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Abstract

In this paper, we introduce the concepts of fuzzy order convergence of double sequence, also define
a new type of convergence, that is, FR(0,,) — Convergence and FR(0,) — Cauchy of double sequence
in fuzzy Riesz space and then prove some interesting results related to these notions.

Keywords: Fuzzy Riesz space, fuzzy order convergence, FR(0,) — Convergence FR(0,) — Cauchy,
Banach fuzzy Riesz space.

1. Introduction.

The notion of Riesz space, (or called vector lattice) was initiated in [1]. Since

then many others have developed the subject. Most of the spaces encountered in
analysis are Riesz spaces. They play an important role in optimization, problems of
Banach spaces, measure theory and operator. In 1965, Zadeh [2], introduced the
concept of theory of fuzzy mathematics and the fuzzy order relation was first defined
in [3, 4, 5]. In 1992, the notion of fuzzy order relation has been extended to fuzzy
ordered sets paralleling that of classical partially ordered sets in [6]. Also the notion
of fuzzy Riesz space was introduced by Ismat Beg and Misbah Ul Islam [7] and [8].
Actually [5] had heard about this concept from [8]. But in fact [6] have the idea order
convergence and proved theorems on this. So, In [9] fuzzy order convergence in fuzzy
Riesz spaces is defined for unbounded fuzzy order convergence.
In this work, is devoted to defining and studying the fuzzy order convergence of
double sequences, FR(0,,) —Convergence and FR(0,,) — Cauchy of double sequence
in fuzzy Riesz spaces after provided the preliminary concepts necessary to understand
the work. Finally, prove some interesting results related to these notions .
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2. Preliminaries

This section consists of a collection of known notions, and facts related to the
theory of fuzzy Riesz spaces.

Definition 2.1[6]. Let X be a crisp set. A fuzzy order on X is a fuzzy subset of X x
X such that the following conditions are satisfied.

i- Forall x € X, 14(X ,X) =1 (reflexivity).
i-  Forx,yeX, u(X,y)+ u(y,x)>1implies, x = y (antisymmetry).

iii- Forx,ze€X, ,Zl(x,z)z \é[ﬁ(x,y)/\;}(y,z)]
ye

Where, £1: X x X —)[0,1] is the membership function of the fuzzy subset of
X xXX.

A set with a fuzzy order defined on it is called a fuzzy ordered set (foset, for
short).

Definition 2.2[8]. A (real) linear space X is said to be a fuzzy ordered linear space if
X isafosetand further X satisfies the following conditions.

i- If, X,X, €X suchthat. £(X,,X,) >3 then,
L(X [, X5) S (X +X,X,+X) forall, x € X,
i-  If, X,,X,€X suchthat, t£(X,,X,) >3 then,

L1(X,X,) < p(axy,ax,)forevery 0 < a € R.

Remark 2.3[8]. From Condition (i) of the definition of the fuzzy ordered linear

space, it follows that if (X;,X,)>% and u(X3,X,)>< afterward,

H(X +X5,X, +X,)> 3.
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Proposition 2.4[8]. Let X be a fuzzy ordered linear space, X, X, X, eX and
a, f be real numbers, then.

i- I ,L.J(O,Xl)>%and/.1(0,xz)>%then,L’z(O,X1+X2)>%.
ii- If ,L.I(O,X)>%and,L.t(O,—X)>%thenX =0.

iii- If ,ZJ(O,X) >2 anda 20 then',L.t(O,aX) >41.

iv- If ,L.l(Xl,XZ) >2 anda <0 then.llt(axz,axl) >,

V- 1f 42(0,X,) > % ander < 3 them; ju(ax , ix) > 1.

Definition 2.5[6]. A foset X is called a fuzzy lattice if all finite subsets of X has sups

and infs. A fuzzy lattice X s said to be complete if every subset of X hasa supremum and
an infimum.

Definition 2.6. A subset M of a lattice X is a sublattice if x,y € M implies that x v
y,x Ay € M, where these lattice operations are computed in X. A vector sublattice of a
vector lattice is simply a vector subspace in addition a sublattice.

Definition 2.7 [7].  Let X be an element of X . Then the positive part of X is, the
element X, =X V O, the negative part X_ = (—x) v 0 , the absolute value of X is

the element |X | = X v (=X )-

Proposition 2.8 [7]. For any X eX , the elements X ,, X _ and |X | are positive. Also,
the following equalities hold,

i- X=X, —X_.

i- X |=x, +X_.

