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ABSTRACT
It is known that an approximation in non-compact sets is not guaranteed always same is true for

concave sets which do not guarantee get the unigness of a best approximation element. In this papers we
introduce a new method to approximation in a semi-compact and pre-concave set in the metric spaces. This
new method accomplished by prove some theorems which used properties of above set that guarantees
existences and unigueness of best approximation element for any element in this set, where these properties
that is semi-compactness and pre-concavity alone are considered to be weak topological (metric) properties.
Moreover, the other important conclusion is that the semi -compact and pre-concave set in metric space
must be become a convex set, more than it must be a strictly convex set and the importance of this
conclusion is clear that the convexity of sets is considered a strong properties of sets, also there are others
conclusions in the folds of this research.

Key words: convex set, concave set, semi open set, semi closed set, best approximation in normed
space, Approximation in metric spaces.
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1. Introduction

An approximation in the compact set in terms of providing’s the best approximation of any its
elements and the convex set considering in terms of providing’s the uniqueness of best
approximation element for each element that located in this set was studied in several researches
and books such as [1], [2], [3] ...etc. but the approximation in semi-compact set is not studied in
general and for a non-convex set .In our papers we prove an approximation in this set can happen
as in theorems 3.1 and 3.3 .

Before we define a new set and in order to, it is necessary to mention some definitions, the
value of the best uniform approximation for a function f € Cj, ;) by the set P, of algebraic
polynomials of degree < n is denoted by E,,(f, p,) or, simply by E, (f), is define E,(f,p,) =

i&f {I (f = B) ) 11}.The set A is called a semi-open set if A < Cl(int(A)) also A is called a
PpEP,
semi-closed if int(CI(A)) < A [4], [5]where int(A) indicted to interior of the set A and CI(A)
indicted to closure of this set ,it is clear that an open set is a semi-open set . The set A is called
semi-compact set if every infinite semi-open cover of A has a finite sub cover which cover A where
in this paper | will use R™(real numbers in n-dimensions) with usual topology in R™
i.e. (R™. T, &my) ,choose this topology to match with use of the convex set in R™. And not far from
our subject the set A is called convex set if the segment which joined between any two points in
A is place also in A where the non-convex set is called a concave set, and in the same field the
set A is called strictly convex set if the segment which joined between any two points in A is
located in int(A) [6], [7].

Now I will define a new set and I will called it a pre-concave set as follows the set A is
called a pre-concave set if the segment which joined between any two points in A is located
in int(CL(A)), And in more detail the segment which joined between any two points in A where A
is a pre-convex set be located in int(CL(A))(i.e.L = Ax + (1 — D)y < int(CI(A))Vx.y € A, €
(0.1)).

It is clear that infinite union of semi open sets is a semi- open set.

Let A; be a semi-closed set for eachi = 1,2, ...,n, Now is Nj~; A; also semi-closed set?

Since infinite (also for a finite) union of semi open sets is a semi- open set

then UL, A; € Cl(int(UL,A)),i=1.2,....,n

Then (Cl(int(UL,AD))° € (UL A)S,i=1.2,....,n

int(CLNL,AD) S N ASi=12,....,n

Since AS is semi-closed set ,So by the previous step N}, AS semi-closed

Now, if X is a metric space , A c X and let x belonging in limit point set of A (i.e. x € A)

So, forevery anopenset G and x € G, G \ {x}NA # ¢.
Here the question is, does this definition still valid if we replace open sets by semi-open sets?
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This mean if S be a semi-open set, S ¢ Xand if x € 4 ,then Is S\ {x}NA # ¢?
It is known that an open set is a semi-open set,

So, suppose that S is a semi-open but not an open setand x € S

Then S < Cl(int(S)) and then x € Cl(int(S))

This mean either x € int(S) or x € (int(S)) limit point of int(S)

First part: if x € int(S)

Since int(S) is an open set and x € int(S) ,also x € A

then int(S) \ {x}NA # ¢ and by with note int(S) € S

This mean S\ {x}NA # ¢ which end of part one of proof

Second part: if x € (int(S))

And since x € A So, there exists two sequences < u,, > in int(S) and < a,, >in A
Such that u, - xanda, — xasn —

From our information in analysis, this mean nli_rgolun —a,| =0

So, there exist a subsequence v,, of u,, and a,, such that v, — x

Thismean v, c u, c int(S) c Sand v, € a, € A So, v, c (SNA)

So, G\ {x}N(SNA) # ¢ where G an open set and x € G .this mean SN(G \ {x}NA) # ¢
And then S\ {x}N(G \ {x}NA) = ¢

Since (G \ {x}NA) c Athen S\ {x}NA # ¢ which end of the second part of proof

Here our conclusion if x € A and x € S which S is a semi-open then S\ {x}NA # ¢...... (1.2)

