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ABSTRACT

In this paper, we look into a group of fractional boundary value problem equations involving fractional derivative
fractional orders @ € (1,2] and t € (0, a], a € R* there are two boundary value criteria in this equation. The existence
and uniqueness solutions are obtained using the Banach fixed point theorem (Contraction mapping theorem) and the
Schauder fixed point theorem. based on the method of fractional integral and integral operator, our primary findings
are illustrated using examples.
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1. INTRODUCTION
When there is a limited support for interaction, the Regge issue occurs in the development

of quantum scattering. The S-wave radial Schrddinger equation in physics is essentially the
Sturm—Liouville equation on the semiaxis, which results following the separation of variables in
the three-dimensional Schrodinger equation with radial symmetric potential. (see Reference for
further information on the Regge problem).[1]):

—y" (6, ) + q()y(x, 1) = 22y(x, ). 1.1
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At x =0, with the boundary condition:  y(0,4) = 0. 1.2

Various models have been proposed, despite the fact that the sort of interaction in nuclear
physics is unknown. Regge claimed that the potential has limited support, and that the boundary
condition for a positive integer an is:

y'(a,A) — ily(a,A) = 0, 1.3
T. Regge, an Italian physicist, was the first to investigate this topic in[1][2], demonstrating
that the system of eigenfunctions in problem (1.1)-(1.3) was complete and studying the
asymptotic eigenvalues of this problem.

We investigate fractional boundary value problem solutions in this work. As previously
stated[1][3], The investigations of the Schrodinger operator with potential g compactly supported
on the interval on the half-axis R+. [0,a] is linked to the study of the Regge spectral problem on
this interval. This issue takes of the form

—DEy(x) + q(x)y(x) = 2p(x)y(x), x € [0,a], 1<a<?2 1.4
y(0) =0, y'(a) —idy(a) = 0. 1.5
Such that q(x),p(x) € L, [0,a],where L, [0, a] is the set of all integrable function
f(x) on[0,a] and 0 < m < f(x) <M < oo ,and a € (1,2] ,and A Is a spectral parameter

Fractional calculus is a strong tool for the purpose of describing the memory and inherited
features of different materials and procedures. [4], [5] It has applications in biology, chemistry,
viscoelasticity, anomalous diffusion, fluid mechanics, acoustics, control theory, as well as other
scientific and technical domains. Fractional differential equations were implicated in a family of
integro-differential equations with singularities in these applications.[6]

For fractional ordinary differential equations, the existence and uniqueness theorems were
introduced. [4], [7].

Several analytical or numerical approaches for solving fractional differential equations
were proposed previously, such as [5], [8], [9]

1.1. Preliminaries
We offer several definitions, lemmas, and theorems that are essential for our theorems in this

section.

Definition 1.1 [7]The Gamma function is defined by the integral formula
I(z)=[t"te tdt

The integral converges absolutely for Re(z) > 0.
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Definition 1.2 [10](Fractional Integral of Order a ) for every @ > 0 and a local integrable
function h(t), the right FI of order « is defined:

I'(a)

Alternately, the left FI can really be defined as follows:

u (u _ S)a—l
Jdfh(u) = f ——————h(s)ds, —o<a<u<®™
a

B ( )al
Iyh(u) = f a) ————h(s)ds, —o<u<h<o

The following examples are known for certain values of the a and b parameters:
e Riemanna =0, b = 4o

e Liouvillea =—o0,b =0

Properties 1.1 [10]If f(x) and h(x) are continuous functions a, b € R, and n,m > 0, then:

i) (I fO)) = 1 (Iaf () = 137" f (%)
i) I;}(af(x) + bh(x)) =al?f(x) + bl}h(x)

Definition1.3 [6](Fractional Derivative of Order ) for every a, and m = [a]| the The derivative
for order @ Riemann-Liouville is defined as follows:

m t
d | @=smpsas

a —
oDrh(t) = [(m—a)dt™),

Definition 1.4 [4], [6], [7], [10]Let « > 0, m = [a]. The Caputo derivative operator of order a
and f(t) be n —times differentiabl function, t > a is defined as

d
EDFR) = s j (1 — 5)m-a- 1( ds) h(s)ds
c . 1 u  h™(s)
Or EDER(u) = e J, asami ds

For a = 0, we introduce the notation:
CDEh(u) = °D%h(u)
Remark: the Fractional differential and integration operators is linear.