Definition 2.9 [7]. Let X be a fuzzy Riesz space. Two elements X, X, € X are said to
be orthogonal if |X l| A |X 2| = 0 and are written as X, 1x »- The definition can be

extended to the subsets of X . Two subsets A1 and A2 are said to be orthogonal if

X, L X, forany X €A and X, €A
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3. Main Results

In this section, we introduce the notion of fuzzy order convergence of double
sequences in Riesz spaces and prove some basic results.

Definition 3.1.
Let X be a fuzzy Riesz space.

i- A double sequence (xjk)j,keN of points in X s said to be Fuzzy
Increasing ( in short, FRi ) if (j, k) < (m,n) in N X N implies that

H(X Xy ) > 5. We denoted this by X ; TR Nowif o =
Sup; renX;j . Xists for some o € X . Then we write, X i k e 0.

ii-  Adouble sequence (xjk)j ey OF POINts in X' is said to be Fuzzy
Decreasing (in short, FRd ) if (j, k) < (m,n) in N X N implies that,

(X 0 X i K ) > 3. Wedenoted by X i K iFR . Now if g = inf; ren; i

exists for some g € X . Then we write X ; Vo .

Definition 3.2. Let X bea fuzzy Riesz space. Then a double sequence, (xjk)j ey 18 Said
to be FR (o ) _ Convergent to an element §2 of X provided that there exists a

double sequences (yfk)j ey @nd (ka)j ey OF points of X' such that.
i- MY X)) >3 and u(x;,,z;,)>3forevery (j,k) € Nx N.

i~ Y T padZ, v 0.

In this case, we writes
FR(O)

FR@O)- ,-IETOOXJ* =porx;, —=>p Definition 3.3. et X

be a fuzzy Riesz space, equipped with a fuzzy norm |||| The fu-zzy norm on X is

called a Fuzzy Riesz norm if forevery x y ¢ R,
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/.1(|X |,|y |) > 2 implies ,Zz(”x ||,||y ||) > 2 Any fuzzy Riesz space equipped
with a fuzzy Riesz norm is called a fuzzy normed Riesz space.

A fuzzy normed Riesz space which is also a Banach space in termed a Banach fuzzy
Riesz space.

Definition 3.4. A sequence (Gp)peN in a fuzzy Riesz space X is an (FO) —sequence

iff it is decreasing and /\p O =02
€

Definition 3.5. Let X be a fuzzy normed Riesz space. A double sequence (xjk)jkeN in

X is FR(O,)~ Convergent to an element Xo Of X if there is an (FO) —sequence(ffp)pEN

such that for every p ¢ N with the property that ,u(”X ik —Xo || , Jp) > % , Where

. FR (O
U, k) ENX N/ In this case, we will write X j i %Xo-

Definition 3.6. A double sequence (xjk)j'keN is said to be fuzzy bounded if there exists a

real number M >0 such, 4(]X ; ‘,M ) >3, forevery G.k) € N XN,

Definition 3.7[8].

i- An fuzzy- lattice X is said to be complete (relatively complete) if every
(bounded) subset of X has a suppremum and an infimum.

ii- An fuzzy- lattice X is said to be o — complete (relatively 0 - complete) if
every countable (countable bounded) subset has a suppermum and an infimum.

Definition 3.8. A real double sequence (xjk)j’keN in a fuzzy normed Riesz space X s

said to be FR(O,)—Cauchy if there is an (FO) — sequence (Up)peN such that for every

p e N there corresponds (, k), (m,n) € N X N with ,u(”x =X

Op) >3

Definition 3.9.  Let X beafuzzy normed Riesz space. we will say that the fuzzy
norm ”” in X is fuzzy order continuous if there exist a double sequence (xjk)j,keN of

points in X | such that Xk der 0, wehave FR(O, ) — lim ||Xj’k || =0.

j Kk —o0
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Example 3.10. Let L ={m?n?:m,neN3} Foreach j. k€N sowill define
#;« €C[0,1] py

