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Abstract  

Seemingly, it is not easy to finding a norm on the center closure of a normed algebra. Cabrera 

and Mohammed in [1,2], they defined a norm on the center closure of two classes of algebras namely  

totally multiplicatively prime and associative totally prime algebras. In this paper, we prove the same 

result in a general setting by considering the class of non-associative totally prime algebras which have 

a prime multiplication algebra.  

Keyword: central closure, multiplicatively prime algebra, totally prime algebra.  

Introduction 

The central closure of algebra 𝐴 is an algebra extension of 𝐴, denoted by 𝑄(𝐴) 

and the eventual fact that 𝑄(𝐴) is reduced to 𝐴, when the extended centroid of 𝐴 equal 
to the base field (see [3,4]). In [3] Cabrera and Palacios introduced a totally prime 

algebra as generalization of ultraprime algebra and they proved that a totally prime 

complex algebra is centrally closed.   

Cabrera and Mohammed in [1] introduce totally multiplicatively prime algebra 
which is a subclass of totally prime algebra. Also, Cabrera and Mohammed proved in 

[1, Theorem 3.2] the following result which is our aim in this paper: 

If 𝐴 is totally multiplicatively real prime algebra with extended centroid equal 

to ℂ, then there exists a complex norm algebra on the central closure 𝑄(𝐴) of 𝐴. 

Moreover, 𝑄(𝐴) is totally multiplicatively prime complex algebra and the inclusion of 
𝐴 into 𝑄(𝐴) and 𝑀(𝐴) into 𝑀(𝑄(𝐴)) are topological, where 𝑀(𝐴) and 𝑀(𝑄(𝐴)) are 

the multiplication algebra of 𝐴 and 𝑄(𝐴) respectively.  

Later this result was proved by Cabrera and Mohammed in [2, corollary 2] for 

a class of associative totally prime algebras. In this paper, we prove above result but in 

a general setting by considering 𝐴 to be non-associative totally prime and to be 

multiplicatively prime algebra.  
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1. Totally prime algebra and its multiplication algebra are also prime.  

Throughout this paper, the algebra 𝐴 considered to be not necessary associative 

over 𝐾 equal ℝ or ℂ. We denote by 𝐿(𝐴) the algebra of all linear operators on 𝐴. For 
𝑎 ∈ 𝐴, we denote by 𝐿𝑎 to be a linear operator from 𝐴 into 𝐴, defined by 𝐿 𝑎(𝑥) = 𝑎𝑥 

for all 𝑥 ∈ 𝐴 and  𝑅𝑎 to be a linear operator from 𝐴 into 𝐴, defined by 𝑅𝑎(𝑥) = 𝑥𝑎 for 

all 𝑥 ∈ 𝐴. The operators 𝐿𝑎 and 𝑅𝑎 are called left and right multiplication by 𝑎 

respectively. Also, we denote by 𝑀(𝐴) to be the multiplication algebra of 𝐴, defined as 

a subalgebra of 𝐿(𝐴) generated by the identity operator 𝐼𝑑𝐴  and the set {𝐿𝑎 ,𝑅𝑎: 𝑎 ∈ 𝐴}. 
We recall that the algebra 𝐴 is called prime if, for two ideals 𝐼 and 𝐽 of 𝐴, 𝐼𝐽 = 0 implie s 

𝐼 = 0 or 𝐽 = 0. Recall from [1] that an algebra 𝐴 is multiplicatively prime, if 𝐴 and 

𝑀(𝐴) is prime. 

For 𝑥, 𝑦 ∈ 𝐴, define 𝑁𝑥,𝑦: 𝑀(𝐴) × 𝑀(𝐴) ⟶ 𝐴 by 𝑁𝑥,𝑦(𝐹, 𝐺) = 𝐹(𝑥)𝐺(𝑦) for 

all 𝐹, 𝐺 ∈ 𝑀(𝐴). From [3] the totally prime algebra is a normed algebra (𝐴, ‖∙‖) with a 

positive constant 𝑐 such that ‖𝑁𝑥,𝑦‖ ≥ 𝑐‖𝑥‖‖𝑦‖ for all 𝑥, 𝑦 ∈ 𝐴.  