Let f(x), g(x) be two functions such that both ¢D&f(t), D& g(t) exist for a € [m —
1,m)anda,b € C.
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Then ©Dg(af(t) + bg(t)) = a’DEf(t) + b DZg(t)

The following is the relationship between the integration and differentiation of the Caputo
operator of order:
e Caputo derivative of the fractional integral is

“Dggf(w) = f(w)

e fractional integral of the Caputo derivative is

IEC°DEf (W) = f(w) — Z G f(p)( )
From the above we got ¢DZ(I¢f (u)) # IZ( D& f (u))

Remark[7]: from the above definitions and properties we have The fractional derivative of
Caputo is not the same as the fractional derivative of (Riemann-Liouville). but their fractional
integral is equivalent

1.2. (The derivatives order a of Caputo and Riemann-Liouville are related.). [7], [10]

Letm € N,a € [m — 1,m). And let f(u) be a function such that *D§ f(u) and D§ f (u) exist.
The following is the relationship between the (R-L) and Caputo derivatives:

m—1 (u _ a)p_a
‘Dgf(u) =Dgf(uw) — Th+1-a)
p=0

f(p) (a)

1.3. The Laplace Transformation [9]
A function £ (t) is called original function if

1L.f(t)=0fort <O,

2. 1f(®)| < MeSot For t > 0 withM > 0,5, € R.

3. The function satisfies the Dirichlet requirements for any closed interval [a,b]: (a) is
bounded.

(b) Or it is continuous, or it has a finite number of first-order discontinuities, or it has a finite
number of extremes.

s € C, then the Laplace transformation (LT) defined as

PO =LIF@) = | et f(de
0
e Fractional Derivatives [9]

- The Laplace Transformation of Caputo FD is
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n-—1
LID“f (O] = s%F(s) = ) s« k=1£ (o)
k=0

* Inverse of the Laplace Transformation [9]

If £(t) is an origin function and F(s) = L{f(t)} the corresponding inverse Laplace transform is
1 y+it
f) =5 —lim f F(s)estdt = LY [F(s)], YER,i=vV—-1

y—it

1.4 Materials and Methods:

Lemma 1.1: [11]
The vector space C[e, d] Among the continuous complex-valued functions defined on a closed
interval[e, d] is Banach space with respect to the following norm

”vllc[e‘d] = MaXxele,d] lv(x)| ,v € Cle,d]
Lemma 1.2 [11]:
Let H and S be two normed spaces and T: H — S the operator T if there is an actual boundary,
it is said to be bounded.z such that ||Tx|| < z||x]||,x € H.
Lemma 1.3 :[12]
Let 8 > 0 and n = [B], then the solutions to the equation $DFh(t) = 0 is given by h(t) =
Co+ it + Cpt? + -+ ¢ t™ 1, where ¢c; € R,i = 0,1,2,...,n — 1 If we assume that, there are
some constants. h € C™[0, a], then I8 ngh(t) = h(t) + co + c1t + ct%2 + -+ + ¢, t" T for
some constantsc; e R,i =0,1,2,...,n—1
Lemmal.4 Lety(x) € C(0,a] with 1 < a < 2. Then the solution of the boundary value
problem (1.4)-(1.5) is

y@ 1
a al'(a)