1 j,kelL
by kel

Where h;, (x)=x", xe[0,1], j, k=1,2, .... Obviously, h;, +0 and

Theorem 3.11. Let X bea fuzzy Riesz space and (xf.k)j ey D @ double sequence in
X . Then we have the following:
- If x TR deg ) then x —RC) 5 6 if and only if
X | TR o (x i K 4, g0 respectively).
ii- Any FR (o ) — Convergent double sequence is bounded.
Proof.

i- Suppose that x i K TFR and from the definition of FR (o)_ Convergent for
double

sequence implies there exists double sequences (yf,k),- ey N (Zj.k)j ey N X such that

1y o X ) >3 and p(x;,,z;, ) > iforevery (j k) € N x N, And so

Z, Yer g0, therefore o € {z,:/, k € N}. From this we have

(xL Z ) () = u(p,z i K ) >3 forevery (j, k) € N x N. At that time for any

(j,k)<(m,n), where (m,n) € N x N is fixed, we have fi(zy,n, z;x) >

%, (Zm'n)m,neN is FRd double sequencein X so (X, 1,2 n) >3 , which

shows that ££(X mni 2k ) >% for every (J,K) < (m,n)  Now if (j,K)>(m,n),

followed by under the hypothesis (xj,k)j’keN is FRi double sequence, thereby we can

inscribe  4(X 1, 1+ X ) >3 and from the condition (i) of definition FR (O )—
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Convergent, which  ££(X ik Lk ) > % can conclude that
H(X 2k )> 3. Now choose (m,n) € N X N sych that

H(X 0,z ik ) >3 forevery (i, k), (m,n) € N x N, Consequently, for any
(m,n) ENXN, xp,, € L({z;): (j, k) € NXN}) But £ = inf;xenzjk, and
thus Xmn € L(g) for every (m,n) € N X N, which shows that /i(xy,n, #) >
% for every (m,n) € N X N, Hence # € U({xmn: (M,n) € N X N}, Continuing

in this way, we presume that there is another fuzzy lower bound of (xm,n) say

m,neN

50* € X Namely, let £* € U({xpn: (M, 1) €N XN, Then we can find an,
(X $07) > % forevery (m,n) € N XN, also fi(¥mn Xmn) >

~ forevery (m,n) € N x N_ Therefore we can write i(Ymn, £7) > for every
(m,n) € NXN. Thus #* € U{ymn: (M,n) € NXN}) implies that

o < U(go) which as § = SuDjken¥jk or X ; T £

Conversely, assume that X ; | T ¢ . Now let us consider Y jk =Xk and

Z; = forevery (,k) € NxN. Then we have a double sequences (:Vj,k)j,keN

is FRi and (Zj'k)j,keN is FRd. Furthermore y ; , T o and z ik {x $.By

using hypothesis in above, we have (Y j »X j ) > 7 and
H(X G250 ) = (X 1 69) >3, then

sy X)) >3 and p(X;,,Z ;) > forevery (k) ENXN,
FR (O
Which shows that X ; 4)(;0

With a similar argument we can provide a proof for the case fuzzy decreasing double
sequence.

i~ assume that(%jc) .,y be a double sequence of points in X and
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X | x —124— 0, after that have a double sequences (V) ; .cy and (Zix); e

such that ££(Y  , »X j ) >3 and ,U(Xj,k,zj,k)>%forevery(]',k)ENXN

and thus () e 1S FRi and (Z) ;.o is FRd. Nowsince y ;T thereby, we

seethat 4(Y o+ Y i) >3 forevery (mn) < (k) ENXN.Thus Y, €

L({yj.k: (j’ k) € N x N})' Alsa w(y ik Xk ) > %which shows that

,L.l(ym n Xk )>41 for every (m,n) < (j, k) € N x N. Thereby we see that
Ymn € L({x;;: (j, k) € N x N}) and thus (xj’k)j,keN is bounded from below.

Now it follows that 2 K »LFR . So in situation we find that

Zmn € U({zx: (j, k) € N x N}) must hold and hence 44(Z ; | ,Z,, ,) >3 for
every (m,n) < (j, k) € N x N. We know from Definition 3.2 that. Therefore

(X Y mn) > % forevery (m,n) < (j,k) € N x N must hold, which means
that z,, , € U({x;x: (j,k) € N x N}). We conclude that (xj'k)j,keN is bounded
from above. Hence (xj'k)j,keN is bounded. Then the proof is finished.

