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ABSTRACT

We propose a fractional spline method for solving fractional differential equations subject to initial
conditions. Using the Caputo fractional integral and derivative have to construct the spline interpolation
with polynomial coefficients. For the given spline function, error bounds were studied and a stability
analysis was completed. The numerical explanation for the provided method was considered using three
examples. The results show that the fractional spline function which interpolates data is productive and
profitable in solving unique problems.
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INTRODUCTION

Spline functions can be applied to numerical solutions of ordinary partial differential
equations and integral equations as well as lacunary interpolation, interpolation and data fitting.[1]
Initial value problems occur in many fields of sciences and engineering and therefore a numerical
solution is needed rather than an analytical one. (See [2], [3] and [4]) Various spline functions
have been used previously by authors as a solution for initial value problems. This paper further
develops these ideas in order to solve fractional initial value problems. A spline is a particular
function defined piecewise using polynomials in mathematics. Spline interpolation is generally
preferred to polynomial interpolation in interpolating problems because it provides similar results
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even when using low degree polynomials while avoiding Rung’s effect for higher degrees.
Fractional derivative with Caputo and Reimann-Liouville formula is a derivative of any noninteger
order, real or complex, are valuable for modeling dynamic phenomena science and technology
fields. However, for some difficult the fractional differential equations cannot provide results.
Therefore, instead of fractional order methods, analytical or numerical methods are used to obtain
the best approximations, see[5, 7 and 8].

The current article can be considered to repeat the constructed spline polynomial in the
first section, the error bounded in the second section, and stability analysis in the third section. The
third section, which presents the collations of our numerical results with exact solutions, has been
studied. This section shows the results and conclusions of the study. (See [1], [9], [10], and [11])

7
A new type of class Cz- Approximation method with the lacunary spline is constructed and used
to find a numerical solution to a fractional initial value problems see [5, 6].

DC@Dy(x) + D@y(x) = f(x,¥),x € [0,1] 1)

2. Preliminaries and assumptions

There are various definitions of fractional derivative and Taylor's Theorem, which we used in
our work, will be presented in this section. Fractional derivatives are defined in different of
methods, the most common of which are the Riemann-Liouville and Caputo derivatives (see [6, 7
and 8]).

Definition 2.1:[6, 7|Suppose that A > 0,x > b, A, b, x € R. Then the Caputo fractional derivative
of order A > 0 is defined by the following fractional operator

1 fx g™ )
Dig(x) =@M b (x—t)A+1-n

m

;—ng(x),)t =nneEN.

ds,n—1<A<n,n€N,

Definition 2.2: [6,7] Suppose thatA > 0,x > b,A,b,x € R. Then the Riemann-Liouville
fractional derivative of order @ > 0 is defined by the following fractional operator

1 d™m x g
F(n-A)dx"’b (x—t)A+1-n

ds,n—1<A1<n,né€N,

dx—ng(x), forA =n,n €N.

Definition 2.3:[5] Suppose that DG (x) € C[a,b] forz =10,1,...,n+ 1and 0 < A < 1 then we
have the Taylor series expansion about x = t

(x) _ym (x__[)il Di/1 (T) + (Dt(ZTH-l)Ag)(f) (x _ ‘[,')(n+1)l with a < f <x
9 1=0 r(ia+1) @ 9 I'((n+1)A+1) ==

for all x € [a, b] where DZ* = D} - D} ... D} (z times ).
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3. Theoretical of the spline method

In this section, construct the fractional spline model for solving the FDESs; by spline function with
the coefficients fractional polynomial, stability and error bounds must be regarded with respect the
following theorems.

Theorem 3.1:

3 1
Given the real numbers D@s;,j = 0,1, N, s, D@sy(x) and DDs(x) , then there exist a
unique spline s(x) € S (n2) Such that

Tl,z

1 1
D@s(xy) = D@ f(xp), DDs(x) = DD f(x0)
D@s;(x) = D@Ff(x), j=01,..,n anda =2 )
] _] 7 It AL 2
. 1
D(“)S(x]-) = D(“)f(xj) ,Where j=0,1,..,n,a= >
Proof:

The spline function with fractional polynomial s(x) € S (n, %) in the interval (0,1], we developed
the construction spline function from [1, 12, 13], as follows:

3
2

s(x) = A(x)S; + B(x)(x — xj)%DG)SjH(x) +C(x)(x — xj)gD( )Sj+1(x) + (x —
%)?[D(x)DPS;(x) + E(x)DPDS; 1 ()] + F(x) (x — xj)30(3)5j+1(x)

