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Abstract

Seemingly, it is noteasy to finding a norm on the center closure of a normed algebra. Cabrera
and Mohammed in [1,2], they defined a norm on the center closure of two classes of algebras namely
totally multiplicatively prime and associative totally prime algebras. In this paper, we prove the same
result in a general setting by considering the class of non-associative totally prime algebras which have

a prime multiplication algebra.
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Introduction

The central closure of algebra A is an algebra extension of A, denoted by Q(A)
and the eventual fact that Q(A) is reduced to A, when the extended centroid of A equal
to the base field (see [3,4]). In [3] Cabrera and Palacios introduced a totally prime
algebra as generalization of ultraprime algebra and they proved that a totally prime
complex algebra is centrally closed.

Cabrera and Mohammed in [1] introduce totally multiplicatively prime algebra
which is a subclass of totally prime algebra. Also, Cabrera and Mohammed proved in

[1, Theorem 3.2] the following result which is our aim in this paper:

If A is totally multiplicatively real prime algebra with extended centroid equal
to C, then there exists a complex norm algebra on the central closure Q(A) of A.
Moreover, Q(A) is totally multiplicatively prime complex algebra and the inclusion of
Ainto Q(A) and M(A) into M(Q(A)) are topological, where M(A) and M(Q(A)) are
the multiplication algebra of A and Q(A) respectively.

Later this result was proved by Cabrera and Mohammed in [2, corollary 2] for
a class of associative totally prime algebras. In this paper, we prove above result but in
a general setting by considering A to be non-associative totally prime and to be
multiplicatively prime algebra.
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1. Totally prime algebra and its multiplication algebra are also prime.

Throughout this paper, the algebra A considered to be not necessary associative
over K equal R or C. We denote by L(A) the algebra of all linear operators on A. For
a € A, we denote by L, to be a linear operator from A into A, defined by L ,(x) = ax
for all x € Aand R, to be a linear operator from A into A, defined by R,(x) = xa for
all x € A. The operators L, and R, are called left and right multiplication by a
respectively. Also, we denote by M (A) to be the multiplication algebra of A, defined as
a subalgebra of L(A) generated by the identity operator Id, and the set{L,,R,:a € A}.
We recall that the algebra A is called prime if, for two ideals I and J of 4, I] = 0implies
I =0o0r]=0.Recall from [1] that an algebra A is multiplicatively prime, if A and
M(A) is prime.

For x,y € A, define N, ,:M(A) x M(A) — A by N, ,(F,G) = F(x)G(y) for
all F,G € M(A).From [3] the totally prime algebra is anormed algebra (4, ||-|]) with a
positive constant ¢ such that || N, || = cllxIlllyll for all x,y € A.

We will summarize two definitions, the extended centroid and the central
closure of a prime algebra A. A partially defined centralizer (in short p.d.c)on Ais a
linear mapping f:dom (f) — A, where dom (f) is a non-zero ideal of A and
satisfying f(ax) = af(x) and f(xa) = f(x)a, for all a € A and x € dom(f). The
relation =, defined onthe set of all p.d.c.'son 4, by g = h if and only if there is a p.d.c.
f on A such that g and h are extensions of f, is an equivalence relation. The extended
centroid of A, denoted by C(A), is the set of all equivalence classes of p.d.c.'s, with the
operations induced by the sum and the composition of p.d.c.'s, the extended centroid
becomes a field when A is prime algebra. If C(A) is equal to the base field, then A is
called centrally closed. The central closure of A denoted by Q(A) is define as a prime
algebra A, the central closure of A, can be seen asan Q(A) = A®C(A), also Q(A) is
the algebra A over the field C(A). For more details, see [5].

Note that a real free non-associative algebra generated by any non-empty set is
totally prime algebra and its multiplication algebra is also prime but it is not totally
multiplicatively prime algebra. For more details see [1].

Theorem 2.2

Let (4, ||-|]) be totally prime real algebra whose multiplication algebra M(A) is
prime and the extended centroid of A equal to C, then there exists a complex algebra
norm ||-|[, on Q(A) such that the inclusions of (4,]-) into (Q(A),Il-ll.) and
(M(A),|I-I) into (M(Q(A)),II-Il,) are topological. Further Q(A) is totally prime and
Q(A) is multiplicatively prime complex algebra.
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Proof:

From [1, Theorem 3.2], we have Q(A) = {x + yi,x,y € A}, where i is the
imaginary unit in C. Also, for i € C(A) we have dom(i) = idom(i) and dom(i) is a
non-zero ideal of Q(A). Define the set D ={F e M(A):F(A) € dom(i) and
iF € M(A)}. Also, from [1, Theorem 3.2] D is anideal of M(Q(A)). Forany q € Q(4),
then the evaluation operator E; is linear operator from D into A defined by E.(T) =
T(q)foral T € D.

It easy to show that the evaluation operator Eé’ is linear operator from D into
dom(i), since D is an ideal of M(Q(A)).

We are going to prove that the mapping EC?:D — A (q € Q(A)) is bounded.
First we prove that the p.d.c. i: dom(i) — A is bounded.

