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Abstract

In this chapter, we focus on the shape preserving approximation using rational polynomials, for
rational in L, _spaces, p < 1. In our work, we solve a problem raised by R. DeVore in several lectures
for many years ago. It mean we discuss the order of monotone rational approximation for function in
L,, spaces forp < 1.
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1. Introduction.

In1987, P. P. Petrushev and V. A. Popov, proved an estimation for rational
approximation of real function.

In 1984, Newman, and V. A Popov, proved direct estimates for convex rational
approximation.

Estimates about monotone rational approximate were obtained in 1999, It seems that
not exact results are known until the present time.

In this chapter, we solve a problem raised by R. A. Devore in several knots
during the last 25 years. It means we find exact order of L, — monotone rational
approximation for functions in the L', spaces p-1,0 <p < 1.

Let P,be the space of all algebraic polynomials of degree at most n, and Q,be
the set of all rational functions r=s/q,q # 0 where the error of the best uniform
rational approximation of a continuous function f on [0,1] is defined by
P.(f)=infllf —7llcfo,1-

In this chapter, we use rational approximation to prove a direct theorem for
monotone approximation on L,, spaces for p<1.

Let m,,denote the space of algebrauic polynomials of degree not exceeding n. We
say that r is an (n,m) rational function if r =p/q where p € m,and q € ,, if f is
analytic in some neighborhood U of zero then the (n, m) rational function s = p/q.

Let |||, denote the supremum norm on a set k in the complex plan ¢ . We call the
rational function r is a best (n, m) rational approximation to f on k if r satisfies

If = rlli = infllf —p/qllk

So we shall use some definitions to prove these problem , these are:
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N(x) — N(—x)
N(x) + N(—x)

Rm(x) =

N(x) = n(x +a),a= e~ N
i=1

~ X
R,(x) 2
Hom() = 7= 5 | B e
0
. 1, x=0
X = {0, x<0
X
2 Ry (x)
Rn,m(x) = Zf Tr{n (t) dt + Hn,m(x) : 1m+ b

0

1+R[1’l/ 1+1, (X)
Qo () = m

2

2. The auxiliary Results
This section consists of lemmas that we need in our main results.
Lemma. 2.1
Let us take the polynomial

3n x2k
_ _1\k . 2k+1
T,(x) = kzo< T 22)
have 6n degree
1
A=Apn = ]T,{" (x) dx (2.3)
-1
Satisfy
1 sinnx_ < m <25innxm €<03]
SO ST <2—" , xe(o-
So,
[frmdt<s————, x€[5,1]  (24)
x M — (m-2)xm-1’ n’ '
Then, A>—n™1 A< 6n™} (2.5)
Notation 2.6
Let
_ N(x) = N(—x)
R (x) = NGO TN (2.7)

Be a rational function
m
. -1
N(x) = n(x +a'),and a=e e (2.8)
i=1

Therefore

Ry (x)

B (N(x) + N(—x))(N’(x) — N’(—x)) — (N(x) — N(—x))(N’(x) + N'(—x))
B (N(x) + N(=x))?

(2.9)

Lemma 2.10 Let R,,, be function that satisfy
1) I1=Rp@llp<2°'(1—eV™)[1+k] ,x€leV™ 1] (2.11)
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2) Let R, (x) = W be a function , such that

N(x) = n(x +at) ,a=e U (2.12)

i=1
and let Ry, (x) > 0, x € [0,e™V™].
Proof (1) :
_ N&x)-N(=x)
Let Ry (x) = 5 NG
suchthat N(x) = [I%,(x +a'), a= _1/\/ﬁ' s0 we have

11 = Ryally = ([ |1 = RGP dx) 1y
< (fel—m 1P dx — fel_mlRm(x)Ip dx)l/p < 2p71 (f:_m dx )1/p +
1 1
(eam RnoP ax) <2071 ([0t [) 4 (i [P ) ™,

where, N(x) =12, (x + a').
So we obtain,

1
I = Rll < 277 (|1 = ™) v

) f( v (x+al) — Hl(—x+a))dx

me+a) +17 (—x +ab)

rational function

l/p

e—m

Since x € [e™V™,1]. so we have,||1 — Ryll, < 2771 (|1 e~Vm| ) /p

4 1/p

J-1 M2, A+ +172, A+ D)+ X
emvm Hg’;l(e—‘/ﬁ+e—m)+ai
1
<201 (|1 - e—m|p) g
l/p
f | 2m +2m 2m + P
dx
", (e- \/_+e“/_) ", (e- \/_+e‘\/_)
1
1 P
1/ 2m+1 14
<2 (|1 e |) + f Pp— dx
e_\/_
l/p
2m+1
<2771 (1—eVm) + | Jp-mim ax
e~ m