1 x » ,
* mfo (x = )*(q(t) — A*p(®)y(D)dt

() = x j (@ - )% (q(®) — 22p(®))y(D)dt
0

1

Oor ykx)=x9+ @

Sy e = 0% (q(t) — 22p(D)y(t)dt

Where 9 = 22 — L [(q — £)a~1(q(t) — 2p())y(t)de

a al' (a)

Proof: The Fractional Boundary Value Problem given from equation 1.4 and 1.5 we have
=602y () + q(x) y(x) = P*p(x) y(x)
5Dy (x) = q()y(x) — p()y(x)
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Sincel <a <2 weget I* $DEy(x) = y(x) + co + ¢1x
— 176Dy (x) = 1*(q(x)y(x) — 2?p(x)y(x))
(@) + 6o+ e1x = 7 [ = "7 (a(®) — Pp(0)y (©)de *

Now to find cjand c;
From Boundary conditlons we have y(0) =0

S0 y(0) + ¢ + €1 (0) = == [ Cx = )7 (q(8) = 2p(®))y(D)dt

—cy=0
Putting x = a we get
y(@) +cia = —f (a=1)*(q@®) — 2*p(®)y(t)dt

r(a)
— & = 2 y(@) - 7= fia = 9 (a(® - 2p®)y()dt]

Substituting ¢, and c; in equation (*) we get

y(x) = x [y @ @ | @0 - Azp(w)y(t)dt]

r( )f (x — )" (q(®) - 22p(D))y(t)dt

—y(0) = 28 + 7= [ (= "7 (q(®) — p(D)y(B)de
Where 9 = X2 — —— [(a — £)71(q(6) — 22p(0) y(t)dt

1
alr(a)

Now, the fractional operator related to the fractional boundary value problem given by equation

l.4and 1.5

T:C[0,a] = C]O, a] Is

= Ty(0) = x9 + 15 Jy = %7 () = 2p(@®))y(D)dt
Where 9 = [X2 — —L_ [(q — )1 (q(t) — 2p(8))y(t)dt].

1
ar(a)

Lemma 1.5 Lety(x) € C(0,a] with 1 < a < 2 Then the solution of the boundary value
problem (1.4)-(1.5) is

y(x) = %a)fox(x )% (q(©) — 22p(®))y(t)dt + xmf (a —1—ila+ilt) (a—
£)*2(q(®) = 2*p(®))y(t)dt

Or y(x) = 15 Jy (x = 7 (4(&) = 2p(®)y (D)t + xw

Where o = m [ (@ =1 —ida+i2t) (a — )% 2(q(t) — 12p(6) )y(t)dt
Proof:

—6D2y(x) + q(0)y(x) = Pp(x)y(x); x€[0,a, 1<a<?

y(0) =0, y'(a) —ily(a) =0,
Now §D&y(x) = q(x)y(x) — 22p(x)y(x) = (q(x) — A*p(x))y(x)
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Take 1% for both sides we get

1%6Dgy(x) = I“(q(x) Ap(x))y(x)

y(@) + o+ erx = 15 [ (= D7 (q(8) = 2p(0)y (D)t
() = 75 Jy = 0% (q(0) = 22p(0)y(Ddt — ¢ — c1x
From the condition y(0) = 0

y(0) = ﬁf (0= (q(&) = A2p(1))y(t)dt — co — c1(0)

Socy=0

Now y (x) —ﬁf G =0 (q(6) = A2p(0)y(D)dt —cyx (%)
y'(x) = @ o do = 0772 (a(®) ~ 2p(®)y(®)dt — &1

y(a )—@f (a—t)“ 1(q(t) Pp®)y(®)dt — cia

ily(a) = p(t))y(t)dt — c,air

F( )
And y'(a) = 7= [ (a = )% Z(q(w — 22p(0)y(O)dt — ¢,
From second condltlon we have y'(a) = ily(a)

f (a - Z(q(o 2p(0)y(Odt — ¢,

r ( )
= Ta )f (a—0)*1(q(0 —Azp(t))y(t)dt — ¢ ail
— ¢ = caid = 7= [(a = %72 (9(6) = Zp(®)y®)dt — 5 [ (a = 7 (q(®) -
p(0))y(t)dt

