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Abstract

In this paper we introduced a new asymptotic solution of system of singularly perturbed difference
equations with quadratic small parameter . We study a behavior of asymptotic solution with certain cases ,
also we constructed the general solution of this problem. We obtained a formula for the terms of expansion
solution, finally illustrated examples are given in this paper.
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I. Introduction

many studies that related with our subject in this paper like [1,2,3,4,5] but all these studies
take on state , that is the problem contains one parameter of power one , in this paper we will
study a singular perturbed difference equations with quadratic parameter and we will introduce
formula of asymptotic solution as following:

N
x(n, &) = Z e %, ((n)
i,j=0
N
o) = Y g,
{j=0

We will study the relation between the eigenvalues of matrices and the solution of a
system of singular perturbed difference equations and we will find the estimation of the
asymptotic solution of system.
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Il. View Problem:
Consider the system:

ex(n+ 1) = ax(n) + by(n) }
<Sns<N—-1......
g2y(n+1) = cx(n) +dy(n)) ’ OsnsN-1 D
x(0) = xo}
y(0) =y, (2)
Such that a,b,c,d are constants, where ¢ > 0 is small parameter.
We can describe this system by using the matrices as following:
ZMH 1) = AZ(N) cev s v e et e et e e e e vt e e e e e e e (3)
Where
a b
_ [x(m) — _ [%o
2.5 72

&

I1l. The asymptotic solution of the problem:

The asymptotic expansion for the solution of problem (1),(2) will be constructed as

type:
x(n, &) = x(n,€)
y(n’ £) = _’)_/(Tl, 8)} .. (4)
N
f(n, 8) = gtz fi,'(n)
N
y(ne) = Z e*H 5, :(n)
i,j=0

By substituting the expansoin (4) in the equations (1,2) and equating coefficients which
the same power of € we can determine the coffcients of series (4). In partcular, the system for
finding x o, ¥0,0 coincides with a degenrate system of the system (1) (at £=0).

The remaining coefficients of the expansion (4) are found from the following
expressions :

2i+j+1 2i+j+1
== ==
D =a ) e o®+b D Vigaen-(5)
k=0 k=0
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2i+j+2 2i+j+1
=== ===
yiin+1)=c z Xk, j-2(k-i-1)(M) +d 2 Vie,j—2(k—i=1) (1) we e oo (6)

V. Estimate of e terms of internal expansion:

4.1.Definition:

The system (3) can rewritten as :

z(n+1) =Az(n)

a b
_ [x(n) e e|l_lrea epy_1
Z(n)_[y(n) ’ c d _gz[c d]_ng’
g2 g2
where B = [eca é;]

We note that the exact solution of a system (3) is:
(n)=A4" (0)—LB” 0
z(n) = A"z = z(0)

Therefore our estimate will be about a matrix B.

Without loss of generality we suppose that a=d, we will study the cases of eigenvalues of
matrix B.

Suppose that «, § are eigenvalues of B such that:

a_(e+1)+\/(8+1)2—4e(1—%)

a= > I (7))

a—(£+1)—\/(£+1)2—4£(1—%)

According values of b and ¢ we will study the following cases:
1) a,p aredistinct real numbers

In this case we can get the following relations:
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a) bc>0 ,e>0
b) bc=0 ,e>1
2) a=p

In this case we get :

bc=0and e =1

3) a,B are complex numbers

We note that the real part of a, 8 is:

a(l+¢) as

2 <1+s
Ia[(£+1)+\/(£+1)2—48(1—%)|| a(1+6)
la| = > >

2 2

al(s+1)—\/(s+1)2—48(1—%)|
2

2ea? (1 — %) ga (

al(s+1)+\/(e+1)2—48(1—%)|
£

such that R =

e+ 1)

4.2 Proposition:

The solution of the system

z(n+1) =Az(n)

_x(m) .
Z(n) = [y(n) , iz a £2

are eigenvalues of B which given in (7) and (8) is:

b
A _ 1 &a eb _ 1 _[ea ¢€b
al= - d]—ng,whereB—[c d]andthata,ﬁ

info@journalofbabylon.com | jub@itnet.uobabylon.edu.iq | www.journalofbabylon.com

Electronic ISSN: 2312-8135 | Print ISSN: 1992-0652
Main Campus, Al-Najaf St., Babil, Al-Hilla, 51002, P.O. Box: 4, Iraq

Page | 39


mailto:info@journalofbabylon.com
mailto:jub@itnet.uobabylon.edu.iq
https://www.journalofbabylon.com/index.php/JUB/issue/archive