We will summarize two definitions, the extended centroid and the central 

closure of a prime algebra 𝐴. A partially defined centralizer (in short p.d.c.) on 𝐴 is a 

linear mapping 𝑓: 𝑑𝑜𝑚 (𝑓) ⟶ 𝐴, where 𝑑𝑜𝑚 (𝑓) is a non-zero ideal of 𝐴 and 

satisfying 𝑓(𝑎𝑥) = 𝑎𝑓(𝑥) and 𝑓(𝑥𝑎) = 𝑓(𝑥)𝑎, for all 𝑎 ∈ 𝐴 and 𝑥 ∈ 𝑑𝑜𝑚(𝑓). The 
relation ≃, defined on the set of all p.d.c.'s on 𝐴, by 𝑔 ≃ ℎ if and only if there is a p.d.c. 

𝑓 on 𝐴 such that 𝑔 and ℎ are extensions of 𝑓, is an equivalence relation. The extended 

centroid of 𝐴, denoted by 𝐶(𝐴), is the set of all equivalence classes of p.d.c.'s, with the 
operations induced by the sum and the composition of p.d.c.'s, the extended centroid 

becomes a field when 𝐴 is prime algebra. If 𝐶(𝐴) is equal to the base field, then 𝐴 is 

called centrally closed. The central closure of  𝐴 denoted by 𝑄(𝐴) is define as a prime 

algebra  𝐴, the central closure of 𝐴, can be seen as an 𝑄(𝐴) = 𝐴⨂𝐶(𝐴), also  𝑄(𝐴) is 

the algebra 𝐴 over the field 𝐶(𝐴). For more details, see [5]. 

Note that a real free non-associative algebra generated by any non-empty set is 
totally prime algebra and its multiplication algebra is also prime but it is not totally 

multiplicatively prime algebra. For more details see [1].  

Theorem 2.2 

 Let (𝐴, ‖∙‖) be totally prime real algebra whose multiplication algebra 𝑀(𝐴) is 
prime and  the extended centroid of 𝐴 equal to ℂ, then there exists a complex algebra 

norm ‖∙‖𝑐  on 𝑄(𝐴) such that the inclusions of (𝐴, ‖∙‖) into (𝑄(𝐴),‖∙‖𝑐) and 

(𝑀(𝐴),‖∙‖) into (𝑀(𝑄(𝐴)),‖∙‖𝑐) are topological. Further 𝑄(𝐴) is totally prime and 

𝑄(𝐴) is multiplicatively prime complex algebra. 
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Proof: 

From [1, Theorem 3.2], we have 𝑄(𝐴) = {𝑥 + 𝑦𝑖, 𝑥, 𝑦 ∈ 𝐴}, where 𝑖 is the 

imaginary unit in ℂ. Also, for 𝑖 ∈ 𝐶(𝐴) we have 𝑑𝑜𝑚(𝑖) = 𝑖𝑑𝑜𝑚(𝑖) and 𝑑𝑜𝑚(𝑖) is a 
non-zero ideal of 𝑄(𝐴). Define the set 𝐷 = {𝐹 ∈ 𝑀(𝐴): 𝐹(𝐴) ∈ 𝑑𝑜𝑚(𝑖) and              

𝑖𝐹 ∈ 𝑀(𝐴)}. Also, from [1, Theorem 3.2] 𝐷 is an ideal of 𝑀(𝑄(𝐴)). For any 𝑞 ∈ 𝑄(𝐴), 

then the evaluation operator 𝐸𝑞
𝐷  is linear operator from 𝐷 into 𝐴 defined by 𝐸𝑞

𝐷(𝑇) =

𝑇(𝑞) for all 𝑇 ∈ 𝐷.  

It easy to show that the evaluation operator 𝐸𝑞
𝐷 is linear operator from 𝐷 into 

𝑑𝑜𝑚(𝑖), since 𝐷 is an ideal of 𝑀(𝑄(𝐴)). 

We are going to prove that the mapping  𝐸𝑞
𝐷: 𝐷 ⟶ 𝐴 (𝑞 ∈ 𝑄(𝐴)) is bounded. 

First we prove that the p.d.c. 𝑖: 𝑑𝑜𝑚(𝑖) ⟶ 𝐴 is bounded. 