Let x,y € dom(i)and F,G € M(A) with |[F|| = ||G]| = llyll = 1, we have.
Ny, i (F. O || = IIF D GEE)

= ||[F(y)iG(x)|| (taking into account that i € C(A) and dom(i) =
idom(i))

= [liF (Gl

= [IFGOGM

< [IFGOING ]
< [IF QNG Nl

Since A is atotally prime algebra, there exists ¢ > 0, such that
cllyllli Nl < [Ny ol

= sup {[FOGE@)| IFI = NGl = 13

< sup {lIE NG NFI = NGl = 1}

F,GEA

= i)l

We get that [|i (x)]| < % i x|l for all x € dom (i), so i is bounded. The rest
proof of E;’ is bounded is similar to that in [1, Theorem 3.2].

Now, for g € Q(A), we define lIqll, = ||E2 || the prove of (Q(A),II-II,) is real
normed algebra is similar to that in [3, Theorem 3.2].
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We are going to prove the equivalent between ||-||,. and ||-|lon A4, let a € A and
T eD,

IEZ (DIl = IT()|l

< ITlall
llall, = I1E2 (Dl
= sup{llE2 (DI IITIl = 1}
TeD
< sup{[|T|[llall, IT1l = 1}
TeD
= |lal|

Now, let F,G € M(A) such that ||[F|| =||G||=1, for fixxd Te D and
x € dom(i), such that |[T'(x)|| # 0, then

IN2oa (F.6) || = IFT ()G (@)l

= ||LFT(x)G(a)||

Since T € D, F € M(A), from the proof of [4, Theorem 1] D is an ideal of M(A),
so FT € D, then FT(x) € dom(i), for any z € A, we get thtat L. (,)G(z) € dom(i)

for all z € A, 50 L gy G(A) € dom (i), i (Lppe G(A)) € i(dom(i)) = dom(i) € 4,
SO LFT(x)G € D.
N7 (F. &) = || ES Lpren O

< NEZ M| Lpreo Gl

< llall NIFT G

< lall MF TG

IN7eoall = FGSEUIVII)(A){IIFT(JC)G(CL)II, IFI =Gl = 1}

< sup ){IIaIITIIFIIIIT(x)IIIIGII, IFI = llGll = 13

F,GEM(A

= llall T )l

Since A is atotally prime algebra, then
eITEMall < [|Npgy ol < Nlall, 1T )
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cllall < llall,
We get that for all a € A, cllall < lall, < [lall------ (1)

Hence the inclusion of (A4, ||-|]) into (Q(A), l|-1l,) is topological. Note that, the
proof of the inclusion of (M (A),lI-I) into (M(Q(A)),II-ll,) is topological, similar to
that in [1, Theorem 3.2].

For proving Q(A) is a totally prime algebra, let q,,9, € Q(4),G,,G, €
M(A),F,,F, € M(Q(A)),T;, T, € D. We denoted by Nq ~ the linear operator from

D x D into A, given by N , (T,,T,) = T,(q,)T,(q,) for all T,, T, € D. We denoted
by Ng g, the linear operator from M (Q(A)) x M(Q(A)) into Q(A), given by
Ny.q,(FL B) = F(q,)F,(q,) for all Fy, F, € M(Q(A)). Now

c? ”Ec?l (T) ” ”E(?z (T2) ” = 21T, (g NI (gl

< C”NTl(ql),Tz(%) ”

=c su N G, G|, NGl = IIG, || = 1
G1.GZEE\)/I(A){|| T1(q1).T2(q2)( 1 2)” 1 ) }

= sup {c||N
Gy, GZEM(A){ ” ila) T

1

= sup {c||N,, o, (G, Ty, BT G, = llG, 1l = 13
G1,G,EM (A)

< sup  {|IN 4, (G TG, T NG I = 11G, ]l = 13

Gy ,G, EM(A)

< sup {||Nq1q2|| NG, T, GT I G I =G, = 1}

G, .G, EM(A)

< sup {||Nq1q2|| G INTL G, T G T = llG, || = 13

b G, ciia
= N2, Il T,
< [[Nga, ILIT T
We get that  ¢?||E7 (TD[[|EZ, (Tl < [INg, g, | IT:NIT, ]I, Now
llqyll gzl = 2ED |IES I
=c*_sup {|E5, (TO|[IEZ, (Tl ITull = IT. 1l = 13

112€
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=, Sup ?||EQ OES, T NT =TIl = 13

1 2

ITL T NITL N = T30 = 13

< N
500, Ve,

= INg,q.ll,

CZHCIl”r”CIz”r S ||Nq1,q2||r
So (Q(A),I-1l,-) is totally prime algebra and M(Q(A)) is prime by [4, Corollary 1].

Since ||-|l, is an algebra real norm on Q(A) for which the mapping idy )
from Q(A) into Q(A), defined by ild,4 (q) = iq for q € Q(A) is bounded, it follows
from [6, Theorem 1.3.3] that, we can get complex norm defined by
ligll, = Zupll(cos@ + isinf)qll,, for all g € Q(A) and satisfying [lgll, < llgll, <

ER

cllgll,. with ¢, =1+ ”UdQ(A)lL

So the inclusions of (A4 |-|) into (QCA)II-ll.) and (M(A),Il-|) into
(M(Q(A)), |I-]l,) are to be topological.
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