Theorem 3.12. In a fuzzy Riesz space X , we have the following.

i- If (xj'k)j,kEN and (Zj'k)j,kEN be a double sequences thus,

/J(Xj,k ,Zj’k) >% forevery (j,k) € N x N and
FR(O)- lim x., =¢ FR(O)— lim z., =g . then
jk—oo jkoeo 1
% 1
w9 )>5.
ii- Every FR (O ) — Convergent double sequence in X has only one limit.

iii- If X i Kk L(O))go, then any double sequence of the double

sequence(xj,k)j,kEN, is FR (0 ) — Convergent to the same limit.
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Proof.

i- From the definition of fuzzy order convergence for double sequence, it follows that there

exists a double sequence (yj'k)j,kEN of pointsin X such that Y« TFR g and
1 . 1
:u(yj,k X K ) > 5 foreach (j, k) € N x N. Clearly ,u(Xj,k L K ) >

implies that, £4(Y ;,,Z,) >3 forevery (j,k) € N x N, and by duality,

FR (O * 3 : ;
Z; 4)50 , there exists a double sequence (Sj’k)j,kEN of points in X

suchthat s, dr go"and p(z;,S; ) > 7 forevery (j,k) € N.x N. Now
let (m,n) € N x N be a fixed such that (j,k) < (m,n), since (yj'k)j,kEN is an
fuzzy increasing double sequence then we see that

/u(yj,k ,ym,n) >% and ,u(ym’n,zm’n) >%forevery (m,n) € N x

N.Thereby by transitivity 2(Y ; 12 ) > 1 forevery (j,k) < (m,n). But

LUZ o 0 S n) > 5, Whence u(y i K 1) > 2 forevery (j, k) < (m,n).

On the other hand, if (j,k)>(m,n), sowenow s |, then

/L.l(sj,k \Smn)>1 andfromu(Z ;, ,S;, ) >3 forevery (j,k) € N x N, then

by transitivity we can write, 4(Z ; ;S ,) >3 forevery (jk)>(m,n). Further

Ly (k12 ;) > 1 thereby we obtain ,Zt(y i k1Smn) >3 forevery
(j,k)>(m,n), which means that

Smn € U({y}.’k: (, k) € N x N}). But we know from definition Fr (0)-
Convergent

S U((@) . Since (m,n) € N x N was arbitrary

§ = supj renYj i therefore s

fixed, consequently we have (£, Spn) > % for every (m,n) € N x N. Which is
# € L({smn: (M, M) € N x N}). But we know that by definition of FR (0 )-

Convergent of
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(zj,k)j ey that 07 = inf; gens; . It follows that ¢ € L (") must hold, from this

we obtain that  41(g0, 0 ) > 1.
ii- Itis clear that fi(x; , xj ) > % for every (j,k) € N x N. Then by applying

i), u(g,60)>% . Soletusassumethat (g ,9) > % . Then we can write

1(50,° ) + 1(g0", ) > 1, and from the condition antisymmetry of fuzzy order

relation, from this we can conclude that ¢ = go*.

iii- presume X ; | L(O))go, From this have, a double sequences

(yj'k)j,kEN and (Zj'k)j,keN in X such that Y i TR © and z i K 0.

Consequently £2(Y ;. X, ) >3and z(X;,,Z; ) >3 forevery (j,k) €

N x N . Now let us consider
(xfr"‘s)r,seN be any subsequence of (xj'k)j,kEN' From now get,

HOY 4o X ) >3 and (X (42 ) >4 forall G k) €N XN
where (¥j,,) . iSFRiand (z,,) . is FRd. We need to show that g =

SUD psen ), k; TO see this, consider £(Y ; | ,9) > 5 forevery (-, ks) € NXN,
where o € U({y; «.: (i ks) € N x N}). Now assume that there is another fuzzy

upper bound of (yfr:ks) % ((0* € X such that = U({er.ks: (i ks) €

T,SE

N x NJ). Hence we get (Y ; ) > L forevery (j,, k;) € N x N. In fact, we

can write ££(Y ; §0°) >3 forevery (j, k) € N x N. Since y TR o, the

supremum of a double sequence ;). . is . Hence we get (g, ) >3 or

P € U(p) It follows that = sup , senyj, k- Thereforepart z .\ 1

can be proved similarly. This shows that X ik L(O))go.