Where
Alx) =1
N3
B(x)=—x
2
_\/— 4 3
C(x)=Tnx+ﬁx2 (3)
5 7
D( )_nx %+4x2 8x2
V=g T T s T 35
_ (-3m+8 sm-g\ a2 axs  exz
E@) = (T57)x+ (G0)x + 5 - 450
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3 5 7
2x2 16x2 16x2

F(x) =—=- +
( ) 3vVm 15Vm 35Vm

xj +tAh ,0 <t < 1, h is the step size and Abe a constant, with the same expression for s(x) in

7 5 5
[x;_1,x;]- Since s(x) € €z and s(x;*) = s(x;7)to DPs(x;*) = D@ s(x;7) respectively, for j =
0,1,2, ..., N, leads to the following linear system of equations:

5 3 3 1

6V (2—/mmhzA2 3mh2 > 6Vmh?

Sj:< ( 53 )§>Si—1+< 53 ;)5;'2-1+< 55— St
2(6V/m—3mh2A2+8h312) 6\Vm—3mh212+8h312 6\m—3mh212+8h312

3

7 7 2 5

( Vr(6mh3-16hz+3mh* >s" n <280nh2+1120nh4—2240h4+420nh2—1120nh580h4+384nh6 )S;

5 3 i—1 i
n(6vT—3mh2A2+8h312)

5 3 3
70m(6+/T—3mh2A2+8h312)

3 53 7 5 3 3

1 [Th2 27 +3TThZAZ+4hZ A3 —4h% 13 312-2h312

= —3vVmh“A2+3vVmh2A24+4h21°—-4h*A 2h2A2-2h>A2
hD(z)Sj = ( >sj_1 - <—> -

3WVr VT
3 93 S 7
3nVmh*A2-3n\Vmh2A24+4wh2+8mh2 S
6m\T J—1

sj% (h3/1% - h%)é) Sj_q —

23 3 Z Z 2 11\ s
(48nh2/12—48nh5/12—45m/Eh3+120\/Eh3+180m/Eh2—360\/Eh2+240\/Eh4—225m/5h2+90m/Eh 2 ) 52
90V '

73 3 3 73 3 53 1 1
—3m\Vmh2zA2-12\rh?124+4h312-16h2A2—3nVmh2 2mh?-8h2A2+m\Th2 >

hD(1)5‘= 3 3 3 Sj—1— 3 3 5 |s?
] 33 3 - 33 3
3(2m+nVTh2AZ—4+y/Th22) 2m+m\Th2AZ—4+y/Th2 22

7 3 3 5
3mVmh2zA2—12\mh*A24+8wh%-48h2+12h3 \ ,,

33 3 Sj-17
6<2n+nﬁh2/12—4\/5h2/12>
3 23 5 7 5
(16n2h4/‘12—64nh2,12+40m/5h2+240n\/Eh3—48\/Eh3+120n\/Eh2—4oom/Eh4+19zm/Eh5) 52 (6)
33 3 j—1
30m(2n+nVmhzAz—4ymh212) J
s z 3 4 5
2n(De — _ 3h2—-2h2 "o —4h°+4h 2
h*D¥S; = ( 351 T3y S (7)
1-3hZ+2h2 \/E<1—3h2+2h2>
5 (E) 6\/Ehg—6\/ﬁh% >
hzD\2)S; = | —=—— | s} i=1,..,N 8
j ovmh—aym ) Si-17] T e 8)

The proof of the theorem completed,

Hint: From the above theorem we can prove that the model of the spline method are existence and
unique. Moreover, the following theorems can be used to demonstrate that the convergence
analysis of the spline method construction is correct.
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Theorem 3.2: [12-13] let f € C?™[0, h]be the unique Hermite interpolation polynomial of
degree 2n — 1that matches f and its first n — 1 derivatives f" at 0 and h, and p,,,_,be the unique
Hermite interpolation polynomial of degree 2n — 1 that matches f and its first n — 1 derivatives
f"at0and h. Then

R [x(h—-)]"""w

|e(r)|S—,rzO,l,...,n,OSxSh 9)
r!(2n-2r)!

Where

|e®] = |£7(0) = pS), ()| and w = maxoyen |F ().

The bounds in (9) are the best possible for only r = 0. (10)

1 3
Theorem 3.3: Assume that s(x) be the fractional spline defined in Theorem 3.1, 0% f, D@f €
7
C2[0,1] and that DO £(0) = 0,j = 1,2 then for any x € [0,1] we have [D®s(x) — D@ f(x)| <
h_zfa
2Vm
Proof: (See [1])

4.Stability Analysis
The given methods (4), (5), (6), (7) and (8) are being studied for evaluating its stability analysis
and providing the method to test the equation.