—c F(a)(1 —aid) = foa((a —D(a—-0)*2—iMa-01)(q() — 12p@®))y(D)dt

— = mfoa(a —1—ila+iit) (a— t)“‘z(q(t) - lzp(t))Y(t)dt

Put ¢, in equation *x

y() = 75 Jy = 07 (g(©) = 22p(0)y(Ddt + x o ['(a — 1~ ida + i2t) (a ~
)**(q(®) = 2p®))y()dt

Now, the fractional operator related to the fractional boundary value problem given by equation
l4and 1.5

T:C[0,a] - C[0,a] Is Ty(x) = mf (x —)* 1 (q(6) — 2*p(0))y(D)dt + xw

Where w =

s )W l)f (a —1—ida+iAe) (a — ) 2(q(®) — 1?p(D))y()dt

Lemma 1.6 Let y(x) € C([0,a] with 1 < a < 2. then y(x) is a solution of the boundary value
problem (1.4)-(1.5) if and only if
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yx) = fo Hx 6)(q(6) — 2p(0)y(D)dt

Where

|{(X —t)e? N x(a —1—ila+iAt)(a —t)* 2
_) = I(@)(ail -1 , 0=
H(x,t) = gx(a —1—ila+ilt)(a—1t)*?

r(a)(ail — 1) ’

Proof: The boundary value problem is solved using the given lemma. 1.4 and 1.5 is

Y00 = 1 Jy o= 077 (9(0) = Pp(@®)y(O)dt + x re— (@ — 1 — ida + idt) (a —

) 2(q(t) — 22p(®))y(D)dt

S y(x) = %fo"(x — )% 1 (q(t) — 22p(®))y(t)dt + xmfox(a —1—ila+
iAt) (a — £)22(q(t) — A2p(1))y(t)dt + xm [i@—1—ira+idt) (a—

)*2(q(®) — 2*p(®))y(D)dt

—y(0) = [ (5L 4 MR BT () — p(0))y(D)dt +

I'(@) r(a)(aii-1)
a x(a—1-ida+idt)(a—t)* 2
J, r(a)(aiA-1) (q(® = 2*p(t))y(D)dt

— y(x) = [, Hx,0)(q(®) — 22p(t))y(Ddt

Definition 1.5 (Contraction). [13]A mapping T:E — E is called a contractionon E (E,d) is a
complete metric space, if there exist a positive real number h < 1 such that forall x,y € E

d(Tx, Ty) < hd(x,y)

Geometrically this means that any points x and y have images that are closer together than those

points x and y more precisely, the ratio d(Tx, Ty)/d(x,y) does not exceed a constant h which is

strictly less than 1.

Theorem 1.1, (Banach Fixed Point Theorem) [14]
If T:S — S is a contraction operator defined on a Banach space S then T has a unique fixed
pointinS.

Theorem 1.2 Existence and Uniqueness Theorem

Page | 87

ISSN: 2312-8135 | Print ISSN: 1992-0652

info@journalofbabylon.com | jub@itnet.uobabylon.edu.iq | www.journalofbabylon.com


mailto:info@journalofbabylon.com
mailto:jub@itnet.uobabylon.edu.iq
mailto:jub@itnet.uobabylon.edu.iq
https://www.journalofbabylon.com/index.php/JUB/issue/archive
https://www.journalofbabylon.com/index.php/JUB/issue/archive

OB A aun ol A i 1 e Lm0 B A A R & g o A U 1 L amad A 4 1o B A A B & g o A U B o I B 1A Bl i

