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ABSTRACT

The characteristics of eigenvalues, and their positions on the real axis are discussed in this article
for a fourth order eigenvalue problem with a spectral parameter in the boundary conditions. We have
demonstrated that our described problem has a unique solution, as well as, it is shown the characteristics of
eigenfunctions and their derivatives in the space L, (0,7) (1 < p < ).
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INTRODUCTION

The boundary value problems have attracted much attention and are considered one of the
important equations since it is used in different wide fields [1]. Boundary value problems are used
in applied mathematics, several branches of physics, engineering and chemistry [2]-[3]. The
boundary-value problems for ordinary differential operators with spectral parameter in boundary
conditions are considered by several researchers for instance [4]-[6].The basis properties of
systems for the second order Sturm -Liouville problem of root functions in the space Lp,
1 <p< o with spectral parameter in one of the boundary condition are studied in [5]-[9]. In [4]-
[10]. the basic properties of systems for the fourth order Sturm-Liouville problem with spectral
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parameter in one of the boundary conditions are investigated, They also study the properties of the
second order Sturm-Liouville problem with spectral parameter in both boundary conditions.
Aryan found the general solution for the described linear ordinary differential equation of order n,

he also further identified the boundedness of the eigenfunctions and asymptotic behavior of

eigenvalues of the specified 2" order boundary value problem [11].

Aryan looked for linear independent solutions as well as asymptotic formulas for eigenvalues in
both regular and irregular cases for the assigned spectral boundary problem with a spectral

parameter in the boundary conditions [12].

In this paper, we mention the features of eigenvalues with identifying their places on the real axis
with a spectral parameter in the boundary conditions, in addition the properties of eigenfunctions

z(t) and their derivatives in the space L,,(0,1) (1 < p < ), for a fourth-order eigenvalue problem:

[(Z" ()" = (p(®) 2’ (©))]" = 02z(1), 0<t<n €y
z (0) =0, (2)
z"(0) = 0, (3)
z" (n) —az'(n) =0, (4)
(@) —p®)z" ) — b2z(n) =0, (5)

where z(t) is eigenfunction, 2 is a spectral parameter, and 2 € A = (Up~; Ax)U(C \ R), where
Ap = (124-1(0),2,(0)),k € N, p is a positive absolutely continuous function on the interval

[0, 1], n is finite, aand b are real constant,a < 0,b <0 and F(Q) =z"(n,2)/z'(n, 2)

2. Some supplementary facts and theorems
Inserting the boundary condition

z'(m)cosB+z"(m)sinB =0, wheref € [0, ] (6)

Lemma 2.1: [13,82, Lemma 2.1] Consider z(t, ) is a nontrivial solution of equation (1) for
N >0.1fzz', z", Sz are zero or positive and at t = a not all equal zero, then they are greater
than zero fort > a. If z,—z', z"", —Sz are zero or possitive and at t = a not all equal zero, then

they are greater than zero for t < a.

Theorem 2.1: [14,85, Theorem 5.1]. The eigenvalues of the problem (1), (2),(3) (5), (6) for B €
[0, g] are simple, real and making a sequence that increase infinitely {Q2,,(8)}n=, and in addition,
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02,(B) >0,n€N. Furthermore, z,(f )(t),n € N the eigenfunction, correspondes to the
eigenvalue £2,,(B) having exactly n — 1 simple zeros in the interval of (0,1).

3. Features of eigenfunctions and eigenvalues of the given problem

Theorem 3.1: There is a nonzero solution z(t, 2) of the problem (1), (2), (3), (5) for each fixed
£ € C that is unigue up to a constant coefficient.

Proof: Let ¢, (t,2),k = 1,4, be the solutions of equation (1), normalized for t = 0 by the
Cauchy conditions

oS (0,0) = 65, s =13,5¢,(0,2) = 84, Where Sz=z" —pz' )

Where 6, is the Kronecker delta.
Seeking the function z(t, 22) in the form bellow

260) = ) Copp(t ), ®)
k=1

where the Cy, k = 1,4, are constant.