3 3
Y& ) = Ly, € R y(x) = y0,¥'(x) = ¥’ (11)
Can be written as the following linear system

S] = DSj—l;j = 1, ,N

S ] [ Sj-1
D(%)sj D(%)s]-_l
Where 5; = | D®s;[,5,_; = |DWs;_; | and
p@s, pDs,
_D(;)Sj_ D(g)sj_l_

al a2 a3 a4 a5
/b’l Bz B3 B4 PB5
D=|y1l y2 0 3 y4 (12)
0 0 0 01 62
0 0 0 0 €1

Where
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3

I 6vVT(2— \/—thZ) 3mh2 6vTh?
£ al=( ), a2 = ( 53 7). a3 =( 53 7)
2(6Vm— 3nhz,12+8h3/12) 6VT—3mTh212+8h312 6\mr—3mwh212+8h312
“7: x/_(67th3—16h2+37th) 2807rh%+11207Th4—2240h4+420nh% 11201Th5+3847rh6
L ad = ( —3 ) And a5 = ( =3 )
L n(6x/ﬁ—3nh5)lf+8h3lz) 70m(6NT— 37Th2/12+8h3/12)
Y NG 2 N 53 233 423 23 3 7 3
—3vVmA2h“+3vVmh2A2+4h2A° —4h* A 2h2Az2-2h3 )lZ = Z,2
1= 2=—— 3 = —(h3Az — hzA2
N i ) B2 =~ (L gy )
'F R 3 Eha +amhs . 7
3nVmh*A2-3nvVmh2A2+4mwh2—-12h>+8mh2
L p4 =— And
Ex 6T
~E‘ 33 3 3 7 7 3 i1
: g5 = — 48mh2A2—-48mh5A2—451VTh3A2+120VTh3+180mVTh2—360VTTh2+240VTh* - 2251VTh2+90mVTTh 2
‘E a 9017
B 33 3 3 73 3 3 53 1
: __ ,—3nVmh2A2-12ymh?A2+4mth312-16h22+3VTTh2 _ ,2mh?A2-8h2AZ+m\/mh?2
rl=( 33 3 ) v2=—( 33 3
E 3<2n+nﬁhzzz—4ﬁh212) 2m+mmh2A2—-4\Th2 2
t 73 5
L _ 3mVmh222-12vmh*+8mh?+4mh?—-48h2+12mh?
& ¥3=—( 3 3 3 )
b 6<2n+nﬁhzlz—4ﬁh212)
1é 3 23 5 z
T va = <167t2h4/12—647th2/12+15m/§h2+2401T\/Eh3—480\/Eh3+120nﬁh2—400nﬁh4+192n\/ﬁh5)
- = 3 3 3
.[> 30m(2n+nyVmhzA2—4ymh?12)
E 2-2h3 o
3h2— 2h2 —4h3+4h* 6 h2 6 h2
f 1—3h2+2h2 \/—<1—3h2+2h2>

Theorem 4.1: The spline model with fractional equations of the system of equation (12) is stable.

Proof: Let the matrix D be a complex conjugate matrix, and|v;| < 1. The characteristic equation
will be stable as the characteristic polynomial [14], if all complex eigenvalues have negative real
parts.

Theorem 4.2: If D be a n x n Matrix with|l D |l,< 1, then the matrix (I — D) is invertible. In addition

1
oI = D), < 7

Proof: see [15]

Theorem 4.3: let D is non-singular if it has n independent columns, D ~exists, and Du = f has a
unique solution u.
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Proof: Since from linear system of the equation (12), we have a matrix D, if |D| # 0 then D™ is

exists and the system is unique solution by using the [16].

Theorem 4.4: The eigenvalues which satisfies the matrix D then there is necessary and a sufficient
condition D is convergence.

Proof: From the (theorem 3.1 [15]), the spectral radius of the matrix D is less than one, assume that
all the eigenvalues of D are distinct, and sufficiently|/1i| <1, then the matrix D is converges.

5. Numerical Results

The method is used to three numerical examples in this section is used to complete all calculations

three fractional initial value problems are considered in order to define the class C% of fractional
interpolation spline and verify the computational applicability of the given method. The
application of the outcome in such two parts demonstrates the usefulness of the proposed
technique. The tables 1, 2 and 3 are as follows.

