules. The

module version appeared in [2, p52] .

proposition 46 Let T be a completely =n-projective semimodule and
T=T1®T2®...®Tn with hollow semimodules T;, for all i, i=1, 2, ...,n. Then:

1) Every non-zero he Hom(Ti, Tj), i#/ is a monomorphism. If Tj is Tj-injective, then h

is an isomorphism.

2) If some of the non-zero he End(T;) is monomorphism, then Hom(T;, T;)=0, for all
i#.

Proof:1) Let h:Ti —h(T;j) be a non-zero homomorphism where , i#j then Ti®h(Ti) is a
subsemimodule of T, since T is completely n-projective , then Ti®h(T;) is n-projective

and by Proposition (4.3) h(Ti) is Ti-projective, hence there exists a homomorphism

g:h(Ti)—Ti such that the following diagram is commutative:

h (Ti)

S
/
/
/
/
/
%
/
/
K

TiT’h(Ti)—> 0

Then h g=I, where I is the identity map. Thus Ti=g(h(Ti)) @ kerh, but by Lemma(3.7)
Ti is indecomposable , since g(h(Ti)) #0, then ker h=0, thus h is (one to one)..
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Let Ti is Tj-injective and consider the next diagram:

h
0——— T, ———=T,

P
>
p
.
.
.
.
.
. q
I”
.
-
L

T*

There exists a homomorphism q: T j— 7i such that gh=I, then h(T;) is a direct

summand of Tj, but Tj is indecomposable , then h is onto . Hence h is isomorphism.

2) Let p:Tj—P(T;j) be a homomorphism and is not one- to- one, assume that there is a
non-zero homomorphism h:T;_.Ti, where i#.. By 1) h is monomorphism. , since T is
completely m-projective , then Ti®p(T)) is n-projective and by Proposition (4.3) p(T;)
is Ti-projective, since h:Tj—T7; is monomorphism, then by Proposition (4.4) p(T;j) is Tj-
projective, consider the following diagram:
p(T3)

I

Tj p p(T;)

But p(T;) is Ti -projective, there exists g: p(Tj)—Tj such that p g=I and hence
kerp is direct summand of Tj, ker p#0 and ker p#Tj, and this a contradiction(since Tij is

indecomposable). g
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