From the (7 ), (8 ) and the boundary condition (2),(3),(5) weget C; = C5 =0

So, we have z(t, 2) = C,,(t, 2) + C,,(t, Q). 9)
Put (9) in boundary condition (5) and let Sz = z""' — pz’ we get

S(Ca02(1,2) + Coa(n, 2)) — b2(C202(n, 2) + Cops(n, 2)) = 0,

or

C2(Sp,(n,2) —bRe,(, D) + C4(Sps(n,2) — bR, (n,2)) = 0.

To complete this theorem’s proof it we need to show that
1Sp2(1,2) — bR, (m, D) + [Spa(n, 2) —bLe,(n, 2)| > 0. (10)
From lemma ( 2.1) it is following that ¢, (n,2) > 0,S¢,(n,2) > 0,k = 1,4, for 2 > 0 so by

b <0, (10) true for2 > 0

Let € C \ (0,+400). For such £, (10) that is not fulfilled, then we have @, (t,2) @,(t,2)
solutions of the problem (1), (2), (3), (5). Specifying v(t, 2) in the following form:
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v(t,2) = (1, D) @3(t, 2) — p3(m, D @4(t, 2).

Since v'(n, 2) = 0, v(t, 2) is an eigenfunction of the problem (1),(2),(3),(5) and (6) for § = 0
corresponding to the eigenvalue 2 € C \ (0, +).

From theorem (2.1) having that 2 > 0 that is contradictions of the relation 2 € C \ (0,+ ). m

Theorem 3.2: If 2 is a spectral eigenvalue and z (t, ) be a corresponding eigenfunction of the

problem (1)-(5) and F(2) = z""(n,2)/z'(n, 2) then

dF () 1
a2 z%(n,0)

{fn z%(t,2)dt —b Zz(n,.(z)}, N e A. (11)
0

Proof: Let Sz = z""" — pz', so equation (1) becomes
(Sz(t,2)) = 0z(t, 2),and by same way we have (Sz(t, 1)) = u z(t, w).

Multiply last two equations by z(t, 1) and z(t, 2) and integrate the resulting equation from 0 to
n, yields

fn (Sz(t,u)'z(t, ) dt — fn (Sz(t,2) z(t,u) dt = (u— Q) fnz(t, wz(t,N) dt. (12)
0 0 0

By integrating [ (Sz(t,u))'z(t, ) dt and |, (Sz(t,2))'z(t, 1) dt by parts and using the
stated boundary condition, we obtain

n n
] (S2(t,1))'2(2,2) dt — j (S2(t, 2)) 26, 1) dt = (4 — Db 2(n, 1) 20, D] +
0 0

fn [Sz(t, D)z (t, 1) — Sz(t, Wz (t, ) ] dt,
0

since Sz(t,0) = z""'(t,2) — pz'(t,N) and Sz(t, 1) = z'" (t, ) — pz (¢, u), then

n n
j (S2(t,1))'2(,2) dt — f (S2(t, 2)) 26, 1) dt = (4 — Db 2, 1) 20, D] +
0 0

fn [z (t,Q)z (t,n) — 2" (t, Wz (t,N) ] dt. (13)
0

Utilizing the formula of integration by parts for the resulting integration in this equation and
using the boundary condition (3), we get

Page | 100

ISSN: 2312-8135 | Print ISSN: 1992-0652

info@journalofbabylon.com | jub@itnet.uobabylon.edu.iq | www.journalofbabylon.com


mailto:info@journalofbabylon.com
mailto:jub@itnet.uobabylon.edu.iq
mailto:jub@itnet.uobabylon.edu.iq
https://www.journalofbabylon.com/index.php/JUB/issue/archive
https://www.journalofbabylon.com/index.php/JUB/issue/archive

JOURNAL OF UNIVERSITY OF BABYLON
nnTlnl : Eor Du‘r’e and ApphecJ Sciences <JUBPAS) Vol.30; No.2.| 2022

U 1
f (Sz(t, 1)) z(t,2) dt — f (Sz(t, ) 'z(t, p) dt = (u = D)[b z(n, 1) z(n, D] +
0 0

z(wz"(n,2) —z (22" (n, 1. (14)