2m+1
Let K be constant, such that, K = ——

2e mym

So we obtain
1
/
I = Ryl < 2P72(1 - —W) vk (|| )"

< 2r7t [(|(1—e-ﬁ)+1<(1— -W)|) <271 (J1- -W|p)1/p[1+1<]
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Il = Rpll, < 2P71(1 — e™V™)[1 + K]
\/_ 2m+1
— p-1 — pTVmMm N
Il —Rpll, <2P7(1—e )[1 + 2e—mﬁl

Proof (2) :
We must find [|R},|l,,and x € [e™V™, oo]

e_‘/m 1/P
IRl = f IR, (0P dx

0
N(x)—-N(-x)
When - Run(x) = yoencn

(NG +N=0) (W 4N (-0))+(N@+N (-0)((N @) +N' (=)
[N(x)+N(-x)]?

(N@+N(=x)) (N G)+N'(=X) )+ (N@)+N(=x)) (N’ ()+N' (=)

[NGO+N(-x)]2

Since N(x) = [, (x +a') ,a = e_l/\/ﬁ, a= e_l/\/H
N'(x) = 1_[ (x + ai)' =((x+a)(x+a?)(x+a®) ..(x+ am))’ (2.13)
i=1

Since by properties of derivative such that if f(x) < g(x)
Then f'(x) < g'(x) we obtain,
R, (x) <

So R, (x) =

R, (x) <

(n’;;l(mf)+n;’;1<—x+ai>>(nz:1(x+ai>’+m’;1(—x+ai)’)+(n?;1<x+af)+m';1(W))( p, reds )

=1 T
L
M2, (—x+at)

[]_[{;ll(x+ai)+]_[?=ll(—x+ai)]2
Since x > 0  and derivative is monotone ,we obtain
R, (x) < (lizaCeta IS, (Cxkad) (@I (T, Gt adHITZ, (ke G T Cxy
(M2, (x+ad)+(—x+ab)

m(x+a)+ (—x+a)[mx™t + 0] + [12, ((x +ad) + (—x + ai)(mx)m—l) +0

< : .
- (T2, + ab) + (—x + a'))?
R 28 (max™ ™) + TTR, 2 (ma™ ™) [T, 2a [mx™ ™! + mx™ ]
- (T2, 2a)? B [T172, 2a']?
1
i _1 m - /\/-,E m—1 m—1 m—1 m—1
Since a'=e /‘/ﬁ, < i 2 [nﬁ i b om +r_nf;
[Hﬁl 2e /‘/"_1] [T, 2e Vm
Let C is constant, such that
1
C=———
-/
[Tk, 2e 'Vm
1
Ry (x) < c2mx™ ™!t = ————— *« 2mx™!
2], e /Wm
mxm—l
Rin(0) S ————=Cma™" (214)
mie 'Vm
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eVm U
IR, = f |C(mx™ !t + mx™ 1)|P dx
0
-~ Yo o )i p
<C f mx™ 1P dx + f [mx™1|P dx

0 0

< ¢ (|wmg m|”)1/p ¥ (|[xm]g‘ﬁ|p)1/” < [(e™" ~ 0+ ()" — 0]

<C (e_%)m + (e_%)m] <Cle7t+e ] < C(% +%)

We obtain,

2
IRl < c-

, 1 2 2
”Rm”p S—_l/*ES _1/
[T, 2e 'vm ex2[[t,e 'Vm
IR, < 1_1 ,Where x € [O,e_‘/ﬁ]
el e I

Lemma. 2.15

R,,isodd and R,,(0) =0,

_my )

R (nxe 2 |+bnx

~ ~ m 3 _Vm
R (_) =1, Rp(x) = R (e_m/2>+b and b = 32m*2e="""2

So we obtain, R,,(x) <1+ %n (x — %)x € E ,1]

p () 5o 2.16
m n =+ '
Lemma. 2.17
Rp(x) 2 (X . ..

If, Hy () = ﬁ - Iy P (? dt, then following satistied
Hym(x) <1, when x € [O, %]
H, (x)<0 henx € |~ 3]

nmx) <0, when x ' m
we obtain,

H (x)<-lf’“pm(t)dtxe[i 1] (2.19)

nm — a4 Jo m ) Tl’ .