Theorem 3.13.
Let X be a fuzzy Riesz space and let (xj'k)j,kEN’ (rj'k)j,kEN and (sj'k)j,kEN be three

double sequences of points in X such that.
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i- p(ry X)) >3 and u(x; . ,S;, ) > forevery k) € N xN.
ii- FR(O)— lim ik = =FR(O)— lim s, .Then

j koo j.k—>0

i FR(O)— lim x; =¢.

j,k—o0
Proof.

Assume that the given conditions (i) and (ii) hold for the double sequences
(xj'k)j,kEN' (ri'k)j‘keN and (Sj’k)j,kEN. Suppose

(yj'k)j,keN and (Zj'k)j,keN suchthat y , TFR @ and z i e g0, from
condition (ii), we have (Y 1, ) > and u(s; .z, ) > 3 forevery

(k) ENXN.Now (Y, ) >3 and from (i) we have a(y; %) >

% for every (j,k) € N x N. So from

a(S; 125, )> < and a(X S ) > L forevery (j, k) € N x N, we can
write
,tl(xj,k,zj,k) > % for every (j,k) € N x N. Thus,

(Y X ) >3 and u(X;, 2, ) > 5forevery (jk) € N x N, means
implies that FR (O) — lim X =8 This completes the proof of the theorem.
j .k —o0 i

Theorem 3.14. Let X be a fuzzy Riesz space, (xf,k)j rey @nd (mn) ey D€ tWO

double sequences of points in X and V; ken Xk »

NjkenXjkr Vmnen Ymn a0d Apnen Ymn eXist.

i. VikenXjk = — Njken(=%jx) and AjrenXjx = — Vjken(—Xjk )-

il X A (Vinnen Ymn) = Vinen(X A Ympn ) and x V (/\mnEN ym,n) =
Amnen(X V Ymy), forany X € X.

iii. Vj,k,m,neN(xj,k VVmn) = VjkenXik V Vimnen Ymn and /\j,k,m,neN(xj,k A
Ymn) = Njjen X A N nen Ymn:

iv. Vken(axjx) = a(Vjken Xk ) and Ajgen(ax;r) = a(Ajrenxjx), @€

R.
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Proof. We show its completely analogous to the proof of corresponding results for
sequences in [5] and [6].

Theorem 3.15.  Let X be a fuzzy Riesz space and let (xj'k)j U (Sj'k)j ey DE WO

double sequences of points in X . Then

i- If FR(O)— lim x;, = and FR(O)— lim s, , =g . then
j.K— ’ ’

j .k —o0

FR(O)—J_!EI‘_T)]OO(XJ.YK Vsj,k):@\/@* and
FR(O)—j!IEer(xjyk NS )=PAP .
- If FR(O)_,-I,;ET@XJWK = , then

FR(O)—- Iim ax;, =op for 0 <a€R.

j .k —>

ii-  If FR(O)_JlEm |Xj k|=0 , then also
J ,K—0 i

FR(O)— lim x,, =0.

j .k —>o0
Proof .

i- To prove the first assertion, by the definition of the FR(O) —Convergent,

*

is encompass a double sequences v, TF o, 7, | $m 0 ar TR @
and zjf,k »J/FR g suchthat g(y ;X ) >3, u(X;,2;,)>3

,Ll(YE,k 'Sj,k)>% and
ﬂ(Sj,k,Z’j,k) > % for every (j,k) € N x N. Then

/ 1 ' 1
/Ll(yj,k VYiki Xk VSj,k)>7 and /U(Xj,k VSikilijk sz,k)>7

for every (j, k) € N x N, and moreover (yj,k vy, k) is FRi double sequence
K/ j keN

and (zj, V)., . is FRd double sequence. In order to show that g v p* =

j,keN

su ( \Y ) and oV o* = iInf (z;, Vz;,.). . It is clear that
j,ke%l Vik y],k j keN PV j,kEN( J.k ]'k)],kEN