2. Materials and Methods
For semi-compact set A in a metric space X there are two questions regarding, that is, Is
the semi-compact set became semi-closed set? As in the case for the compact set. Furthermore, is
any infinite set of in a semi-compact set A has a limit point? I will answer these questions in the
following theorems:
2.1 Theorem:
Any semi-compact set A in metric space X is a semi-closed set.
Proof:
Letp € A, q € A° and W, and V], be a semi-open neighborhood of p and q such that W,NV, =
¢ (this by choosing’s radius of neighborhood less than d(p, q) # 0 since p # q).
Now, {W,} pea is a semi-open cover of A
Since A is a semi-compact set
Then there exists finite sets of W, which cover A (i.e. A c W, UW, U ...... UW,,)
So, (W, U, U ...... UW, )¢ c A°
Since V;, € W, i = 1,2, .......,nand by (1,1)
Then, Vg = Vqlﬂquﬂ ...... Vy, © Vlé,inw/z,czﬂ ...... nVI/an = (VVP1UVVPZU ______ Uan)C C A€
But I, is a semi-open neighborhood of g € A°
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This means that every g € A° has a semi-open set IV, and q € V,which fully entirely located in
A€,

So, A€ is infinite union of semi-open sets and then A€ is a semi-open set

And then A is a semi-closed set m

2.2 Theorem:
Let X be a metric space and A c X such that A is a semi-compact set then every infinite subset
of A has a limit point.
Proof:
Let M be an infinite set in A and suppose that M has no limit point in A
Then by (1.2) for every x € M and V, € A where x € V, semi-open set such that,
X € Vy, Vo \ (X3NM = ¢
So, V,NM = {x} but U,y V, is semi-open cover of A
Thismean A © Uyey Vs
But, A is a semi-compact set, then there exist a finite numbers of V, cover A
But this mean M contains a finite number of elements
This result contracts the fact that M is an infinite set
S0, M must haves a limit pointem

3. Results and Discussion

In this part, | will study how the semi-compact set A available the best approximation element
for any element f € A by convergent of series in an infinite set in A in metric spaces where d is
the metric distance. The important conclusion here is that the semi-compact set and pre-concave
set must be a convex set Furthermore, it become a strictly convex set. The prove of this was
provided by properties of semi-closed set and then by all these properties the best approximation
element must be unique.

3.1 Theorem:
Let X be a metric space and let A c X such that A is a semi-compact set then there exist a best
approximation a* € A for every f € A.
Proof:
Letd” = inf{d(a,f),f € A}.
a€eA
Then if a* exist such that d* = d(a*, f) ,So a* is a best approximation of f in A

Otherwise since A is an infinite semi-compact set then by theorem 2.2

There exist a sequence {a;};2, of points in A such that limd(a;, f) = d*
1—>00

Also, {a;};2, has limit point say a*

Thenve> 03k € N suchthatd(a, f) < d* + S and d(ay,a*) < S
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So,d(a",f) < d(ay,a”) +d(ay, f) S d" +>+>=d'+€
Since € is arbitrary number then d* = d(a*, f)
So,d(a*, f) <d(a,f),Va€eA

And then a* is a best approximation of f in A m

3.2 Theorem:
Let X be a metric space and let A € X such that A is a semi-compact and a pre-concave set then
A is a convex set and more than A necessary to be strictly convex set.
Proof:
First part of this theorem:
By definition of a pre-concave set and by theorem 2.1 it is concluded:
Foreach a,b € AthenL:al + b(1 — A1) € int(cl(4))
Since A is a semi-compact set
Then A semi-closed set and so, int(cl(A)) € A
So, L € A and then A is a convex set
For the second part
Since if A € B for any A, B then int(A) S int(B) then int(int(cl(A))) <€ int(A)
So, int(cl(4))) < int(A
And then L < int(cl(A))) S int(A)
And so, A is strictly convex setm
3.3 Theorem:
Let X be a metric space and let A is a semi-compact and pre-concave set then the best
approximation element is unique for every element f € A.
Proof:
By theorem (3.1), theorem (3.2) it is found that:
Since A is a semi-compact set
Then there exist a best approximation element for f in A.
Now, suppose that S;, S, be a best approximation for f in A such that S; # S,
Let h* be the error such that h* = Hzi{d(a, ). f €A}

acA

This mean d(f,S,) = d(f,S,) = h*

Now, =(d(Sy + S, 1)) < 5d(f,5) +5d(f,52)

Since A is convex set then the form %(S1 + §,) € A and then % (51 + S,) is also best
approximation of f in A

So,d(f,5(S1+5))=h’

Now, let 0 < A < 1 be the largest numbers such that:

The point § = 2 (S, +S;) + A(f —>(S; +S,)) € A
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So, d(f,S) = (1 — A)h* and then d(f,S) < h* which is a contradiction value of h*
SO, Sl = SZ
And then the best approximation element is uniquem

4. Conclusion:
In this papers we proved that an approximation in semi-compact and pre-concave sets
in metric spaces is verified in terms of existence and unigness because we were able to prove
that this set is a strictly convex set.
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