JOURNAL OF UNIVERSITY OF BABYLON

ARTICIF

. . *} Em Crossref d
For Pure and Applied Sciences guspas) ‘

Vol.29; No.2. May-August | 2021

z(n)
[ [ea-d) - B-d) (@-d)(B-DE"-aM)]
1 a—p c(a—B) O
= c(a" = Bm) cB" (o = d) - ca"(ﬁ d>] [Y(o> ' s
a—p
_ ) no1 2-na?-2(1- n)a + nd2
<a2n (n+ 1a—nd c d)hy% a=pBb+0andc+#0,
1-n)a+n
x(0) _ _ _
][(0) a=B,b=00rc=0.
Proof:
Since z(n) = A" ;Eg% and A = SlZB thus the proof is complete if we compute B™ .
1) If a # [ then be using the diagonalizable methods we have:
1 1 |[a—d (a —d)(B —ad)
a—p c(B—a)
P = , Priges ,
1 i B—d (a—d)(ﬂ—d)J
4’8 B—a ~ c@-p
a 0 a™ 0
D= oy
0 B Qg@s"
Now , by application the equation
B™ = pp"p~!
We get :
a"@—d) - pr(B-d) (a—d)(B-d)(B"—a™)
B" = a— B C((Z - ﬁ)
c(a™ = B") cf"(a—d) —ca™(B —d)
a—p a—p
Therefore
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[a"(a -d)—-p"B-d) (a—-d)P-d)(B" - an)]
1

An:iBle_I (l—,B C(C{—ﬁ) I
g2n g2n | c(a™— ™) cf™(a—d) —ca™(f —d)]|
a—p a—pf
2) If a = then be using the Jordan form method we have:
[ 2 ] _ _ —4¢ebc
| 1 ~—a | " c 2(x—4d) a ——
P=| L == . J=| (a-d
[ ¢ < J “lec@a=—d) (a—ad)?
a—d (a-—d)? 0 a

Now , we have two cases as the following:

)} If b=0andc+0
nan—l
]Tl —
an

We get :

ol P]nP—l

(2—-n)a? —-2(1 —n)a + nd? N 2a
c c(a—4d)
nc 1-n)a+n

B = gn-1 (n+1Da—nd

Therefore

(2—-n)a? - 2(1 —n)a + nd? 2a
T og2n T og2n ¢ C(a - d)
nc 1-na+n

i) If b=0andc=0

An_iBn_an_l (n+ 1a —nd

a 0 a™ 0 1 0 1 0
] = , ]Tl = , P = ,P_1 =
0 «a 0 a" 0 1 0 1
a® 0
B" =
0 a"
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Therefore
a™ 0
R
£2n 8211
0 a™
4.3 Example:

Consider the system of singular perturbed difference equations:

ex(n+1)=ym)
ey(n+1) = x(n)}

Also we can describe by using the matrices as following:

z(n+1) = Az(n)

1
_[x(m) _Og_iOe_i _[0 €
Z(n)_[y(n) , A= ==l ()]—EZB,whereB—[1 O]and a, B are
82
eigenvalues of B such that:
a =g B =—e
we note that:
1 Ve
Lo N | VE 0 COLE
P=11 1,P_1= , D= ,D™" =
— 1 e n
Ve Ve 5 o 0 —e 0 (=Ve)

Now , by application the equation B = PD"P~1
(\/E)n_'_(_\/g)n (\/E)n+1+(_\/g)n+1

2 2
Weget: B™ =
Vol +(=VarTt  (JO+ (Ve
2 2
(\/E)n+(_\/g)n (\/E)n+1+(_\/§)n+1
1 1 2 2
Therefore A" = —B" = —
’ B (O T G0 L O e GV
2 2
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4.4 Theorem:

IfA =

g2 c

a b
: Elz c[° Eb] B ,where B = |* 8:] which given in (1) and let

g2 g2
a, 8 be the eigenvalues of B such that:

_ae+ 1D+ \/az(e + 1)2 — 4e(a? — bc) g - a(e+1) —\/az(e + 1)2 — 4e(a? — bc)

2 B 2
Then
I(B — Blyx2)DIl < eM
where D = [0 1] N CIl = X2;-4|cij| stands for the norm of the matrix C .
Proof:

We note that

- prp=["0 2]

Now we will search on boundedness the elements of this matrix.

¢ NeRna

= |ale

__ |a(e=1)—y/a?(e-1)2+4ebc
ja — B| = [l

Put A = i then we have if - 0 then 1 —» oo, thus

(1 -2) = =212+ 4bc
}1m > = 4bc

Now we have the following cases:

1) If bc > 0 then ﬁ"’”‘W <M

Therefore |a — B| < |aleM < eM; ,where M; = |a|M.
Similarly we can proof that |e(ea — B)| < eM,
Thus by taking M = M; + M, + |b| + |c| we get:

I(B = Bl2x2)D|l < eM
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2) If bc > 0 then we can use the same method to get the result.

3) If bc =0 then ﬁzw

Na >0
1)e>1 - B=a—- (eca—p)<ac
12)e<1 »B=ea—- (ca—B)=0<a
Ma <0
Nl)e>1 »B=¢ca—-» (ca—p)=0<c¢
12)e<1 »B=a- (eca—p)=lal(1—-¢)<|al
Thus we can take M = |c| + |b| + |a| to get that:
I(B = Blx2)DIl < eM

Therefore the proof is complete.
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