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ABSTRACT 
It is known that an approximation in non-compact sets is not guaranteed always same is true for 

concave sets which do not guarantee get the uniqness of a best approximation element. In this papers we 

introduce a new method to approximation in a semi-compact and pre-concave set in the metric spaces. This 

new method accomplished by prove some theorems which used properties of above set that guarantees 

existences and uniqueness of best approximation element for any element in this set, where these properties 

that is semi-compactness and pre-concavity alone are considered to be weak topological (metric) properties. 

Moreover, the other important conclusion is that the semi -compact and pre-concave set in metric space 

must be become a convex set, more than it must be a strictly convex set and the importance of this 

conclusion is clear that the convexity of sets is considered a strong properties of sets, also there are others 

conclusions in the folds of this research.                                                              

               

  Key words: convex set, concave set, semi open set, semi closed set, best approximation in normed 

space, Approximation in metric spaces.        
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1. Introduction 

     An approximation in the compact set in terms of providing’s the best approximation of any its 

elements and the convex set considering in terms of providing’s the uniqueness of best 

approximation element for each element that located in this set was studied in several researches 

and books such as [1], [2], [3] …etc. but the approximation in semi-compact set is not studied in 

general and for a non-convex set .In our papers we prove an approximation in this set can happen 

as in theorems 3.1 and 3.3 . 

 Before we define a new set and in order to, it is necessary to mention some definitions, the 

value of the best uniform approximation for a function 𝑓 ∈  𝐶[𝑎,𝑏] by the set 𝑷𝒏 of algebraic 

polynomials of degree ≤ n is denoted by 𝐸𝑛(𝑓, 𝑝𝑛) or, simply by 𝐸𝑛(𝑓), is define  𝐸𝑛(𝑓, 𝑝𝑛) =

inf⏟
𝑃𝑛∈𝑷𝒏

 {∥ (𝑓 − 𝑃𝑛)(𝑥) ∥}.The set 𝐴 is called a semi-open set if 𝐴 ⊆ 𝐶𝑙(𝑖𝑛𝑡(𝐴)) also 𝐴 is called a 

semi-closed if 𝑖𝑛𝑡(𝐶𝑙(𝐴)) ⊆ 𝐴 [4], [5]where 𝑖𝑛𝑡(𝐴) indicted to interior of the set 𝐴 and 𝐶𝑙(𝐴) 

indicted to closure of this set ,it is clear that an open set is a  semi-open set . The set 𝐴 is called 

semi-compact set if every infinite semi-open cover of 𝐴 has a finite sub cover which cover 𝐴 where 

in this paper I will use 𝑅𝑛(real numbers in 𝑛-dimensions) with usual topology in 𝑅𝑛 

i.e. (𝑅𝑛. 𝑇𝑢(𝑅𝑛)) ,choose this topology to match with use of the convex set in 𝑅𝑛. And not far from 

our subject  the set 𝐴  is called convex set if the segment which joined between any two points in 

𝐴 is place also in 𝐴 where the non-convex set is called a concave set, and in the same field the 

set 𝐴 is called strictly convex set if the segment which joined between any two points in 𝐴 is 

located in 𝑖𝑛𝑡(𝐴) [6], [7]. 

 Now I will define a new set and I will called it a pre-concave set as follows the set 𝐴 is 

called a pre-concave set if  the segment which joined between any two points in 𝐴 is located 

in 𝑖𝑛𝑡(𝐶𝑙(A)), And in more detail the segment which joined between any two points in 𝐴 where 𝐴 

is a pre-convex set be located in 𝑖𝑛𝑡(𝐶𝐿(A))(i.e.𝐿 = 𝜆𝑥 + (1 − 𝜆)𝑦 ⊆ 𝑖𝑛𝑡(𝐶𝑙(A))∀𝑥. 𝑦 ∈  𝐴, 𝜆 ∈

(0.1)). 

It is clear that infinite union of semi open sets is a semi- open set. 

Let A𝑖 be a semi-closed set for each i = 1,2, … , n , Now is ⋂ A𝑖
𝑛
𝑖=1  also semi-closed set?   