JOURNAL OF UNIVERSITY OF BABYLON

nn"inlll Eor Du‘r’e cmol APP'ieA Sciences <JUBPAS) VOI'SO; NO.2.| 2022 '/

The Fractional Boundary Value Problem (FBVP) given by 1.4 and 1.5 has a unique solution if
a®M(1+|2?|)2a-a?+1)
(a—1)(|air-1Dr(a+1)

the condition is hold < 1 ; where D =

proof:
The operator — Ty(x) = ﬁf (x —)* 1 (q(t) — 22p(0))y(O)dt + xw
Where
w= ! f (¢ —1—ila+ilt) (a—)*2(q(t) — 2*p(D))y(D)dt
I'(@)(ail - 1) J, a PRE)Y
So we have

|Tu(x) — Tv(x)| = |r(a)(am 1)f (@ —1—ida+idt) (@ — )*2(q(t) — 2?2p(®))u(t)dt +
e )f (x —)* 1 (q(t) — 22p(t) Ju(t)dt — r(a)(aa 1)f (a —1—ila+ilt) (a—
0%72(q(6) = 2p(®)v(O)dt — 7= [ (x = %7 (q(6) = 22p(®))v(B)dt|

1—ida+iAt) (a— ) 2(q(t) — 2p(0)) (u(t) — v(t))dt

< [rama=m . -
= \F@laza=1nJ, @

1 (% )

* ‘I"(a)fo (x = )*7 (q(t) = Ap(1)) (u(t) — v(t))dt

| x| _ . . i
r(a)ucuA—n)f la — 1 — ida + iat] |(a — ©)*2[|q(t) — 22p(O)||u(t) — v(t)|dt

e )f |G = ) lq(t) = Pp®O)]u(®) —v(t)|dt
<mf la — 1 —ida + iAt] |(a — £)*72||q(t) — A2p(®)||u(t) — v(t)|dt +
i do 1@a— )% 1Il(q(t) 2p®)|(lu(®) - v(®O)dt
<mf la — 1 —ida+ iAt] |(a — £)*72]|q(t) — 22p(®)||u(t) — v(t)|dt +
ko la —t)“ 1Il(q(t) 2p®)|(u(®) - v(®O)Ddt

- r(a)(lam - 1|)j0 la — 1 —ida +idt] |(a — )*2||q(0) — Pp(D|u(®) — v(t)|dt

! -1
T OJ I(a — )71 |(q(t) = 22p(8))|lu(t) — v(t)|dt

a a _ . o
= T (@) (@il — 1|)j |(@ =1 —ida+irt)(a — )**[ (Ig®O] + [22[[p@®)Dllu — vl|dt

e )JK“— (g1 + A22[p@©Dllu — vlldt
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allu —vll . . a2 2
S Fl@air = 1|)f0 |(a — 1 —ida+iAt)(a —t)*=| (M + |A*|M)dt

Il — vl f (a— O (M + | 2|M)dt ,since q(x), p(x) € L, [0, a]

) I
<D (S 1 o
M(1+|22|) a a—2 (ala—1—ida+iAt) _
< vl (a0 (T v a ) a
<M(1+ |)LZ|) ”f (@ — )52 ala —2) N t it
- I'(a) (air—1) (ail—1)
M(1+12%))

S I “—f|( Il - f|t( — 2| dt
“ T @ TN Qaia—1p (A )

—M — a —_ £\a—-2 _ a-—2
=TT lu —vl| (ai 1I)f( t) dt+( e 1|)ft(a )22 dt

We solve the last integral in above equatlon by partial fraction and we get

__M(1+]2%]) _ a(@-2) - ~g-1ja _ _1 a-1ya _ __ 1 _ aja
= o = vll (52 (a - % g - )AL = ———(a = )%I5)
a*M(1+]22|)

1
B (lair-1D(a-1Dr(a) ”u - U” (2 —a+ ;)
_ a®M(1+|22))(2a-a?+1) llu = vl = QM (14]2%]) 2a—a?+1)
~ a(e-1(laiA-1Dr(a) u—vl|l = Py
Now |Tu(x) = Tv(x)| < Dllu = vllgpg 0
— MaAXyefo,q) | Tu(x) — Tv(X)| < Maxyejo D Ilu(x) — vl g 41