,Zl(y,- «»§2) > % and A.z(yj « »§2 ) >+ holds. Consequently

1y ik VY ;,k N o) > 2 forevery (j,k) € N x N. From this it follows,
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Ve eEU{yjrV Yik: (j, k) € N x N}). Now suppose that there is another

upper bound of (yj,k Y y'j‘k)j oy S 50** e X such that o™ € U({y; , V

vt (k) € NxN}) then “Y i VY2 ) > 1 forevery (j,k) € N x
N. Now we want to show that z.(y . . VY, ) >4 forevery
(m,n), (j, k) € N x N. To see this, consider (j,k) is fixed, taking (m,n) < (j,K),

we have that ;,(y mine Y ik )>41, consequently

MY oV y;'k ik v yjf,k ) > 1 forevery (m,n),(j,k) € NxN. Also
;,(yj « VYK o) > £ . Thereby for every (m,n) < (j,k) we can write
;j(ym A VY ,§2 ) > . 0n the other hand if (m,n)>(j,k) after that
(y,j'k)j,kEN is increasing, therefore write this as, ,4(y ; Y i’ " ) >3- Which
implies that £2(Y | . vV Y Ymn ¥ Yma) >3 accordingly we know that
HY i VY o0 ) >3 soweget gy, VY0 )> 3 foral
(m,n), (j,k) € N x N. Since (j,k) was arbitrary fixed, therefore

;j(ym LV yjf « ,gg**) >4 for each (m,n),(j,k) € N X N. It implies that

€ U{(ymn VY (m,n),(j,k) € Nx N}) and so, ™" €

U(Vjkmnen(Vmn V y'j,k)). Thus we know V., ,, ; (ym_n v y'].’k) exist because
both Vi nen Ymn and Vi ken Yk exist and by Theorem 3.13, the following
equality holds

Vm,n,j,k (ym,n VY'j,k) = Vm,nEN ym,n v Vj,kEN y’j,k = 80 v p*

Thus we have that ™ e U (¢ v ™). From this we obtain that o v p* =

Vv (yj VY. k) . With a similar argument we can provide a proof for the case
i ’ IR/ keN

PV = j,]{éN(zj'k Vv Z'J"k)j,keN' Hence we get

FR(O)_j!IETOO(Xj,k VS )=pVEe -
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Similarly, we get FR(O) — _Ilim (xj « NS, k):SO/\SO*
J ,K—> ' ’

ii- Suppose that FR(O)- lim x., = . Then we can find a double

j .k >0 i
sequences (y; ) jeeN and (zj,k)]_ ey Such that
a(y X )>%and u(x .z, ) >3 forevery

(k) eNxN wherey . T @and z, o (. Assumefirstthat & > 0.

Then pu(ary |\ ,ax;, ) >3 and p(ax;  ,az; ) > 5forevery (j,k) €

N x N. Since (yj); , . be FRi, thereby if (m,n) < (j,k) have that,

y216Y% manr Y jk ) > % . Consequently m(xyY qns@Y i) >% From
this we have (ayj,k)j LN be a FRi double sequence. With a similar argument we get
(azj,k)j CeN be a FRd double sequence, and moreover from Theorem 3.13, we see

that Vj(ayjx) = a(Vkyix) = a @ N“Léww%x)=“géwax)=a@1ﬁm

wehave FR(O) — lim ax , =ag@ -Andif a <0, then from

j, k>0

/U(yj',k ,xj’k)>% with ,u(Xj,k,Zj'k)>% for each (j, k) € N x N. We have

that p(az ;X ) > 2 along with u(ax ik Ok ) >% for every

(j,k) € N x N. Since (yj’k)j,keN
double sequence, it follows that (ayj,k)j =1 be a FRd double sequence and

is FRi double sequence and (zj,k)j ey 1S FRd

(azj‘k)j oy D€ @ FRi double sequence. By using Theorem 3.13
N}/EN(azj,k) = a(j}éN zZj ) = agp and j,léN(ayj’k) = a(j,’yENyj,k) = agp.
Consequently, also in this case FR(O) — lim ax

J k—o0

jk:a@.BmWa=0,

then there is nothing to prove. This completes the proof of the theorem.
iii- Assume that FR(O)— lim ‘X,— ‘ ‘ = (), then there exists a double

j kK —o0

sequence y ; e O such that,u(‘x i K ‘,y k) >3 forevery (j,k) € NxN.
Also z1(X i ,‘X i ‘) > 1, therefore by transitivity we have a0y i) >3
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for every (j, k) € N x N. Since A ik =0 At that moment 0 € ({y;x: . k) €
J],K€E
N x N}) or 1£(0,y i« ) > % forevery (j,k) € N x N. Consequently, we see that

