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Abstract:

In this paper, we introduce a new integral transformation, say g-transformation and is defined as
follows:

G (FX)) = S™ [ "% () dx = Fpp (5)
Which consider generalized of most known integral transformations and also it can be find a new special
integral transformations. We have studied the properties of this transformation. We have presented the
general formula of g-transformation for the derivative of functions in higher orders. We also clarified the
relationship between this transform and some known integral transformations such as the Laplace
Transform [3], Carson transformation and Sunudu transformation [5]. We introduce new result of shifting
theorem.
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1.Introduction:

The integral transformations are one of import methods for solving many of
problems. One of the first scientists who worked in integral transformation is Laplace and
Fourier [7], then many integrative transformations appeared, like Al-Zughair
transformation [1], Al-Zaki transformation [6], Al-Tamimi transformation [2] and Sumudu
transformation [5], which had a great impact in solving differential equations with variable
coefficients for certain ranks. This transformation is distinguished by the generalities of the
most known integral transformations and the possibility of finding new integral
transformations from it, which helps in solving differential equations with variable
coefficients and in different orders.
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2.1 Definition :

g-transformation Gy, (f(X)) for a function f(x) where x € [0, o[ is defined by the following
integral:

G (fCX)) = S™ [ €™ f(x)dx = Fpp (5)
Such that the integral is convergent, s is positive constant.

2.2 Examples:

1'Gmn(1) =Sm J‘OOO e—snx dxs™ x
—s™x
S

©_5" - _S" _ em-n
0__5-11(0 (1)) Sn_S

_ ST _snx
_S'Tl

2'Gmn(eax) =S fooo e—snx eM*dx = S™ f0°° e‘(sn—a)x dx

_ sm o—(S"-a)x |00 _ sm
—(S™-a) 0 St—a

co
—qm (® ,-s"x —qm [ o | 57
3-Gmn(x) =S™ [, ™ Fxdx=S [sn Xe = ome ;

1
Grn(x) =S™ (STn) = §m—2n

o _n e & _gn 1 _en 2 _enx]®
4_Gmn(x2)=smf0 e S ¥x2dx = §™ [S_nXZe st Ly g5 _ 2, Sx]
0

s2n s3n

2
Gmn(x) = Sm (SE) = ZSm_3n

2.3 Proposition:

g-transformation satisfies the linear property, that is

Gmn(af(x) t+ bg(x)) = aGmn(f(x)) t men(g(x))

Where a,b are constants and f(x),g(x) are functions defined on [0, oo].

Proof:
Gnn(af ) £bg (1) = 5™ | e (af () £ bg()) dx
0
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=S™ [, e Faf(x)dx £ S™ [ e *bg(x) dx
= qS™ fooo e™5"* f(x) dx + bS™ fooo e™5"* g(x) dx

Gmn(af(x) T bg(x)) = aGmn(f(x)) + men(g(x))

2.4 Table for g-transformation for selected functions

- Gn(F00) = 5™ J;7 €™ 0k = Py ()
I I —

.
.-
4 Sinh(ax)
" —a)(S™"+a)
Cosh(ax) sm+n
—a)(S™"+a)

2.5 Proposition:

Poof:

Let y=s"x > x =s""y »>dx =s"dy

o

_r _r
Gmn (x k) = Sm.f e Y (s™y) ks 'dy

0
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T km-n(k-r) (* r
Gmn(x k)=S k f y ke Ydy
0

r km-n(k-1) T

Gon (x7F) =85 (1 =1

2.6 Corollary:

1 km—n(k-1) 1
Gon (x k) =S & I(l-7

Proof:

The proof complete by using Proposition and take r=1.

2.7 Example:

If L(f(x)) denotes to the Laplace transformation of a function f(x), then we can compute

L (x _%) by using Corollary( 2.6) with take k=2.

_L _1 0-(2-1) 1 11 _1 _1 T
L(x 2)=G01<x z):s 2 r(1——)=s 2F<—)L<x z>=s 2\ = S

2.8 Proposition:

Given

FON _ L a _
Gm1<x+a =sMe jt e YFp()dt , m=0,12,..