Let 𝑥, 𝑦 ∈ 𝑑𝑜𝑚(𝑖) and 𝐹, 𝐺 ∈ 𝑀(𝐴) with ‖𝐹‖ = ‖𝐺‖ = ‖𝑦‖ = 1, we have. 

‖𝑁𝑦,𝑖(𝑥)(𝐹, 𝐺)‖ = ‖𝐹(𝑦)𝐺(𝑖(𝑥))‖ 

                           = ‖𝐹(𝑦)𝑖𝐺(𝑥)‖ (taking into account that 𝑖 ∈ 𝐶(𝐴) and 𝑑𝑜𝑚(𝑖) =
𝑖𝑑𝑜𝑚(𝑖) )   

                                 = ‖𝑖𝐹(𝑦)𝐺(𝑥)‖ 

                                 = ‖𝐹(𝑖(𝑦))𝐺(𝑥)‖ 

                                 ≤ ‖𝐹(𝑖(𝑦))‖‖𝐺(𝑥)‖ 

                                 ≤ ‖𝐹‖‖𝑖(𝑦)‖‖𝐺‖‖𝑥‖ 

Since 𝐴 is a totally prime algebra, there exists 𝑐 > 0, such that 

 𝑐‖𝑦‖‖𝑖(𝑥)‖ ≤ ‖𝑁𝑦,𝑖(𝑥)‖ 

                                      = sup
𝐹,𝐺∈𝐴

{‖𝐹(𝑦)𝐺(𝑖(𝑥))‖, ‖𝐹‖ = ‖𝐺‖ = 1} 

                                      ≤ sup
𝐹,𝐺∈𝐴

{‖𝐹‖‖𝑖(𝑦)‖‖𝐺‖‖𝑥‖, ‖𝐹‖ = ‖𝐺‖ = 1} 

                                      = ‖𝑖(𝑦)‖‖𝑥‖ 

We get that ‖𝑖(𝑥)‖ ≤
1

𝑐
‖𝑖(𝑦)‖‖𝑥‖ for all 𝑥 ∈ 𝑑𝑜𝑚(𝑖), so 𝑖 is bounded. The rest 

proof of  𝐸𝑞
𝐷 is bounded is similar to that in [1, Theorem 3.2]. 

Now, for 𝑞 ∈ 𝑄(𝐴), we define ‖𝑞‖𝑟 = ‖𝐸𝑞
𝐷‖, the prove of  (𝑄(𝐴),‖∙‖𝑟) is real 

normed algebra is similar to that in [3, Theorem 3.2]. 
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We are going to prove the equivalent between ‖∙‖𝑟  and ‖∙‖ on 𝐴,  let 𝑎 ∈ 𝐴 and 

𝑇 ∈ 𝐷,  

‖𝐸𝑎
𝐷(𝑇)‖ = ‖𝑇(𝑎)‖ 

                ≤ ‖𝑇‖‖𝑎‖ 

‖𝑎‖𝑟 = ‖𝐸𝑎
𝐷(𝑇)‖ 

         = sup
𝑇 ∈𝐷

{‖𝐸𝑎
𝐷(𝑇)‖, ‖𝑇‖ = 1} 

           ≤ sup
𝑇∈𝐷

{‖𝑇‖‖𝑎‖, ‖𝑇‖ = 1}  

          = ‖𝑎‖ 

Now, let 𝐹,𝐺 ∈ 𝑀(𝐴) such that ‖𝐹‖ = ‖𝐺‖ = 1, for fixed 𝑇 ∈ 𝐷 and               

𝑥 ∈ 𝑑𝑜𝑚(𝑖), such that ‖𝑇(𝑥)‖ ≠ 0, then 

‖𝑁𝑇(𝑥),𝑎(𝐹,𝐺)‖ = ‖𝐹𝑇(𝑥)𝐺(𝑎)‖ 

                                 = ‖𝐿 𝐹𝑇(𝑥)𝐺(𝑎)‖ 

Since 𝑇 ∈ 𝐷, 𝐹 ∈ 𝑀(𝐴), from the proof of [4, Theorem 1] 𝐷 is an ideal of 𝑀(𝐴), 
so 𝐹𝑇 ∈ 𝐷, then 𝐹𝑇(𝑥) ∈ 𝑑𝑜𝑚(𝑖), for any 𝑧 ∈ 𝐴, we get thtat 𝐿𝐹𝑇(𝑥)𝐺(𝑧) ∈ 𝑑𝑜𝑚(𝑖) 

