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ABSTRACT
In this paper, the effect of pollutant in environment on prey and predator species and predator harvesting is modeled
using modified Leslie-Gower and nonlinear harvesting rate. Positivity and bounded of solution are proved, conditions
which make the model permanent is determined, existence and locally asymptotically stable for each of possibly
equilibrium point is studied, numerical solution of proposed model is done to show the effect and to confirm the
analytical result.

Key words:
Harvesting, Leslie-Gower model, Permanence, Stability analysis, Toxicant

dadAl)

A2 R il S gl o s A i) gl i g e Al 5 il A 5 e 1 s
s 35l Jead A g 300 300n3 2y el 3im s ) L) s el s sta — 13 Jaedl shand Jaes
S Y o S 3 sall ganel Jal ol sl s Aléine ()5 A O laa i )_EY15 3em s A g

Al dagl) 2l

Aalial) o gl gm0 1 N g Al 3 salll ¢ sla = 15 23 sal caliaal) tdialidal) cilals))

Page | 76

ISSN: 2312-8135 | Print ISSN: 1992-0652

info@journalofbabylon.com | jub@itnet.uobabylon.edu.iq | www.journalofbabylon.com


mailto:info@journalofbabylon.com
mailto:jub@itnet.uobabylon.edu.iq
mailto:jub@itnet.uobabylon.edu.iq
https://www.journalofbabylon.com/index.php/JUB/issue/archive
https://www.journalofbabylon.com/index.php/JUB/issue/archive
mailto:medya.bawaxan@garmian.edu.krd
mailto:shilan.amin@univsul.edu.iq
mailto:arkan.mustafa@univsul.edu.iq
mailto:shilan.amin@univsul.edu.iq
mailto:medya.bawaxan@garmian.edu.krd
mailto:medya.bawaxan@garmian.edu.krd
mailto:shilan.amin@univsul.edu.iq
mailto:arkan.mustafa@univsul.edu.iq

JOURNAL OF UNIVERSITY OF BABYLON
nnTInl F Eor Du‘r’e and AppheJ Sciences <JUBPAS) Vol.30; No.3.| 2022

INTRODUCTION
Leslie and Gower [1] formulate the Leslie-Gower predator Model, the carrying capacity

predator population in their model is proportional to the number of preys population, this principle
is not recognized in the Lotka-Volterra Model [2]. In case of severe scarcity, the predator
population can switch over to another population but their growth will be limited by the fact that
their most favorite food is not available in a bounce, therefore, Aziz-Aloui and Daher [3] modified

the Leslie-Gower Model and their model can be written as follows:

e rx (1) ey

1+aTx

2 =ry(1-2) )

ac x+c

Where x (t) and y (t) are numbers for prey and predator, respectively. In the absence of predator
prey species X (t) grows with intrinsic growth rate r; and carring capacity k. r, is predator interstice
growth rate, ¢ is the additional food rate which provides protection to the predators and the
predators consumes the prey species according Hollying Type functional responses [4]. Like
working on modification of Lotka-Voltera model by incorporating many factors [5-7], many
researchers considered the system.1 with taking into account to the many factors like time-delay,
harvesting prey, harvesting predator, and infectious disease in populations [7-8]. Arkan and Shilan
[9], studied the effect of all the harvesting factor, spreading disease and prey refigure on the
system.1 included at most two factors therefore, in this paper Leslie-Gower model incorporating
harvesting predator and toxicant, is considered and the dynamic behavior of the proposed model
is studied. This paper is organized as follows: In the next section, the details of the assumptions in
the new model and the significant of the parameters used in it, is discussed, the third section, deals
with positive, boundedness of the model, in section four permanence of the model under certain
condition is proved. In fifth section, all possible equilibrium points and their existence criteria are
considered, stability analysis is presented in sixth section. Finally, the numerical verification of

the analytical finding is done using MATLAB program.
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Materials and Methods
The mathematical Model

Suppose that there exists toxicant in the environment affect negatively on the growth of
population (prey as well as predator) in system 1, and only predator species is economically
important, and they are harvested with non-linear harvesting rate. There for if u(t) is the toxicant
concentration in the populations at time t, w(t) is the environment concentration of toxicant at
time t, consequently the dynamics of Leslie-Gower model with existence of pollutants and

predator harvesting can be described by the following set of non-linear differential equation.

dx (1 x) ax

at YU T T T are? T

d—y=r (1— 4 )— 9%y — oyu

dt 2Y x+c¢/ s1E+ sy 2Y

2—‘:=P+03(x+y)u—a4w —os(x +y)w (2)

du
I =os(x + y)w —o3(x + y)u — ogu

Here the new parameters described in table 1.
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Table 1 Biological interpretation of parameters

Parameters Description

P Environmental exogenous input rate of toxicant
0y Natural depletion rate of environment toxicant.
O Natural washout rate of toxicant from organism.
os Uptake of toxicant by population organism.