Therefore equation (12) reduces to

(w—=D[bzmwzmn D +2z0O,wWz"0,0) — 2z (n,2)z" (1, K
n

- [ aewaem s
0

or

z(wz"(,2) —z 0,Mz" (0, 1
1

=Wu-0) (j z(t, 1)z(t,2) dt — b z(n, ) Z(Uﬂ))- (15)
0

Applying the limit as u — £ and dividing both sides of equation (15) by z'(n,2)z'(n, 1) obtains

dF(0) _ 1 n 5 5
10 = _2'2(77»9) {fo z%(t,N)dt — bz (n,.())}.

Theorem 3.3: In the problem (1)-(5) the eigenvalues are all real.

Proof: suppose that £ is not real then £2 is a eigenvalue of the stated problem. Since the

coefficients p(t),a, b are real, then z(¢t, 2) = z(t, ).

Settings p = {2, in equation (15) we get
- - _ n_____ R
—z"', D) 2,0 +2"(n, Mz (1, 0) = (2 -0) ({ f z(t,2)z(t,2) dt — b z(n, ) Z(n,ﬂ)>,
0
or

- - _ n
—z"(n, D) z(, D +2"(n, Mz (n,2) =Q—-0) {f |z(t, D)|*dt — bIZ(n,Q)IZ}- (16)
0

By virtue of the specified boundary condition, we gain

n
—a(Q - D)z M* =2 -0) {f |z(t, @)|*dt — bIZ(TI.Q)IZ}-
0
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Because 2 # 2, we have
n

f |z(t, D) |?dt + alz'(n,2)|?> — b|lz(n,2)|> = 0. 17
0

Furthermore taking both sides of equation (1) and multiplying them by z(t, 2) and integrating
from O to | gets

n - n P n
f z®(t, D)z(t, N)dt —f (P()z'(t,2)) z(t,Q)dt =0 f |z(t, 2)|?dt. (18)
0 0 0

Taking the integration of the resulting equation by parts and taking into consideration the

boundary conditions, we gain

n n
j |z" (t, 2)|*dt + J p(t) 12'(t, WI2dt + z (n,2) (2" (n,2) — P(n)2' (n, 2))
0 0

—aRz' M)z (n,N) =0 jn |z(t, 2)|%dt.
0

From boundary condition (5) we get

n n n
f 12" (&, D) |2dt + f p(©) |2/ (6, D)|2dt + bz ()7 (D) — allz' (n, DI = 0 f l2(t, ) 2dt
0 0 0

Or

Jo 12" @ WPt + [ p() 12/ (&, @) |2dt = 2(f] |z(t, D)|* + a|z'(n,2)|? — blz(n, 2)|?). (19)
From equations (17) and (19) we get

n n
f |z (t,2)|dt +f p(t) |2’ (¢, 2)|?>dt = 0, (20)
0 0

gives z (t,£2) = 0 which is a contradiction. So the given problem’s eigenvalues are real.

Theorem 3.4: Problems (1)-(5) have simple eigenvalues that form a countable set with no finite

limit point.
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Proof: for non-real 2, the whole function of equation (4) s left-hand side does not equal to zero.
As a result, it does not dissolve in the same way. As a result, the zeros make accountable set with

infinite limit point.
Let us demonstrate that equation (4) is having only simple roots.

In fact if 2 = Q2 is a multiple root of (4), then

z"'(n,2) —afz'(n,2) =0, (21)
9z" (n,Q2) 0 1~ i A1

o0 “aay(n)l=0

02" (n,0) 502, 0)

—aq  ~¢F)-al—5—==0 (22)

We obtain by multiplying equation (22) byﬂ%ﬂ and going the limitas u — 2

92" (1, Q) ("
97D 0y 42 n)M f 22(t, 0)dt — bz2(n, 2) (23)
o0 o0 .
After we insert 2 = 2 in (23) we get
az" (n, N 0z'(n, 0
—%z’(n,!))+z”( ) N Z(” ) j 22(t, 0)dt — bz2(n, Q). (24)