ITu —Tv|| < D|lu —

llu —v|| = Dllu —v||

v”C[O,a]

Where p = SMWHZN@a-a™4D) . o) o ypgp g # L

(a-1)(lair-1pr(a+1) ’ ai
Since D < 1 then T Using the Banach Fixed Point Theorem, is a contraction operator. T
possesses a singular fixed point, which is the singular solution to the fractional boundary value
issue provided by equation 1.4and 1.5 m
Definition 1.6: [15]An operator T: H — H is said to be compact if for each bounded sequence
?, € H, T(@,) has a convergent subsequence

Definition 1.7: [15]A sequence function f,, is said to be equicontinuous if for all € >
0 there exist § > 0, and for all x;,x, € D(f,,) such that |x, — x;| < § then

|fn(x2) — fu(x)| < e

Theorem1.3: [13] (Arzela Theorem) Every bounded equicontinuous function has a convergent
subsequence. (Every bounded equicontinuous Operator is Compact)
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Theorem 1.4 (Schauder Fixed Point Theorem)[13], [16]

Let B be a nonempty, convex, closed and bounded set in a Banach space E and let T: B — B be
a compact operator. Then T has at least one fixed point in B.

Theorem 1.5. If there exist real number K > 0, such that K = Er{a+1) And F = |aw|
r'(a+1)—a®M(1+]A2])

Then the fractional boundary value problem given by equations (1.4)-(1.5) has at least one
solution.

1.5 Examples
We'll show you some instances in this section

.Example 1.5.1: solve the fractional boundary value problem

3
DB + oy = Poy() s xe o]

y(0)=0, y' (1) —ily(1) =0
Solution: we have M = 1—10

By Existence and unigueness theorem the above fractional boundary value problem has solution

3
1+]22| _ 1svm a M(1+|22)@a-a?+1) _ 12751422257+ S(1+]2?))
form< . because @ Dlai1prard) — [ . 3 =137 =
= a-D(jair=1Dr(a+ G-1)aa-r(G+1) — z5ar(Gia-1
7 1+[A?| 7 15Vm 1

15V |id—1] 15V " 7

Now CDzy(x) +— y(x) = —izy(x) CDiy(x) =1 -2)y(x)

We prove it by Laplace transformation take Laplace for both sides we get

{CDzy(x)} = L{— (1 —2%)y(x)} By properties of Laplace we have
{CDZy(x)} = {s27(5) = 523(0) =57 ' (0)}
Now s7¥(s) — s2y(0) = 57 ¥'(0) = = (1 — 22)¥ (s)
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- (s% + %(}LZ - 1)) Y(s) = s_le’(O) , such that y'(0) = 0

3

-1
12 - 2
Y(s) =222 L y(s) =22 where g = y'(0) ,

Z+ta2_ 4+l 92_
52+10(A 1) 52+10(A 1)

32
Take Laplace inverse for both sides we get L™1(Y(s)) = L™! (#)

a4 L2_
sZ+10()l 1)

See [17]for inverse Laplace and related to Mittag-leffler we get

3
Soy(x) = gxEs, (110 1- /12)x5) ,Wwhere g is a constant and g = y'(0)
5

From second condition we have y'(1) —ily(1) = 0 - y'(1) = idy(1)

3
And the solution is y(x) = ¥'(0)xEs, (1—10 (1- ,12)x5)

Now ily(1) = idy'(0)Es . (= (1 — A?))and
iy(1) = il (0Ez, (35 (1~ 1)

3
y'(1) =y"(0)Es, (11—0 (1- Az)xi) , from properties of Mittag-leffler derivative