1 (-y i K ,0) > 1 forevery (j, k) € N x N. Sowe have 0_ = V(— Yjk)- From this

we can write —y | TR 0. Since we have that |x | __FR©®) 0, thenwe
obtain for every (j, k) € N x N that (=Y ; ,—‘X ik ‘) > 2 and we know

,u(—‘x ik ‘,X i k) >7%. By transitivity we can note down

,u( Y ik X JI()>1 This proves that FR (O) — ||!m X, =0
j —>0
Theorem 3.16. Let X be a fuzzy Riesz space and let () ; en 8N (Sjc) ey DO

two double sequences in X Then the following hold:

i- If FR(O)— lim x,, = and FR(O)— lim s, , =g then

J .k —> j .k —o0

FR(O)—Ilm( ity )=go+go*,

i- If FR(O)— lim x; , =g |, then

j .k —o0
FR(O)—JI'!rDOOx =0 FR(O)_,IﬁTOOX ik =§ and

FR(O) — _||5r300\x i \ =|e|

i If FR(O)— lim x;, =g ,FR(O)— lim s, , =" and

j .k —o0 j k—>

X j L Sy forevery(].k) ENXN then o L 0.
Proof.

i-  We can easily prove independently all these properties of FR (O ) - Convergence.

ii- Assumethat FR(O) — lim X j = 2. Now to prove the first assertion.
jk—owo 1

R (O
Since we can inscribe X +j K = X j K Vv 04)50 vO0= 50+ , then we have
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+ FR(O) + . . .
X jk —— 62 .Soto have the second assertion, we will write

X i = (%, ) —8 () = o

Finally, using the arguments just above. To see this, note down,
FR(O)

— vt - + - _
‘Xj,k‘_x ik TX ju— R +p =|¢).
iii- Assume that, FR (Q) — jllir_rlnsj « =g aswellasX ; LS Isinclude

|xj,k|/\|sj’k| = 0 forevery j,k € N and by (ii), we get ‘X i K ‘—)FR (9) |<§O| and

FR (O * FR (O N
‘SM“’( ) ‘@‘a”dthus ‘Xj,k‘A‘SLk‘—U : |50|/\‘5"

by

Theorem 3.14. Hence that |$O| A ‘SO ‘ =0 je, oL 50*.

Theorem 3.17. Let X be a real fuzzy normed Riesz space. Then the subsequent
statements are equivalent.

i- If X isao- Complete fuzzy Riesz space and the fuzzy norm is fuzzy order
continuous.
ii- Every fuzzy increasing and bounded above double sequence is FR(O, ) —

Convergent.

Proof.

(i _ i) Suppose that (xj,k)j'keN be a double sequence in X , let X beao-

Complete fuzzy Riesz space. Therefore there exists a real number M >0 such that
,u(|xj,k |,M ) > 4, for every
(U, k) € N XN also since fuzzy norm is fuzzy order continuous, therefore

FR(O,)— jllir_r)loon i K H = O from this there (FO) = Sequence (0,) _. such that

peEN
for every? € N be able to, ,u(HHX o H —OH,O'p) > 2 forevery (k) ENXN |

This shows that a double sequence (xj,k) j keN be FR(O,)—Convergent.
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Gi - D) Let (%) jken De a double sequence in X () jren be fuzzy

increasing and bounded above. Then we have ,U(Xj,k ,ym,n) >% for every

U, k) < (mn) inN XN, sych that Ymn = V %j k. By the hypothesis (ii), there exists
j keN

FR©On)

X, €X such that ¥ mn >X o . From this there is (FO)— Sequence

(0) _ such that (Y o —Xol:05) >3, for every PEN  because
peN ) p

(ym,n)m,neN be fuzzy increasing double sequence. But from above

(X koY m,n) > % for every (J,K) <(M,n) therefore by transitivity implies that
'U(HXJUK _XOH’O_p) >% , for every PEN . Thereby we have Xo=

VinneNYmn = Vj,kEN Xjk.