01,0y Rates at which prey and predator decreasing due to toxicant.
q Catch ability coefficient to harvest the individual.
E Effort applied to harvest the individuals.

S1, S Are suitable positive constants.
0 Rate of dissemination of toxicant by population organism.

ISSN: 2312-8135 | Print ISSN: 1$92-4 652

Preliminaries
In this section, some preliminaries result on the solutions of system 2 are proved

Theorem 1. The positive int. R} is forward invariant for system.2.
Proof: Suppose (x(t),y(t), w(t),u(t)) is solution of system2 that initiated in int. R}, then

Z=0 at (0,y@®,w®u®)ad Z=0 at (x(), 0, w(t) u(®))

‘Z—V: >0 at (x(t),y(t), O,u(t)) and 2—1; >0 at (x(t),y(t),w(t),0)

So, each compartment of the system 2 cannot intersect the axis and hence, the solution remains

positive, that is R is forward invariant.

Theorem 2. All the solution of the system 2 that initiate R are uniformly bounded.

Proof: Let (x(t),y(t),w(t),u(t)) be any solution of system.2 with positive condition
(x(0),¥(0), w(0),u(0)).

From the first and second equation of the system2, it is obtained that:
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%Srlx(l—%)

Thus,
tlim Sup(x(t) <k

tlim Sup(y(t)) <k+c

Thus, for any € > 0, sufficiently small there m; > 0 such that:
x(t)<k+e
yt)<k+c+e Vit>my

And, from third and fourth equation of the system (2) it is obtained that

dlw +u)

=P—o,w—o0:u
dt 4 6

<P—-ow+u)

Where ¢ = min{o,, 04}

Then by solution the differential equation the following inequality verified:

P
: <
th_)rg Sup(w +u) < =
Thus, there existm, > 0, for any € > 0 such that:

P
w+u£;+€ Vit>m,

So, for any € > 0 (Sufficiently small): the following inequality obtained.
x(t) <k+e
yt)<k+c+e Vt>m

P
wt+us—+e¢
o

Where m = max{m,, m,}

The proof is complete.
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Permanence of the model

In ecology, determining the criteria which makes the model to be permanent is important,
because it implies that the population continuous to exist. There for in this section it is proved that
system2 is permanent under contain condition.

Definition [10], system2 is said to be permanent of there exist positive constants k,and k, such
that:

k, > max{gi_)rglo Sup x(t), th_)rglo Sup y(t), tll_)rg Sup w(t), tll_)rg Sup u(t)}

> min{gi_)rglo inf x(t), gl_)rg infy(t), gl_)rg infw(t), gl_)rg infu(t)} =k

Theorem 3. If the following condition hold, then the system2 is permanent.

alk+c) +o;-<1 3)
q P
;+O’2;<1 (4)

Where ¢ = min{o,, g4}

Proof: From theorem2,

tlim Sup(x(t) < k,gim Sup(y(t)) <k +cand tlim Sup(w+u) < S

Thus, max{tlim Sup x(t), tlim Sup y(t), tlim Sup w(t), tlim Sup u(t)} < max{k +c, g}

if t > oo, then

dx> (1 (k + 0 P x)
dt_rlx a c 010 k

Thus, solving differential inequality, get

.tlim infx(t) > (1 —alk+c)—o; S) k = m; > 0,due to condition. 3

dy
EZrzy<1—g—az——

Thus, tlim infy(t) = (k + m,) (1 - Si -0, g) = m, > 0, due to condition.4.
—00 1
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dw
—>=>P—-ow—-0sQRk+c)w
dt

So, L!I_)Ig infw(t) > okt s =m3 >0

Now

du
It > os(x + y)w — 052k + c)u — ogu

So, lim infu(t) 2 gs(my+mz)ms

03(2k+c)+ag =my > 0

Thus,

{gim inf x(t), tlim inf y(t), tlim inf w(t), tlim infu(t)} > m
Where m = min{m,, m,, m3, m,}
The proof is complete.