for all 𝑧 ∈ 𝐴,  so 𝐿 𝐹𝑇(𝑥)𝐺(𝐴) ⊆ 𝑑𝑜𝑚(𝑖), 𝑖 (𝐿𝐹𝑇(𝑥)𝐺(𝐴)) ⊆ 𝑖(𝑑𝑜𝑚(𝑖)) = 𝑑𝑜𝑚(𝑖) ⊆ 𝐴, 

so 𝐿 𝐹𝑇(𝑥)𝐺 ∈ 𝐷. 

‖𝑁𝑇(𝑥),𝑎(𝐹,𝐺)‖ = ‖𝐸𝑎
𝐷(𝐿𝐹𝑇(𝑥)𝐺)‖ 

                   ≤ ‖𝐸𝑎
𝐷‖‖𝐿𝐹𝑇(𝑥)𝐺‖  

                   ≤ ‖𝑎‖ 𝑟‖𝐹𝑇(𝑥)‖‖𝐺‖  

                   ≤ ‖𝑎‖ 𝑟‖𝐹‖‖𝑇(𝑥)‖‖𝐺‖  

‖𝑁𝑇(𝑥),𝑎‖ = sup
𝐹,𝐺∈𝑀(𝐴)

{‖𝐹𝑇(𝑥)𝐺(𝑎)‖, ‖𝐹‖ = ‖𝐺‖ = 1} 

                    ≤ sup
𝐹,𝐺∈𝑀(𝐴)

{‖𝑎‖𝑟‖𝐹‖‖𝑇(𝑥)‖‖𝐺‖, ‖𝐹‖ = ‖𝐺‖ = 1} 

      = ‖𝑎‖ 𝑟‖𝑇(𝑥)‖  

Since 𝐴 is a totally prime algebra, then 

 𝑐‖𝑇(𝑥)‖‖𝑎‖ ≤ ‖𝑁𝑇(𝑥),𝑎‖ ≤ ‖𝑎‖𝑟‖𝑇(𝑥)‖ 
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 𝑐‖𝑎‖ ≤ ‖𝑎‖𝑟 

We get that for all 𝑎 ∈ 𝐴, 𝑐‖𝑎‖ ≤ ‖𝑎‖𝑟 ≤ ‖𝑎‖------(1) 

Hence the inclusion of (𝐴, ‖∙‖) into (𝑄(𝐴), ‖∙‖𝑟) is topological. Note that, the 

proof of the inclusion of (𝑀(𝐴),‖∙‖) into (𝑀(𝑄(𝐴)),‖∙‖𝑟) is topological, similar to 

that in [1, Theorem 3.2].  

For proving 𝑄(𝐴) is a totally prime algebra, let 𝑞1,𝑞2 ∈ 𝑄(𝐴),𝐺1 , 𝐺2 ∈
𝑀(𝐴), 𝐹1, 𝐹2 ∈ 𝑀(𝑄(𝐴)), 𝑇1,𝑇2 ∈ 𝐷. We denoted by 𝑁𝑞1,𝑞2

𝐷  the linear operator from 

𝐷 × 𝐷 into 𝐴, given by 𝑁𝑞1,𝑞2

𝐷 (𝑇1,𝑇2) = 𝑇1(𝑞1)𝑇2(𝑞2) for all 𝑇1, 𝑇2 ∈ 𝐷. We denoted 

by 𝑁𝑞1,𝑞2
 the linear operator from 𝑀(𝑄(𝐴)) × 𝑀(𝑄(𝐴)) into 𝑄(𝐴), given by 

𝑁𝑞1,𝑞2
(𝐹1, 𝐹2 ) = 𝐹1 (𝑞1)𝐹2(𝑞2) for all 𝐹1 , 𝐹2 ∈ 𝑀(𝑄(𝐴)). Now 

  𝑐2‖𝐸𝑞1

𝐷 (𝑇1)‖‖𝐸𝑞2

𝐷 (𝑇2)‖ = 𝑐2 ‖𝑇1(𝑞1)‖‖𝑇2(𝑞2)‖ 

         ≤ 𝑐‖𝑁𝑇1(𝑞1),𝑇2(𝑞2)‖   

                       = 𝑐 sup
𝐺1 ,𝐺2 ∈𝑀 (𝐴)