S0y'(0)Es (a-)= iy’ (0)Ez,, (za-)

y'(0) # 0 Since if y'(0) = 0 the solution is trivial

Es, (1—10 (1- ,12)) = iAEs, (11—0 (1- ;12))—> Es, (11—0 (1- /12)) — iAE:, (%0 (1- ,12)> =0

By using definition of Mittag-Leffler and open the summation we can find A

The above fractional Boundary value Problem has solution
y(x) = gxEs, (1—10 (1- Az)x%), A+1,-1,—i,

>
Example 1.5.2: solve the fractional boundary value problem

5
3

=603y () +7y(0) = 1A%y (x); x €[0,1]
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y(0)=0, Y@ —-iy(1)=0
Solution: we have M = %

By Existence and uniqueness theorem the above fractional boundary value problem has solution

2 2 a 2 2 31 2 5 25 14 2
ifM < s0r(3) because & M(1+2%))(2a-a?+1) _ _ 1351(1+|A |)(2.§—57+1) _ 14]22]
iA— - il— - 252 (2\ (17—

lia-1] 21 (a-1)(|lail-1])r (a+1) (C-1)aia-1pr(3+1) — 22r(%) lia-1]
u el

— - =1

sor(3)" 2

5 5
3 3

Now —§D3y(x) +7y(x) = 1 22y(x) = §D3y(x) = 1 (1 — 13)y(x)
See reference [10] page 55 said D%*y(t) = hy(t), where:n—1< a <n,
With the Boundary condition y®)(0) = b, b, €R, k =0,1,2,...,n — 1,

has the solution: y(t) = X328 bgt*Eg 41 (ht)

We know h =§(1—12), 1<a<2 y(0)=by,=0, y'(0)=b,
So the solution i =3 thekEs. (-2
o the solution is y(x) = Y=o S Dix Skt (Z( - )xs)
_ V1 k 1 27,2 — 1 2y,2 1 2v.2) —
y0) = Theo b Es,,, Ga-2x)= boFs (G -22x5) + byx'Es, Ga-12x)=
5
bixEs (+(1—A2)x3) ,A#1,—-1,—i
Bz, (3= 4)x3)
Example 1.5.3: solve the fractional boundary value problem
2 1 1
=60y () + 5y () = A%y (x); x € [0,1]

y(0)=0, y'(1)-4iy(1)=0

Solution: we have M = %
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By Existence and uniqueness theorem the above fractional boundary value problem has solution

1
. 1+[22|  32r(z
if L < & because
lid—1]| 51

4
aM(1+|2)2a—a?+1) _ 13i+H22DT D 4 51 32r(3)

(@=D(aid-1Dr(a+1) — 122r(I)jaia-11  —r(3) lia-1 " 32r(3) st

=1

4
3

4
Now —§D3y(x) +5y(x) = s 22y(x) = §D3y(x) = £ (1 = 22)y(x)

Take fractional integral for order g for both sides we get

4 4 4
& {%D;’y(x)} - £ (- D)

Now take Laplace transformation for both sides we get
Co Cq 1 2 4
V() +5+2 = (1 - ALLYON

By Convolution theorem see [10], [18]and [11]

We have Y(s) + % 4G = 102V
s2 S

4

8 S§

E
i
%
i
k
%
E By lemma 1.3 implies that y(x) + cox + ¢; = %(1 - AZ)Ig{y(x)}
’i‘
i
i_
i
k
%

SY() 422 - DY (9) = ~% -

W[ R

2
3 N

%)

2 1

4
Y(s) <s§ + é()tz - 1)> = —CyS 3 — (453

_2 1
3
Y(S) S Cos 3 €18

s,1..5 4 2
S3+§(A -1) S3+§(/‘l -1)

LY (s)} = _CoL_l{—4 ]— Y

s3+(22-1) s3+(22-1)