From equations (21), (22) and (24) we get
1

z'(n,2) (—az’(n,f))) = f z2(t,2)dt — bz%(n, ),
0

[ " 2(6,8)dt —b72(n, B) + az?(n, 1) = 0. (25)
0

Further since 2 is a real eigenvalue reduce from (19) that

jn z"2(t,0)dt + jn p(0)z'%(t,2)dt = 0 (.[17 z%(t,2)dt —bz%(n, 2) + az’z(n,f))). (26)
0 0 0

From (25) and (26) we acquire
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n n
f z"%(¢,0)dt + f p(t)z'*(t,2)dt = 0. (27)
0 0

This indicates that z(t, 2) = 0. The proof of this theorem is finished by contradiction that

results.

1 2"

Lemma3.1: letF(2) = = ,
D=~ 7m0

(28)

then the following formula holds

dM(n,2) 3 1 n
o0 = Z”Z(‘r],_Q) {,[0 Zz(t,ﬂ)dt—bzz(n'ﬂ)}. (29)

Proof: by differentiating (28) with respect to 2, we obtain

’ _ —M’(n»ﬂ)
F'(2) = ME,0)
M'(n,2) = —M?(n, 2). F'(2). (30)

Utilizing equation (28) and equation (11) in equation (30) we deduce

, B z'(n,N) 2 1 n
M (77’!2) - <Z”(T],.Q)> <_ Z’Z(T],.Q) (jo Zz(trﬂ)dt - b ZZ(’I'Q))>

or

oM, 2) 1 " 2
o0 - ZIIZ(n’Q) (J(; A (t"Q)dt — bz (T]"Q)>

Theorem 3.5: If z(t, 2) is a solution of the stated problem, so we have

]t z'"(t, Q) z'(t,2)
z%(s,Mds =0 J + bz%(t, ), (3D
0 G_QZ (t) "Q) 6_.(22 (tiﬂ)

forall t € [0,7].
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Proof: dividing both side of equation (15) by (1 — 2) and simplify gives

t (e, Dz'(t, W —z"(t,wz'(t, N
fz(s,u)z(s,.())ds‘:Z( )zt W=z (Lwz( )+bz(t,,u)z(t,.(2). (32)
0 u—0)

Using the limit on both sides of (32) as u — 12, we get

t 12 t,.Q It, - t, ! t,.Q

fzz(s,ﬂ)ds=lim(z &zt W =2 CWZED a0, (33)
0 u-0 (.u_-Q)

let m = u — 2, hence

t

jzz(s,ﬂ)ds=

0

"0,04+4m)—-2z'(t, 2 "2,0+m)—-2z"(t, N
2 (6, ) (lim 2 m =2 &D 0y tim Il m =2 6D e
m—0 m m-0 m

.]: z%(s,0)ds = z"(t, ) <%Z’(t,ﬂ)> - Z'(t,.Q)%Z”(t,.Q) + bz%(t, )

or
¢ z" (t,2) z'(t,0)
f z*(s,Mds=|0 ‘0 J ‘0 + bz?%(t, ).

Theorem 3.6: In each interval Ay, k = 2,3,4, ..., the boundary value problem (1)-(5) can only

have one eigenvalue problem.

Proof: if 2 € Ay, is an eigenvalue of defined problem (1)-(5) for some k, € N \ {1}, thus ( 26 )

implies that

n
j z2(t,M)dt —bz?*(n, D) + az'?’(n,2) >0,
0

1
by multiplying this inequality by — —————, it follows that
z'*(n, 1)
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— ([ #2(e @)de - br7(n, )
(| 22(t,0)dt - bz2(,0) | —a <o0.
z%(n,2) \Jo

From theorem (3.2), and above relation we get

dF ()

d—ﬂ—a<0,

or

d (F(Q n) <0
asn (@)—a n=0 .

Because F(ﬂ) —a ) = 0, As aresult of this inequality, the function F(£2) — a 22 only takes zero
value when the interval A, is strictly decreasing. Consequently

F(£2) = a has a unique solution 2 in the interval A .m
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