{‖𝑁𝑇1(𝑞1),𝑇2(𝑞2)(𝐺1,𝐺2 )‖, ‖𝐺1 ‖ = ‖𝐺2 ‖ = 1} 

         = sup
𝐺1 ,𝐺2∈𝑀 (𝐴)

{𝑐‖𝑁𝑇1(𝑞1),𝑇2(𝑞2)(𝐺1,𝐺2 )‖, ‖𝐺1 ‖ = ‖𝐺2‖ = 1} 

         = sup
𝐺1 ,𝐺2∈𝑀 (𝐴)

{𝑐‖𝑁𝑞1,𝑞2
(𝐺1𝑇1, 𝐺2𝑇2 )‖, ‖𝐺1‖ = ‖𝐺2 ‖ = 1}  

                        ≤ sup
𝐺1 ,𝐺2 ∈𝑀(𝐴)

{‖𝑁𝑞1,𝑞2

𝐷 (𝐺1𝑇1,𝐺2 𝑇2)‖
𝑟
, ‖𝐺1‖ = ‖𝐺2 ‖ = 1} 

                        ≤ sup
𝐺1 ,𝐺2 ∈𝑀(𝐴)

{‖𝑁𝑞1,𝑞2

𝐷 ‖
𝑟
‖𝐺1𝑇1‖‖𝐺2𝑇2‖, ‖𝐺1 ‖ = ‖𝐺2‖ = 1} 

        ≤ sup
𝐺1 ,𝐺2 ∈𝑀(𝐴)

{‖𝑁𝑞1,𝑞2

𝐷 ‖
𝑟
‖𝐺1‖‖𝑇1‖‖𝐺2 ‖‖𝑇2‖, ‖𝐺1 ‖ = ‖𝐺2 ‖ = 1} 

                      = ‖𝑁𝑞1,𝑞2

𝐷 ‖
𝑟

‖𝑇1‖‖𝑇2‖ 

                       ≤ ‖𝑁𝑞1,𝑞2
‖

𝑟
‖𝑇1‖‖𝑇2‖ 

We get that   𝑐2‖𝐸𝑞1

𝐷 (𝑇1)‖‖𝐸𝑞2

𝐷 (𝑇2)‖ ≤ ‖𝑁𝑞1,𝑞2
‖

𝑟
‖𝑇1‖‖𝑇2‖, Now  

𝑐2‖𝑞1‖𝑟‖𝑞2‖𝑟 = 𝑐2‖𝐸𝑞1

𝐷 ‖‖𝐸𝑞2

𝐷 ‖ 

                            = 𝑐2 sup
𝑇1,𝑇2∈𝐷

{‖𝐸𝑞1

𝐷 (𝑇1)‖‖𝐸𝑞2

𝐷 (𝑇2)‖, ‖𝑇1‖ = ‖𝑇2‖ = 1}   
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                            = sup
𝑇1,𝑇2∈𝐷

{𝑐2‖𝐸𝑞1

𝐷 (𝑇1)‖‖𝐸𝑞2

𝐷 (𝑇2)‖,‖𝑇1‖ = ‖𝑇2‖ = 1}   

                            ≤ sup
𝑇1,𝑇2∈𝐷

{‖𝑁𝑞1,𝑞2
‖

𝑟
‖𝑇1‖‖𝑇2‖, ‖𝑇1‖ = ‖𝑇2‖ = 1}   

              = ‖𝑁𝑞1,𝑞2
‖

𝑟
  

    𝑐2‖𝑞1‖𝑟‖𝑞2‖𝑟 ≤ ‖𝑁𝑞1,𝑞2
‖

𝑟
 

So (𝑄(𝐴),‖∙‖𝑟) is totally prime algebra and 𝑀(𝑄(𝐴)) is prime by [4, Corollary 1]. 