Since infinite (also for a finite) union of semi open sets is a semi- open set 

then ⋃ A𝑖
𝑛
𝑖=1 ⊆ 𝐶𝑙(𝑖𝑛𝑡(⋃ A𝑖

𝑛
𝑖=1 )) , 𝑖 = 1,2, … . . , 𝑛 

Then (𝐶𝑙(𝑖𝑛𝑡(⋃ A𝑖
𝑛
𝑖=1 )))𝑐 ⊆ (⋃ A𝑖

𝑛
𝑖=1 )𝑐 , 𝑖 = 1,2, … . . , 𝑛 

𝑖𝑛𝑡(𝐶𝑙(⋂ A𝑖
𝑐𝑛

𝑖=1 )) ⊆ ⋂ A𝑖
𝑐𝑛

𝑖=1 𝑖 = 1,2, … . . , 𝑛  

Since A𝑖
𝑐 is semi-closed set ,So by the previous step ⋂ A𝑖

𝑐𝑛
𝑖=1  semi-closed 

set……………..(1.1) 

Now, if 𝑋 is a metric space , 𝐴 ⊂ X and let 𝑥 belonging in limit point set of 𝐴 (i.e. 𝑥 ∈ �́�) 

So, for every an open set 𝐺 and 𝑥 ∈ 𝐺, 𝐺 ∖ {𝑥}⋂𝐴 ≠ 𝜙. 

Here the question is, does this definition still valid if we replace open sets by semi-open sets? 
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This mean if 𝑆 be a semi-open set, 𝑆 ⊂ X and if 𝑥 ∈ �́� ,then Is 𝑆 ∖ {𝑥}⋂𝐴 ≠ 𝜙? 

It is known that an open set is a semi-open set,  

So, suppose that 𝑆 is a semi-open but not an open set and 𝑥 ∈ 𝑆 

Then 𝑆 ⊆ 𝐶𝑙(𝑖𝑛𝑡(𝑆)) and then 𝑥 ∈ 𝐶𝑙(𝑖𝑛𝑡(𝑆))  

This mean either 𝑥 ∈ 𝑖𝑛𝑡(𝑆) or 𝑥 ∈ (𝑖𝑛𝑡(𝑆))̀ limit point of 𝑖𝑛𝑡(𝑆) 

First part: if 𝑥 ∈ 𝑖𝑛𝑡(𝑆)    

Since 𝑖𝑛𝑡(𝑆) is an open set and 𝑥 ∈ 𝑖𝑛𝑡(𝑆) ,also  𝑥 ∈ �́� 

 then  𝑖𝑛𝑡(𝑆) ∖ {𝑥}⋂𝐴 ≠ 𝜙 and by with note 𝑖𝑛𝑡(𝑆) ⊆ 𝑆 

This mean 𝑆 ∖ {𝑥}⋂𝐴 ≠ 𝜙 which end of part one of proof 

Second part: if 𝑥 ∈ (𝑖𝑛𝑡(𝑆))̀ 

And since 𝑥 ∈ �́� So, there exists two sequences < 𝑢𝑛 > in 𝑖𝑛𝑡(𝑆) and < 𝑎𝑛 > in  𝐴 

Such that  𝑢𝑛 ⟶ 𝑥 and 𝑎𝑛 ⟶ 𝑥 as 𝑛 ⟶ ∞  

From our information in analysis, this mean lim
𝑛⟶∞

|𝑢𝑛 − 𝑎𝑛| = 0 

So, there exist a subsequence 𝑣𝑛 of 𝑢𝑛 and 𝑎𝑛 such that 𝑣𝑛 ⟶ 𝑥  

This mean 𝑣𝑛 ⊂ 𝑢𝑛 ⊂  𝑖𝑛𝑡(𝑆) ⊂ 𝑆 and 𝑣𝑛 ⊂ 𝑎𝑛 ⊂  𝐴 So, 𝑣𝑛 ⊂ (𝑆⋂𝐴) 

So, 𝐺 ∖ {𝑥}⋂(𝑆⋂𝐴) ≠ 𝜙  where 𝐺 an open set and 𝑥 ∈ 𝐺 .this mean 𝑆⋂(𝐺 ∖ {𝑥}⋂𝐴) ≠ 𝜙 

And then 𝑆 ∖ {𝑥}⋂(𝐺 ∖ {𝑥}⋂𝐴) ≠ 𝜙 

Since (𝐺 ∖ {𝑥}⋂𝐴) ⊂ 𝐴 then 𝑆 ∖ {𝑥}⋂𝐴 ≠ 𝜙 which end of the second part of proof 

Here our conclusion if 𝑥 ∈ �́� and 𝑥 ∈ 𝑆 which 𝑆 is a semi-open then 𝑆 ∖ {𝑥}⋂𝐴 ≠ 𝜙……(1.2) 

 

2. Materials and Methods    

  For semi-compact set 𝐴  in a metric space 𝑋  there are two questions regarding, that is, Is 

the semi-compact set became semi-closed set? As in the case for the compact set. Furthermore, is 

any infinite set of in a semi-compact set 𝐴 has a limit point? I will answer these questions in the 

following theorems:        

2.1 Theorem:       

    Any semi-compact set 𝐴 in metric space 𝑋 is a semi-closed set.   