Lemma. 2.18

R*,(x) = even function satisfying

1+(nx)m5+m’

R*,(®x)<0,x€[01], 0<R,(x)<1x€[01], 1-R'px) <@mx)™, x¢€
1 N 1 2 S n 1

[0,52], R'm(®) < - 2,1]. and R (x) < 25, x € [0,

)M’ In 2m®>’ 2n

!
—R* 5 2
Hence ——=% > x €[, 1].

m(x) X
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Remark. 2.20
Denote by
o (1 x=0
X+ = {O x (<)0
2 X R*m(X
So put Rn,m(x) = Zfo T (t)dt + Hn,m(x) * ip (2.21)
1+R[n/m]+1’m )
and Qpm(x) = — .
Theorem 2.22
a) If m > N. and integer n > m? are even then
an‘m(x) >0,x € [_1'1]1 Qn,m = Pnm T Anm.
where Pnm € P70 »qnm € QZm6
_x/ﬁ/4
”Qn,m _X:”p; and <lx|<1

b) [|Q nm(x) — X3|| when % < |x| < %for each even m > N-
>0, andx € [-1,1]

and integer n > m?*we have, Q', >
Qn,m = DPnm T+ Qn,m.Where Pnm € P Qum € Q2ms
. o j-1 jo.
To find ||Qum —X+||p when — < [x| <+,j=2,..,n

Proof (a) :
- _ (1 x20
Let Xy = {O x<0
2 R ()
Rom (%) = =[5 T (£) dt + Hy () x =25 (2.23)
1+Rn
and Qpm (x) = — Lt
ﬁm X 2
3 Hym(x) = 2222 — 2 (£ P (1) dt (2.24)
R
o m(nxe_\/ﬁ/2>+bnx
and Ry, (x) = —
m(e_m/2>+b
[|@nm () — 1||p where x > 0
LR im ) o=, s
2 - where <|x| <
p
l/p 1/p
b+ LEIE)) P 1
= j mz dx + f |1|p dx
e‘m/zt _ﬁ/
" n
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Yp
/ 2t R'm(x)
m
+k | {7 i @+ a0+ T35 x|
\/ﬁ/ 0
e 4
" \
1/p
+ ([x]:«/ﬁ/4> L
)
1/19
< 2p-1 *1* 2 [x]1
2 e_\/m/4
n
1/p
1 2 X R* ( )p
+ j A j T[%]+1,m(t) dt + H[%]“'m () » 1+b o
_Vmy 0
e 4
1 " 2
. 1
Since [ T (£) dt < -1’ X € [H’l]
So we obtain,
1@nm ) = 1|,
_ 1
<227 (' gm )
n
1/p

1
2 1 R 0|?
.
a ‘A (=21 @) | 9
_M/4

n
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Byusing  Rpn., () and [T (6 dt

Since,  Hpm(x) =252 2 (% pm(¢) at

] 1+4b
So we obtain,
p\ /p
< 2p—1 [x]l_\/ﬁ/
e 4
n
/ ,
j (m Z)xm 1
\/ﬁ/4
n
1/p-
R,(x) 2 R*m (%)
—— | B (t)dt d
1+4b Afm() "I+b x/l
0
Then,
”Qnm(x) - 1”p
R,,(x
< 2p—1 ”X”p || ” m( )”
All(m Z)xm 1 1+ 4b
2 R*p(x)
—|Bm (e
ﬁ (X)” 2
< op-1)x +_|| ” m m 2m2+1
1X1, + | T iy as T (nx)
1
e svm
1+ (nx)™
where R*,,(x) = oS and we have :
X
2
v f P™(t) dt < m™(nx)2™ +1 (2.25)
0
S0 we obtain,
”Qn,m(x) - Xi”p
2 1 1 R\ mm nx 2m?+1
< 227X, + = + o] ) 5
A (m=2) || X"™1]]  1+4b 1+ (nx)m*+m
1 1 ~ mm(nx)2m2+1
< 2P7LX||+C +
X1 | X-™+1)|| 14+ 4b ” m“ * 1+ (nx)m*+m
. e‘ﬁ/zt e_ﬁ/Z ] PN e_ﬁ/z 1-3b
Since C ,we obtain, R,, = —
n n 2
m m2+1
< op-1 C1 1-3b | m™(nx)?m+
< 2P70IXI + IXx=m+1]|  248b ' 14(nx)mS+m
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mm (nx)zm2 *(nx)
1+ (nx)mmM*« (nx)
mm (nx)Zmz

1+ (nx)mm®)

Cy
[[x—m+1]|

< 27-1|X| +

+Cy+

<PTYX| + —2+ G+

llx =+

Cy mm (nx)2m2

14
L_\/ﬁ/4 + / p\l/p + G 1+(nx)m(m*)
\/ﬁ/4

y

1 c m™ (n(1))2™*
2 -1 @ o AR))
2 ] _Vym + [x—m+2]1 i + C; 1+(n(1))m(m4)