Such that F,,;(t) = G,,; (f(x))

Proof:
d
Let D= E
f(x)
D—a)G
( ) mil (x +a
(OO [ @) [ oS
X — X/ (X X
= msm‘lj e"sxf—dx+smj e~s¥ f dx—asmj e‘sxf—dx
x+a xX+a x+a
0 0 0
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m f(x)
= ?Grm (x n a) — G (f (X))

(D —(a+ ?)) Gm1 (f(x) ) = —Fp1(s)

x+a

sMeasp (S—me—asGml (f(x) )) = _F,.(s)

x+a

D (s‘me‘aSGml (3]:521)) =—s Me ¥F,1(s)

By integrating both sides we get:

x+a

sTMe %G, (f(x)) = —f t™Me F, (t)dt

x+a

G (Lx)) = s‘me‘asf t™Me " MF,,(t)dt

2.9 Proposition:

The g-transformation of the Heaviside unit step function :

. < n
Ho - o= {07 5 s Gua(H(x— ) = smmes"a

)

Proof:

o)

G (H(x — a)) = Smf e S"* H(x — a)dx

0

=sm foa e™S"¥ 0 dx + S™ faoo e™s"* (1)dx

(0le] sm

_Sn

m
— S —s"x

a sn

2.10 Proposition:

1) G (f (x + @) = €54 (Fn(s) — S™ f, e~"t (Dt
2) G (6™ f (x)) = s™F(s™ —a) , F(s)=L(f(x))

Proof:

_gn —y N
=2_p—s"a — gm-ng—s"a
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1) G (f (x + @) = S™ fooo e "™ f(x + a)dx
Putting u=x+a >x=u—a —-dx=du
G (f (x + @)) = S™ [~ ™" £ (u)du
= Smes"e [ e=S"¥ f(u)du
= Smes"e([ 7 e~ f(Wdu — [ e f(w)du)

n © _n n a _.n
= S™MeS afo e 5" f(u)du — S™e* afo e 5" f(u)du
a

= e () = 5™ [ =™ fdw)

0

= 5" (Fpp(s) — S™ f ae—S"t f(®)dt)

0
2 (e f (1)) = S™ [ ™" e f()dx = S™ [7 e X" f(x) dx

=s"L(f(x))(s"—a) =s"F(s"—a)

2.11 Proposition:

1'Gmn(f,(x)) = S" Gy (F(x)) - S™£(0)
2-Gn (f"" (%)) = S*" Gy (£(x))= S™[S™(0) + £'(0)]

3-Gmn (f(") (x)) = Sk G, (f(x)) = ST T k-1 sk=i=Dn () (@)

Proof:

LG (f' () = S™ [ €™ f'(x)dx
Gun(F/G0) = SIFQIe 7 457 [ e FGa
0

Grn(f' (%)) = =S™£(0) + S™ G (f(X)) = S™ G (F(X)) - S™£(0)

2-By replace f' to f in (1) we get:
Gmn(f”(x)) =S5" Gmn(f’(x)) - Smf'(O)

By using (1) we get
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G (f" (%)) = S™ [S™ G (F(x)) - S™(0)] - S™F(0)

Grn (' (%)) = 2" Gy (f(x))- S™H(0) - S™f'(0)

Grnn (f' (X)) = 2" G (£00)) - S™[S™(0) + £(0)]

-G (@) = S G (FC9)) - S™ B 507 £O(0)
To prove that we using mathematical induction

First:

If r=1 then by using (1) the proof completed.

Second:

We suppose that (3) is true when r=k, i.e.

k-1

Grmn (f(k)(x)) = gkn Gn (f(x)) - S™ Z gk—i-1n f(i)(o)
i=0

Third:
Let r=k+1

G (f(k+1)(x)) —gm f0°° e=5"x flrD)qy
By using partition method we get:

Gmn (f(k“)(x)) =sm [e‘sn"f(")(x)|:0 L N f(k)dx]

= =S"F9(0) + S"Gymn (F P ()
— _Sm]c(k) (0) + Sn[skn Gmn(f(x))‘ gm {yz—ols(k—i—l)n f(i)(O)]

— S(k+1)n Gmn(f(x))‘ gm Z{yzos(k+1—i—1)n f(i) (O)

(k+1)-1
— S(k+1)n Gmn(f(x))_ gm Z S(k+1—i—1)n f(l)(o)

i=0
Thus (4) is true at r=k+1

Therefore (4) is true for all positive integer number r.