Proof:  

Let 𝑝 ∈ 𝐴 , 𝑞 ∈ 𝐴𝑐 and 𝑊𝑝 and 𝑉𝑞 be a semi-open neighborhood of 𝑝 and 𝑞 such that 𝑊𝑝⋂𝑉𝑞 =

𝜙 (this by choosing’s radius of neighborhood less than 𝑑(𝑝, 𝑞) ≠ 0 since 𝑝 ≠ 𝑞). 

Now,  {𝑊𝑝} 𝑝∈𝐴 is a semi-open cover of 𝐴 

Since 𝐴 is a semi-compact set     

Then there exists  finite sets of 𝑊𝑝 which cover 𝐴 (i.e. 𝐴 ⊂ 𝑊𝑝1
⋃𝑊𝑝2

⋃ … … ⋃𝑊𝑝𝑛
) 

So, (𝑊𝑝1
⋃𝑊𝑝2

⋃ … … ⋃𝑊𝑝𝑛
)𝑐 ⊂ 𝐴𝑐 

Since 𝑉𝑞𝑖
⊂ 𝑊𝑝𝑖

𝑐 , 𝑖 = 1,2, … … . , 𝑛 and by (1,1) 

Then, 𝑉𝑞 = 𝑉𝑞1
⋂𝑉𝑞2

⋂ … … 𝑉𝑞𝑛
⊂ 𝑊𝑝1

𝑐 ⋂𝑊𝑝2
𝑐 ⋂ … … ⋂𝑊𝑝𝑛

𝑐 = (𝑊𝑝1
⋃𝑊𝑝2

⋃ … … ⋃𝑊𝑝𝑛
)𝑐 ⊂ 𝐴𝑐  

But 𝑉𝑞 is a semi-open  neighborhood of 𝑞 ∈ 𝐴𝑐        
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This means that every 𝑞 ∈ 𝐴𝑐 has a semi-open set 𝑉𝑞 and 𝑞 ∈ 𝑉𝑞which fully entirely located in 

𝐴𝑐.     

So, 𝐴𝑐 is infinite union of semi-open sets and then 𝐴𝑐 is a semi-open set 

And then 𝐴 is a semi-closed set ■        

   

2.2 Theorem:      

    Let X be a metric space and 𝐴 ⊂ X such that 𝐴 is a semi-compact set then every infinite subset 

of 𝐴 has a limit point. 

Proof:  

Let 𝑀 be an infinite set in 𝐴 and suppose that  𝑀 has no limit point in 𝐴 

Then by (1.2) for every 𝑥 ∈ 𝑀 and  𝑉𝑥 ⊆ 𝐴 where 𝑥 ∈ 𝑉𝑥 semi-open set such that, 

 𝑥 ∈  𝑉𝑥, 𝑉𝑥 ∖ {𝑥}⋂𝑀 = 𝜙   

So, 𝑉𝑥⋂𝑀 = {𝑥} but ⋃ 𝑉𝑥𝑥∈𝑀  is semi-open cover of 𝐴 

This mean 𝐴 ⊆ ⋃ 𝑉𝑥𝑥∈𝑀   

But, 𝐴 is a semi-compact set, then there exist a finite numbers of  𝑉𝑥 cover  𝐴 

But this mean  𝑀 contains a finite number of elements  

This result contracts the fact that  𝑀 is an infinite set  

So, 𝑀 must haves a limit pointe■    

 

3. Results and Discussion                     

    In this part, I will study  how the semi-compact  set 𝐴  available the best approximation element 

for any element 𝑓 ∈ 𝐴 by convergent of series in an infinite set in 𝐴 in metric spaces where 𝑑 is 

the metric distance. The important conclusion here is that the semi-compact set and pre-concave 

set must be a convex set Furthermore, it become a strictly convex set. The prove of this was 

provided by properties of semi-closed set and then by all these properties the best approximation 

element must be unique.   

 

3.1 Theorem:  

    Let X be a metric space and let 𝐴 ⊂ X such that 𝐴 is a semi-compact set then there exist a best 

approximation a∗ ∈ 𝐴 for every 𝑓 ∈ 𝐴.  

 Proof:  

Let 𝑑∗ = inf⏟
𝑎∈𝐴

{𝑑(𝑎, 𝑓), 𝑓 ∈ 𝐴}. 