1
2

The term e, e( ) and e™ represent the maximum magnitude errors |e(x)| = |s(x) —
y(x)|, |D(%)e(x)| = |D(%)s(x) - D(%)y(x)| ,A=1and|e'(x)| =|S'(x) — y'(x)| respectively.

Example 1: Consider the fractional differential equation as [17]
D2y(x) — x2DG/Dy(x) — VxDVDy(x) — x/3y(x) = 6vTx — ?x3 — X103y,
y(0)=y'(0)=00<x<1,

Table 1. Absolute error of S(x) and its derivative of example

h Is(x) — f(x)] |S(%) _ f(%) Is" = f'| Exact solution Approximation solution
0.001 | 1.9610x 10~11 1.9620x 1077 1.6010x 1075 | 1.7724x 107° 1.7920% 10~°
0.05 | 1.2209x 10~* 3.5270x 103 3.6273x 1072 | 2.2155x 1074 3.4365x 10~*
0.02 | 3.1230x 10°° 3.4816x 10~* 6.1017x 1073 | 1.4179x 1075 1.7302x 1075

0.1 | 1.9581x 1073 2.0829x 102 0.1337 1.7724x 1073 3.7306x 1073
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Example 2: Consider the following nonlinear FIVP as [1]

DEy(t) + y2(t) =

re) I 3r@)

7
t2

I'(4.5) I'(3.5)

5

tz +

r4) 3

I'(2.5)

with initial condition y(0) = 0,y’(0) = 0 and the exact solution is y(t) = t°> — 3t* + 2t3

Table 2. Absolute error of S(x) and its derivative of example 2.

h |s(x) — f ()] s(%) _ f@ Is" — | Exact solution Approximation solution
0.001 | 2.2062 x 1071 | 2.2089 x 1077 | 1.8017 x 10~° 1.99700 x 10~° | 2.0190 x 107°
0.05 | 1.1743x107* |3.4897x107% |3.6147 x 1072 2.3156 x 10™* 3.4899 x 10™*
002 | 3.3143x107% |3.7418x10™* | 6.5400x 1073 1.5523 x 1075 1.8837 x 1075
0.1 1.5704x 1073 | 1.7629 x 1072 | 0.119350 1.7100 x 1073 3.2804 x 1073

ISSN: 2312-8135 | Print ISSN: 1992-0652

Table 3. In comparison to the method of [1], the absolute error in Example 2 is shown.

h Our method Ref[1]
0.1 1.5704 x 1073 | 7.6 x 1073
0.02 3.3143x 107% | 1.5 x 1074
0.05 |1.1743x10™% |1.6x107*

Example 3: Consider the fractional differential equation as [5]

24
Ir4-a)

£3- 4 ﬁt‘*‘“ —y(t), 0 < a < 1,With the initial

condition y(0) = 0. The exact solution is y(t) = t* — §t3.

DUy(t) = t* -3 +

L n & o Lo o by A1 Ll amunl s 47y
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Table 4. Absolute error of S(x) and its derivative of example 3.

h |s(x) — f(x)] G _ f(%) Is" = f'] Exact solution | Approximation solution
0.001 | 5.5100 x 10712 | 55183 x 1078 4.500 x 107° —4.99 x1071°% | —5.0451 x 10710

0.05 2.7462 x 107> | 8.27190 x 10™* | 8.5983 x 1073 | —5.6250 x 107> | —8.3712 x 10~°

0.02 |8.10299x 1077 | 9.19284 x 10~> | 1.6050 X 1073 | —3.8400 X 107® | —4.65029 x 10~°

0.1 3.2618 x 10™* | 3.8049 x 1073 2.6718 x 1072 —4x107* ~7.2618 x 1074

Table 5. In comparison to the method of [5], the absolute error in Example 3 is shown.

h Our method Ref|5]

0.1 5.2901 x 1078 | 35.9352 x 10710
0.02 |[8.10299 % 1077 | 57.4963 x 10~°
0.001 | 5.5100 x 10712 | 35.9352 x 10~ 14
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Figure 1. Comparison of the solution obtained by the spline method with exact solution of

h=0.01, for example 1.
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Figure 3. Comparison of the solution obtained by the spline method with exact solution of
h=0.001, for example 3

6. Conclusions

The fractional spline interpolation function was proposed for solving fractional initial value
problems because the application of the spline function is rarely studied. The three examples show
that a given method can approximate the solution successfully; however a minimum step size h
should be used. The new presented method approximates the higher order derivative s as well as
giving an approximation to the solution of fractional initial value problems. In further, a spline
method is created based on the use of coefficient of the method and convergence.
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