{i
E
.% Take inverse Laplace for both sides
|
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See [17]for inverse Laplace and related to Mittag-leffler we get
1 . 1 L 4
y(x) = —c()xE%2 3 ((1 —A )x3) — CIE%’1 (§ 1-2 )x3>
Example 1.5.4: solve the fractional boundary value problem
CD3y(x) +5 y(x) = —Azy(x) x €[0,1]
y(0) =0, y'(@)-2iy(1)=0
Solution: we have M = %

By Existence and uniqueness theorem the above fractional boundary value problem has solution if

4
14)22| _ 12r(3) because “MOHAZD@a-a?+y) 13.2(1+22 )7 1+]22| 17 12r(3)

= = _99 =1
lia-1] 17 (@-D(laid-1Dr(a+1) — 222r(3)laia-1]  5or(3) ia-1 " 12r(3) 17

Now —§D2y(x) + Ly() = L22y(0) ~§D3y(0) = (1 - )y

Take Laplace Transformation for both sides we get
4 4 1 -2
{CD3y<x>} = {53 - sy - 57y 0}
Implies that ng(s) — sgy(O) — s_?zy'(O) = 3(1 — AAY(s)
4 -2 1
s3Y(s) —s3y'(0) =51~ Y (s)

SY(5) 5 (1= )Y (5) = s 3Y'(0)

k k ,
2/ 4 _)Y(S)_ N k:)I(O)
s§<s§—%(1—)lz)) 52<1——(1 -A2)s3 )

k

5(1-2%)
4
s3

Y(s) =

Y(s) =

By using the geometric series ﬁ =1+u+u?+u+-;|ul <1, We obtain that:

s2

" 2a-12) | L2’ -2k | E(1-27)k
Y(S)_ W 52<1+9 4 +81 ] '“>—_+9 10 +81 14 -
1-—

s3 s3 s3 s3

s§

-2t A(1-22) kxS
= + 2 10 + & 14
ye) = e )

r(z) -

. k=1y'(0)
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Example 1.5.5: solve the fractional boundary value problem

3 3 3
—&D2y(x) — 0.4x2y(x) = 2120.4x2y(x); x €[0,1],a € (1,2]

y(0)=0, y'(1) —ily(1) = 0.
Solution: we have M = 0.4

By Existence and uniqueness theorem the above fractional boundary value problem has solution

3
.. 1+]22 15 apm(1+|22))a-a?+1 12.0.4) (%) 14|72 28 15
if L] 15VT e cause AoMUHRR)Ga—a ) o 2] VE_ g
lir—1] 28 (a-1)(lair-1Dr(a+1) E'E'EF(E) lil-1] — 15vVm 28

Now —gDéy(x) — O.4x%y(x) = /120.4x%y(x) - 8D§y(x) +0.4(1 + Az)x%y(x) =0
Now by power series method for solving Fractional derivative for fractional order «
See reference [19]said y(x) = (x — x0)* 1 ¥y a,(x — x0)™%, (a,, € R)
For x € (xo,xo + p) and a, is the Boundary condition. its solution for the fractional derivative

equation D%y(x) + p(x)y(x) =0,
3 3
Now we have §DZy(x) + 0.4(1 + A?)xzy(x) = 0

X

Around x, = 0
3 3
The solution is y(x) = 0.4(1 + 22)(x)z ' ¥%_,; a,(0.4(1 4+ A2)x)"™, (a, €ER)

1 3
—y(x) =041 +2)(x)2X>, a,(0.4(1+2®)x)"2, (a, ER)
If we want find the coefficients a,, we can in put y(x) in the above equation and find the

coefficients a,,.

Conclusion

In this work, Regge problem of fractional order has been studied. The Banach fixed point
theorem (contraction mapping theorem) and Schauder fixed point theorem has been applied to
Regge problem of fractional order. The results obtain that the Regge problem in 1.4 and 1.5 has
unique solution under a condition. The condition has been obtained with the operator that we
defined on the problem.
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