Then if  a∗ exist such that 𝑑∗ = 𝑑(𝑎∗, 𝑓) ,So a∗ is a best approximation of 𝑓 in A  

Otherwise since 𝐴 is an infinite semi-compact set then by theorem 2.2 

There exist a sequence {𝑎𝑖}𝑖=1
∞  of points in 𝐴 such that 𝑙𝑖𝑚

𝑖→∞
d(𝑎𝑖 , 𝑓) = 𝑑∗ 

Also, {𝑎𝑖}𝑖=1
∞  has limit point say a∗   

Then ∀∈> 0 ∃𝑘 ∈ 𝑁 such that d(𝑎𝑘, 𝑓) ≤ 𝑑∗ +
∈

2
 and d(𝑎𝑘, 𝑎∗) ≤

∈

2
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So, 𝑑(𝑎∗, 𝑓) ≤ d(𝑎𝑘, 𝑎∗) + d(𝑎𝑘, 𝑓) ≤ 𝑑∗ +
∈

2
+

∈

2
= 𝑑∗+∈ 

Since ∈ is arbitrary number then 𝑑∗ = 𝑑(𝑎∗, 𝑓) 

So, 𝑑(𝑎∗, 𝑓) ≤ 𝑑(𝑎, 𝑓), ∀𝑎 ∈ 𝐴 

And then a∗ is a best approximation of 𝑓 in 𝐴 ■ 

 

3.2 Theorem: 

    Let 𝑋 be a metric space and let 𝐴 ⊆ 𝑋 such that 𝐴 is a semi-compact and a pre-concave set then 

𝐴 is a convex set and more than 𝐴 necessary to be strictly convex set. 

Proof: 

First part of this theorem: 

By definition of a pre-concave set and by theorem 2.1 it is concluded: 

For each  𝑎, 𝑏 ∈ 𝐴 then 𝐿: 𝑎𝜆 + 𝑏(1 − 𝜆) ⊆ 𝑖𝑛𝑡(𝑐𝑙(𝐴)) 

Since 𝐴  is a semi-compact set   

Then 𝐴 semi-closed set and so, 𝑖𝑛𝑡(𝑐𝑙(𝐴)) ⊆ 𝐴  

So, 𝐿 ⊆ 𝐴 and then 𝐴 is a convex set 

For the second part  

Since if 𝐴 ⊆ 𝐵  for any 𝐴, 𝐵 then 𝑖𝑛𝑡(𝐴) ⊆ 𝑖𝑛𝑡(𝐵) then 𝑖𝑛𝑡(𝑖𝑛𝑡(𝑐𝑙(𝐴))) ⊆ 𝑖𝑛𝑡(𝐴) 

So, 𝑖𝑛𝑡(𝑐𝑙(𝐴))) ⊆ 𝑖𝑛𝑡(𝐴 

And then 𝐿 ⊆ 𝑖𝑛𝑡(𝑐𝑙(𝐴))) ⊆ 𝑖𝑛𝑡(𝐴) 

And so, 𝐴 is strictly convex set■   

3.3 Theorem:   

    Let 𝑋 be a metric space and let 𝐴 is a semi-compact and pre-concave set then the best 

approximation element is unique for every element 𝑓 ∈ 𝐴.   

Proof: 

By theorem (3.1), theorem (3.2) it is found that: 

Since 𝐴 is a semi-compact set  

Then there exist a best approximation element for 𝑓 in 𝐴. 

Now, suppose that 𝑆1, 𝑆2 be a best approximation for 𝑓 in 𝐴 such that 𝑆1 ≠ 𝑆2 

Let ℎ∗ be the error such that ℎ∗ = 𝑖𝑛𝑓⏟
𝑎∈𝐴

 {𝑑(𝑎, 𝑓), 𝑓 ∈ 𝐴} 

This mean 𝑑(𝑓, 𝑆1) = 𝑑(𝑓, 𝑆2) = ℎ∗ 

Now,  
1

2
(𝑑(𝑆1 + 𝑆2, 𝑓)) ≤

1

2
𝑑(𝑓, 𝑆1) +

1

2
𝑑(𝑓, 𝑆2)  

Since 𝐴 is convex set then the form 
1

2
(𝑆1 + 𝑆2) ∈ 𝐴 and then 

1

2
(𝑆1 + 𝑆2) is also best 

approximation of 𝑓 in 𝐴 

So, 𝑑 (𝑓,
1

2
(𝑆1 + 𝑆2)) = ℎ∗ 

Now, let 0 < 𝜆 < 1 be the largest numbers such that:  

The point 𝑆 =
1

2
(𝑆1 + 𝑆2) + 𝜆(𝑓 −

1

2
(𝑆1 + 𝑆2)) ∈ 𝐴    
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So, 𝑑(𝑓, 𝑆) = (1 − 𝜆)ℎ∗ and then 𝑑(𝑓, 𝑆) < ℎ∗ which is a contradiction value of ℎ∗ 

So,  𝑆1 = 𝑆2 

And then the best approximation element is unique■   

 

4. Conclusion: 

       In this papers we proved that an approximation in semi-compact and pre-concave sets     

  in metric spaces is verified in terms of existence and uniqness because we were able to prove 

that this set is a strictly convex set. 
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