Hence the fuzzy Riesz space X iso- Complete fuzzy Riesz space. It remains to

show that fuzzy norm |||| is fuzzy order continuous. Assume that (sjxc) be a

j keN
double sequence in X and S« $en O, then (0,8, ) >3, foreach (k)€
N X N. Therefore ££(=S , ,0) > 3 for every (k) € NX N, By using (i) of the

Definition 2.2 implies  £(S;, —S;4,S;1) >3 . Consequently,

S11—Sjk T S;11, from condition (ii) we have that be an (FO)- Sequence

(Uv)peN such that for every p €N ,u(|51’1 —8 k _31,1||1<7p) > 2, where

U, k) ENXN implies ,u(”Sj,k ||,0'p)>% . Hence we obtain

FR(O,)— lim HSJ' » H =0, i.e, a fuzzy norm |||| be fuzzy order continuous.

j kK —o0

Theorem 3.18. Let X bea fuzzy normed Riesz space. Then every FR(O,) -

Convergent double sequence (%) ;. oyis FR(O,) —Cauchy.
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Proof.

Suppose that (%) jxen be FR(O,)—Convergent to an element X, of X . Then there
exists an, (FO)- Sequence (Gp)pEN such that for (k) ENXN  where

,u(”xj’k —X0||,(7p) > 1, forevery P € N If (j, k), (m,n) in N X N then

p

s =Xmal < s =20l 4 ema =Xl <20

s —xol+]

,u(HX ik "X Xihn XOH) > % : also, we know

,U(Hlek —XOH-FHXm,n—XOH,ZGp)>% for every P €N | Therefore

/.J(HX W — X ,26p) > 5 for every P € N, Hence we have a double sequence
(xj,k)j’keN is FR (O, ) —Cauchy.

Theorem 3.19. X is Banach fuzzy Riesz space if every FR(O,)—Cauchy double
sequence is FR(O, ) —Convergent double sequence to an element X € X

Proof.

Assume that a double sequence (% ) jxen bea FR(O,)—Cauchy but not FR(O,) -
Convergent. Then there exist, (FO) — Sequence (Up)pEN and for U, k) € N XN, we get

,O ) >3 foreveryp €N,

/u(”X j.k _Xm,n

In particular, we can write for,(J, k), (m,n) in N X N

/U(ij,k ~Xmn ’ZHXj,k _XOH) > 5

Since (xj,k)j'keN Is not FR(O, ) —Convergent, i.e., ,u(O'IO ,||X ik T x0||) > % where

P €N, (j,k) € N XN, Therefore by (*), there exist (FO) —Sequence (), and

foranypENywegetfor(]',k),(m,n)il’lNXN, ﬂ(o-p’”Xj,k —Xmn )>%.|t'5

contradiction. Hence a double sequence (%) ixen 18 FR(O,) —Convergent.
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Theorem 3.20.  Let X be a fuzzy normed Riesz space, (xj,k)], ey De an increasing

(decreasing) double sequence in X and (xj,k)]-'keN is FR(O,,) —Convergent to X, € X .

Then Xo = VjkenXjx (xo = jI{\EN(x]-'k) respectively ).
Proof.

Suppose that (xj,k)j’keN be an increasing double sequence and (J, k) < (m,n) in N x

N 1t implies that ,U(vak =Xy /\Xj|k,Xj’k AXmn _Xj‘k /\Xo)>% But we

know (X ik A =X A XO,‘X T —Xo‘) > %therefore by transitivity
we see that ,U(Xj,k XA Xk ,‘Xm,n —Xo‘) >% . Consequently, for

G,k),mn) inNxN ,u(HXM —Xg AX H’me,n_XOH)>% .
(xm,n)m‘neN be an FR(O,)— Convergent to X,eX , then. (FO)— Sequence

(0p),y such that, /Z‘(”Xm,n —Xollop) >+, where (mn)inNxN._ By

transitivity we write £( ,O,) >3 for every p €N means

that X ; . =X, AX;, and we have that ££(X ;,,X,) >3 for each (k)€

NXxN. Thus Xo € U({x;x: (k) € NXN}) . It remains to show that %o =
VikenXik . Now if vy, eX and Yo € U({x;,: (k) ENXN}) . Then

ﬂ(xo\/yo_ymxo\/yo_xj,kVyo)>% But

H(Xo VY, —Xjk VvV yo"xo — Xk ‘) Pk Transitivity implies
XV Y, — yo,‘x0 =Xk ‘) > % By using the same arguments as above, we

see that L(XoV YY) > % Consequently, we can  write £(Xo,Y o) > 3.

Hence Xo = Vj ken Xj k.

If (xj,k)j’keN be an decreasing double sequence, then Xo = — Vj,keN(_xj,k) =
/\ xj,k.

j,kEN
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