Existence of Equilibriums

System1 has at most four non-negative equilibrium points:

1.2 Predator free equilibrium pointis E, = (x5, 0, w,, u,), were

_ P+0'3x2u2

w, = , X, =k (1 — :—llu2> and u, is the root for the following function:

O4+05Xy

f) = a;u® — ayu + kosT, with

f(w) has a positive root in the interval (O%) and hence
1
_ _a
X, = k(l rluz) > 0.

Consequently, predator free equilibrium point exists for all parametric value.

1.3 Prey free equilibrium point is E; = (0, y5, ws, u3) , were

Page | 82

1.1 Population free equilibrium point E; = (0,0,05, O) exist for all parametric value.
4

a1 =kr_01-1(0-30-4+0-50-6) > O and az =%:m{+:__11a1+0-40-6 > 0
- T1 030471 - -
Since f(0) = kasP > 0and f (0—) =—-—=——-<0 so, by intermediate value theorem,
1 1

ISSN: 2312-8135 | Print ISSN: 1992-0652

info@journalofbabylon.com | jub@itnet.uobabylon.edu.iq | www.journalofbabylon.com


mailto:info@journalofbabylon.com
mailto:jub@itnet.uobabylon.edu.iq
mailto:jub@itnet.uobabylon.edu.iq
https://www.journalofbabylon.com/index.php/JUB/issue/archive
https://www.journalofbabylon.com/index.php/JUB/issue/archive

JOURNAL OF UNIVERSITY OF BABYLON

nnTlnl : Eor Du‘r’e and ApphecJ Sciences <JUBPAS) Vol.30; No.3.| 2022
=t(p -2y, -9 )
Us = gy (T‘z c V3 S1E+52Yy3
P+osysu
Wy = 3Y3U3
04+05Y3

And y; is the root for the following function

1 E
g(y) = osPy — . ((0304 + 0506)y + 0406) (7”2 - %ZY - q—)

S1E+syy.
1 E
g(O)__G:_ZB(rZ - %) and g(C) = O—STC + 0__2 ((0-30-4_ + 0-50-6)}7 + 0-40—6) (51;+SZC) > 0
g(0) < 0 If the following condition hold
a qE
Ty > max {51 ’ (51E+52y3)(1—y73)} (5)

So, intermediate value theorem guaranties that g (y) has a positive root in the interval (0, ¢).

Consequently, prey free equilibrium exists if condition 5 hold

1.4 Interior equilibrium pointis E, = (x4, Y4, Wa, Us)
Were, w, = Gl (P —o0oguy) >0
4

- 05 (x4 + y4)P
* (0506 + 0304) (X4 + Y4) + 0406

And x,and y, are solution of the following system of equation

X\ _ Y _ 0105(x+y)P _
1 (1 k) 1+aTx  (0506+0304)(x+Y)+0,06 0 (66.)
_yY\__4a _ 0,05(x+y)P _
T2 (1 x+c) s1E+5,y  (0506+030,)(Xx+Y)+0,0¢ 0 (6b)

—a3+\/a§ +4T10'4O'6a(0'50'6+0'30'4_)

Ineq.6a, ifx - 0 then y -y = ra(eoetonod) >0
- B —a4+\/aﬁ+4 r%o'4o'6(aia6+0'30'4)
andif y - 0 then x - x = >0
2a(o506+0304)

were, az = 0,05P + ao,04 — 11(0506 + 030,)
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710406
k

and a, = g,05P + — 1, (0504 + 0304)

q
0406(T2 —g)
q

UZUST—(0506+0304)(7’2—§

Inequ.6b,as y —» 0 thenx » ¥ =

) > 0 if the following holds

L4285y >d @

S1  O504+0304 1
and if x - 0 theny — § where ¥ is the positive root of the following equation
%252(0506 +030,)y° + asy*+agy — (7'2 - i) 510204 =0
With
as = (%2 s1E — rzsz) (0506 + 0304) + %2040652 + 0,055, P
ag = 0506S1E1P + (%2 s$1E — rzsz) 040 — (rz - f—l) (0506 + 030,),1E

So, if the following condition holds

(x>x andy<jy)or(x <X andy > ) (8)
then the system has positive solution (x,, v,).