Since ‖∙‖𝑟 is  an algebra real norm on 𝑄(𝐴) for which the mapping  𝑖𝐼𝑑𝑄(𝐴) 

from 𝑄(𝐴) into 𝑄(𝐴), defined by 𝑖𝐼𝑑𝑄(𝐴)(𝑞) = 𝑖𝑞  for 𝑞 ∈ 𝑄(𝐴) is bounded, it follows 

from [6, Theorem 1.3.3] that, we can get complex norm defined by                                 
‖𝑞‖𝑐 = sup

𝜃∈ℝ

‖(𝑐𝑜𝑠𝜃 + 𝑖𝑠𝑖𝑛𝜃)𝑞‖𝑟   for all 𝑞 ∈ 𝑄(𝐴) and satisfying ‖𝑞‖𝑟 ≤ ‖𝑞‖𝑐 ≤

𝑐1‖𝑞‖𝑟  with 𝑐1 = 1 + ‖𝑖𝐼𝑑𝑄 (𝐴)‖
𝑟
 

So the inclusions of (𝐴, ‖∙‖) into (𝑄(𝐴),‖∙‖𝑐) and (𝑀(𝐴),‖∙‖) into 

(𝑀(𝑄(𝐴)),‖∙‖𝑐) are to be topological. 

 

Conflict of Interests.  

There are non-conflicts of interest  

 

Reference 

[1] Cabrera, M., and Mohammed, A. A. (2002). "Totally multiplicatively prime 
algebras". Proceedings of the Royal Society of Edinburgh Section A: 

Mathematics, 132(5), 1145-1162. 
[2] Cabrera, M., and Mohammed, A. (2003). "Algebras of quotients with bounded 

evaluation of a normed semiprime algebra". Studia Mathematica, 2(154), 113-135.  
[3] Cabrera, M., and Palacios, A. R. (1992). "Non-associative ultraprime normed 

algebras". The Quarterly Journal of Mathematics, 43(1), 1-7. 

[4] Cabrera, M., and Mohammed, A. A. (1999). "Extended centroid and central closure 
of the multiplication algebra". Communications in Algebra, 27(12), 5723-5736. 

[5] Erickson, T., Martindale, W., and Osborn, J. (1975). "Prime non-associat ive 
algebras". Pacific Journal of Mathematics, 60(1), 49-63. 

[6] Rickart, C. E. (1960). "General theory of Banach algebras". (New York: Krieger). 

 

 

 

https://extranet.issn.org/resource/issn/2312-8135
https://extranet.issn.org/resource/issn/1992-0652
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://www.journalofbabylon.com/index.php/JUBPAS
mailto:info@journalofbabylon.com
mailto:jub@itnet.uobabylon.edu.iq


Journal of University of Babylon for Pure and Applied Sciences, Vol. (28), No. (1): 2020   
Online ISSN: 2312-8135, Print ISSN: 1992-0652 

The First International Scientific Conference for Pure and Human Studies, University of  
AL-HAMDANIYA, 20-21 November 2019 

 

لحمدانيةجامعة ا/  2019تشرين الثاني  21-20المؤتمر الدولي العلمي الأول للدراسات الصرفة والإنسانية للمدة   
© Journal of University of Babylon for Pure and Applied Sciences (JUBPAS) by University of Babylon is licensed under a Creative 

Commons Attribution 4. 0 International License, 2020. 
https://www.journalofbabylon.com/index.php/JUBPAS, info@journalofbabylon.com, jub@itnet.uobabylon.edu.iq 

 +9647823331373 (Viber and Telegram) 
 

273 
 

 الخلاصة
أوجدا معيار  [1,2]محمد في  –على مايبدو، ليس من السهولة إيجاد معيار للأنغلاق المركزي للجبور المعيارية. كابريرا  

ن للأنغلاق المركزي على صنفين من الجبور هما الجبور الأولية المضروبة كلياً والجبور الأولية الكلية التجميعية. في هذا البحث ، سنبره
 ى صنف أعم من الجبور وهو الجبور الأولية الكلية الغير تجميعية التي لها جبر مضروبات أولي.نفس النتيجة ولكن عل

 الأنغلاق المركزي ،جبر أولي مضروب ، جبر أولي كلي.  الدالة:الكلمات 
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