2.12 Example:
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Find the solution of the following equation by using g-transformation such that n=m:

y'(¥) =2y'()+1=0,y(0) = y'(0) = 0
By taking g-transformation for the equation we get:

SznGnn(y) —25"Gpp(y) +1=0

6o 11,115
V= men 2y 2% T4 asn—2
()_1 L1l

YH) =X T ™y

2.13 Definition:

Let By = Gpn (f (x)) then the inverse of g-transformation denoted by:
Grn () = f (%)
Where G,z  returns the transform to the original function.
2.14 Remark:
If Frp = Gun(F1(%)), B2y = Gun(Fo (X)), ..., Ffn = G (F(x)) and Ay, A, ..., Ay € R then:
Gorn (A Py + AgFfy + -+ + AgEfy) = AiFy(x) + ApFp(x) + - + AgF (%)
2.15 Definition [3]:

Let f(x),g(x) be a functions defined on R*, then The convolution of the functions f(x),g(x) ,
is given as following:

(f ) (@) = f f)g(z - v)dv
0

2.16 Theorem:

Let £(x),g(x) be a functions defined on R* then g-transformation of the convolution (f*g) is
given as the following:

Gmn((f * g)(x)) =sm mn(f(x))-Gmn(g(x))

Proof:
Gn(£ ). Gun (960) = 5™ | €™ 1) (S™ [ =™ gday)
0 0
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=5 [ [ e gty dz
s Jo
Take x=z+y ,dy=dx
= g2m f f e 5"* f(z)g(x — z)dx dz
0 z
Since g(x-z)=0 for all x < z then:
= Ssz J e 5" f(z)g(x — z)dx dz
s Jo
By change the order of integration we get:

Gun(£00). Grun(960) = 577 [ [~ e adg(x ~ 2)dn
0
0

= g2m I (foxe‘snx f(z)g(x — Z)dz) dx = S?™ jo <e‘$nx J:f(z)g(x — z)dz) dx

[oe)

B Ssz ™" (f % g)(x) dx = ST Grn ((f * 9) (X))

0

Therefore

Grn((f * 9) () = ST G (F (). G (9 (X))

2.17 Example:
6s% 2 3s?
G|l )=06x (s —
s¥*+9 sT4s%+9

_ o1 2 -1 3s* — 22 4
= G,y (ST“)*GZZ -y = x* * sin(3x)

2.18 Example:

Gi£(12s™) = G (s71.6573.25171)
4

x
=G 2stT™) «G(6s73) =x3%2 = 5
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3. The duality between g-transformation and other transformation:

3.1 Definition [3]:

The Laplace transformation of the real function f(x) , x > 0 , is defined as following:

L(f(x) = J; e™* f(x)dx

3.2 Definition [8]:

The Laplace-Carson transformation of the real function f(x) , x > 0 , is defined as following:

o

Le(f () = s f e~5% f(x)dx
0

3.3 Definition [4]:

The Sumudu transformation of the real function f(x) , x > 0 , is defined as following:

oo

1 1
SU) =+ f e 5 f(x)dx

0

From the definitions of the different integral transformation , we show the dualities among
the (Laplace transformation, Laplace-Carson transformation, Sumudu transformation and
g- transformation, we explain it as the following:

3.4 (The duality of g- transformation and Laplace transformation):

L(f (%)) = Go1 (f ()

3.5 (The duality of g- transformation and Laplace-Carson transformation):

Lc(f(x)) = G11(f(x))

3.6 (The duality of g- transformation and Sumudu transformation):

S(f(x)) =G_1-1(f(x))
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