Consequently, interior equilibrium point exists, if in addition to conditions 7 and 8, the following
condition hold
P > oguy ©))

Stability analysis

In this section, locally stability analysis of each non negative equilibrium points is studied

as follows:

Jacobian matrix of the system 2 at E; is given as
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r 0 0 o0
0 n-=L o o
S1
JEY=|_, P __ P __
Oy G4 Og G4 Oy
P P 0
Og G4 Og G4 Og
Eigen ValueS Of ](El) are /111 =" >0 ,/112 =" _SiAJS = —O04 <0 and/114 = —0p < 0.
1

dimW*(E) =2 if r >S"—1

Jacobian matrix of the system 2 at E, is given as

i (1 2x2) ax, 0
n{l——_|—ou, -
k 1+ aTx,
q
](EZ) = 0 rz ___O'Zuz O
S1
O3U; — O5W, O3Up; — OsW,  —04 — 05X
OsW, — 03U, OsW, — 03U, 05X

A4 are roots for the following equation

A4 areroots for the following equation

AB+A 2 +A4,1+4;=0
Ay = aspag, Ay, = asag + ag + aqg, Az = agag + 0404
With a; = g, + g4 + (03 + 035)x;
ag = o1U, +2r11(i—r1
Ay = 0406 + (0304 + 0506)%;

a9 = (05w — 03Uz) 01X,

If the following condition holds
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—01Xy

0

03X,

—03X, — O

Hence E, is saddle with dimW?*(E;) = 3 and dimW*(E,) =1 ifr, <Si but dimWs(E;) =
1

One of the eigen values of J(E;) is 44 =1, — Si — o,u, and all other eigen values 4,, Azand
1

AA, — Az = ag(a? — ag) + ajp(ag + a; — 04) + agaota,a3 + a;aq + agas

ISSN: 2312-8135 | Print ISSN: 1992-0652

info@journalofbabylon.com | jub@itnet.uobabylon.edu.iq | www.journalofbabylon.com


mailto:info@journalofbabylon.com
mailto:jub@itnet.uobabylon.edu.iq
mailto:jub@itnet.uobabylon.edu.iq
https://www.journalofbabylon.com/index.php/JUB/issue/archive
https://www.journalofbabylon.com/index.php/JUB/issue/archive

JOURNAL OF UNIVERSITY OF BABYLON

nnTlnl : Eor Du‘r’e and ApphecJ Sciences <JUBPAS) Vol.30; No.3.| 2022
ag>0Anda;, >0 (20)
If condition 10 holds, then all Routh-Hurwitz criteria A; > 0,45 > 0 and A; A, > A5 are
satisfied, and hence 1,,1; and 4, have negative real part. Consequently, if in addition to
condition.10, the following condition hold
r, < Si + oyu, (11)
1
Conditions hold, then the system is locally asymptotically stable around the predator free
equilibrium point
Jacobian matrix of the system 2 at E; is given as
[Tl - C(y3 - O'1U3 O O O
| Y3 . (1 _ 23’3) _ qE?s, o 0 0
J(Es) =] c? 2 c (s1E +s,y3)2 2 2Y3
l O3U3z — O5W3 O3U3z — O5W3 —04 — 05)3 03Y3
OsW3 — O3U3 O5W3 — 03U3 O05Y3 —03Y3 — 0O¢

One of the Eigen values is A3, = r; — ay; — oyu; if

All other Eigen values A3,, A33and A3, are roots for the following equation:
A2 +BA2+B,A+B;=0

By = a114Q12, By = a11Q15 + Q13 + A4, B3 = Q42093 + 04044

Withay; = g, + g¢ + (05 + 05)y; > 0

qE® 212y
(s1E+52¥3)? c

a12 = 02U3 + TZ
ay3 = 0406 + (0304 + 0504)y3 > 0

a4 = (Osw3 — 03U3)03Y3

_ 2 2
BB, — B3 = a12(a11 - a13) +ays(ag;; + a1 —oy) + 110413 + a110a7; + 412094 + 12043

Since a?; > a,3 so, if the following condition holds

a;, >0anda,;, >0
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then, all Routh-Hurwitz criteria B, > 0,B; > 0 and B,B, — B3 > 0 are satisfied, and
hence 1,, A1;and A, have negative real part. Consequently, in addition to condition 12, the

following condition hold.
rn < ays + ous (13)
then the system is locally asymptotically stable around the prey free equilibrium point

Jacobian matrix of system?2 at E, is given:

](Eﬁ) =
(1 2x4) ay, axy 0
[rl k (1 + aTx,)? %1t 1+ aTx, 91%4
! 7% (1 2y, ) qE?s, 0
‘ (x4 +¢)? "2 X, +cC (S1E + s3¥4)? Oalls 02)a
03Uy — O5Wy 03Uy — O5W, —04 — 05(%4 + Y4) 03 (x4 + Ya) g
| OsWy — 03Uy OsW, — O3l 05 (%4 + Ya) —03(xs +y4) — Uéé
o
By Gershgorin theorem each eigen values lies within at least one of the following discs: a2
-
2%, ay, ax, =
A—r (1— >+ + oUy| £ ———— + oyx e
| 1 k 1+alx)? "~ 1+alx, ** %
2y, qE?s, 2Y4° §
‘/’l—rz <1 - ) 5t QU S <5+ 02, 2
X4_ + c (SlE + Szy4) (x4, + C) —O:
é
|4+ 04 + 05(x4 + Yu)| < 03(x4 + y4) + 2|03Us — 5wy &
O
-
|4+ 05(xs + y4) + 06| < 05(x4 + Y4 + 2[|05W, — 03Uy <
el
o
If the following condition hold, then all eigen values must be negative, 43
C
r - ) o \ Q
1 (1 k < (1+aTxy)? + o1ty '3
2y, qE®sy —
2 (1 x4+c) < (S1E+53Y4)2 T 02Uy £
_ X\ _ _ ays _OXa S
< |7‘1 (1 k ) (1+aTxy)? 01u4| > 14+aTx, T 01X (14) g
_2ys\ _ aB%sy | T2Y4° ( >
|7‘2 (1 x4+c) (S1E+53Y4)2 Opls| > (x4+c)? t 02Ya §
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Consequently, the interior equilibrium point is locally asymptotically stable, if it is existed and
condition 13 holds.

Numerical Simulation

In this section, the effect of toxicant and predator harvesting numerically will be shown. the
Catch ability coefficient to harvest predators have varied and rates at which prey and predator
decreasing due to toxicant have varied to observe the dynamics of system 2. the values of the
model parameters are selected as given in eq. 14-16 and solved system 2 numerically, this
illustrated in in Fig .1-3, where curves with red, blue curve and black colors are x,y,w and u

compartment, respectively
n=2r1r=1K=500,T=2,a=01,P=50,c=40 ¢q=0.1, E=05, s, =5, =1,

o, = 0.001, o, = 0.001, 03 = 0.3, 0, = 0.1, 05 = 0.03 and g5 = 0.1 (15)

500

450 e
400
350
300

250

200

20 40O sO S0 100

Figure 1. The time series is start at (10, 10, 10, 100) and the solution approaches asymptotically
to the interior equilibrium point (357.8285,379.7012, 454.5524, 45.4299) For those parameter
values, it is observed that system2persists and approaches asymptotically to the positive

equilibrium point in the as shown in Figure 1.
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Noting that parameter values given by eq. 15, satisfy the condition14. which confirms the
analytical result. Now if the rates at which prey and predator decreasing due toxicant is

increased, it will see that system?2 approach prey free equilibrium point as shown in Figure2.

500

450 e
400 [ N
350 | —
300 |- |
250
Zoo
150 |

100 —

|- 1 1 1
o 20 40 s0 S0 100

Figure 2. Time series started at (10, 10, 10, 100) solution of the system2 with parameter values in
eq.5 and change value o; to 0.1, approaches an asymptotically to free equilibrium point
(0,38.1439,454.8892,45.0930). Note that when the value of o, changed to 0.1, then parameter
values satisfy conditions 12 and 13, therefore, it confirm that analytical results for stability state

of prey free equilibrium point.

Now if the value of the parameters relative to, predator decreasing due toxicant and
harvesting predator is increased and fixed other parameters, as given in eq.15, then solve system2

numerically as shown in Figure 3.

Noting that parameters using in above figure, satisfy the condition 10 and 11, meaning that
the analytical result is correct. And note that Figure 3. show that both toxicant and harvesting have
negative role predator individuals and may predator population will disappear due to existence of

both toxicant and harvesting predator
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450 [ -
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350 - —

300 - —

250 —

200

150
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1 1 1 1
o 20 40O S0 S0 100

Figure 3. Time series started at (10, 10, 10, 100), solution of system 2 with parameter values eq.15
with  change
point (488.6438,0,454.5662,45.4161).

(0, to 0.1 or g to 10)approaches predator free equilibrium

Conclusion:
In this paper, Leslie Gower predator prey model is modified by taking in to account toxicant of

environment and harvesting of predator individuals. The model has at most four-equilibrium point,
population, predator free, and prey free and interior equilibrium points. It is shown that the
population free equilibrium is not stable while other equilibrium will be stable under certain
conditions. Effecting of both toxicant and predator harvesting is shown numerically, it has been
seen that for a small change of values of parameters relative to toxicant and harvesting factor,

dynamics of system2 changes.
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