[x—m+1+1]1

e~

2
mm(n)Zm

1+(m)m°

1

<2Plx-|1- + +k
2

e 4

-m+2 _
1 ( o

)—m+2

Cy

Vi -m+2
1—-m+2 _<e_ /4>
n

Vmy

Weput, K = C, 1T:m’ C =

We obtain,

e

. 1
|@nm — X3l <2771+ 5 (1 -
vmy

e

When -1 <x< — * then we obtain,

n

Vv Yp

e 4
n

C
< 2p-1 f Ix|Pdx | + ! y
-1 e_\/m/‘l, p

f:j|x—m+1|p dx

+ C,

[
nm-X; P

mm(nx)Zmz
1+ (nx)mm®
_\/ﬁ/

—e 4 ,
x?] n C mm(n(—1))%m
X + 1 1G4 (n(-1)) i
2], 5, 1+ (n(—Dymom®)

promez]g T

< 2p-1

When x € [—1,1].
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_™,

o — 1 Cl
||Qn,m_X+“p§2p 1*5 +1|+ Vi
(—e 4)—m+2 — (=1)~m+2
c mm(—n)2m* - 1 —e‘m/z ) .
+C————— < 2P ha o (—— K
‘14 (-n)m° F T T Kk
Put kl = —Jm ! ’KZ = 1+1n_m m
(_e /4)—m+2_(_1)—m+2 )
Proof (b) :
o _ (1 x=0
let X, = {0 20
2 rx R*m (%)
Rom(x) = 5 f§ T (£) dt + Hy g (x) * ==, and
R me C Rm@ 2 (% om
Qnm(x) = 5 3 Hpp(x) = 114 Zfo Py* (t)dt
R
R m(nxe_ﬁ/2>+bnx
and, R,,(x) =
R Jm +b
m| e /2>
|@nm ) = 1| where x = 0
R am ) 1 ]
e —1|| where—< |x| <=
2 n n
P
j o

n

1+ R[%]+1,m(x)
"

”Qn,m - X:-”p = k - dx)

j—1
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1 J p 1/19
< 2P 1« E( [x]nr_l )
% 1/29 .
() dt + Hiny,, (x) * m() d +[]%
[m] " [ ]+1m X "y X Xlj—1
since fx Th(t)dt < m,when X € [;, 1]
So we obtain,
”Qn,m(x) - 1”p
1 i p l/p
<2p_1*—*2<[X]]n__1 )
(4 )
c 12 1 R* ()|

dx |

| S e g T
=
n

Since, Hym(x) = 2% 2 (% pm(r) dt
So we have,

i |P /p j 2 1 Ry (%)
i I nG
-1 ) + <f% At (m-2)xm-1 T (1+4b

[Qum(0 ~Xi ], < 2071 §z<

1
2P () do) + m("))| dx) ’

Then, ||Qnm(x) — X3 )

< 2P 1|X]|, + 2

A ”(m—z)xm—l + LBl % ”Pnrln(t) *

1+4b
R*m(x)
1+b “ a ”
Ry () 2 !
< 2P-1|x +—|| + +mT () s e
” ”p A (m _ 2)xm—1 1+ 4b m (TlX) * 1+ (TlX)m5+m
where R*,,,(x) = m and we have, = [ I (t) dt < m™ (nx)?m"+1
So we obtain,
1 mm(nx)2m2+1
o S 2p—1 X + C -I— R\ + -~ 5., -
”Qn,m P ” ” le—m+1” 1+ 4b ” ” 1+ (nx)m5+m
1-3b
”Q v “ 3 Zp—1||X|| N C, N — mm(nx)2m2+1
nm + p— ”X—m+1” 1+ 4b 1+ (nx)m5+m
m m2+1
< 7pb-1 C1 1-3b | m™(nx)?
<2 ||X|| + lx—m+1]| + 2+8b 1+(nx)m5+m
m(nx)zmz * (TLX)
<2 YX||+ ——+C
[1X1] ||X m+1|| 2+ 1+ (nx)™m" « (nx)
2
e mr 0’
2 ”X“ + X~ m+1|| 2 1+(nx)m(m4)

when] < |x| < %,j =2,..1m,
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So we obtain,

i Ur
||Qn,m(x)—xi||szp-1<Lg|X|de) +— - 7=+ G

fjn__1|X—m+1|p dx
n

C1
Ji

) i (X—m+2)n
p—1 2\n
2 *z(x 2 1+—_m +C21+1
< 2p-1 1((j)2 (._1)2)+( +1) G o+
< * = (D) —|— -m . .

2 n n (]_)—m+2 _ (] — 1)_m+1 g 1 +]m
n

< 2v-1 2(M+I<’1+K2
Where K; = (—m + 1) !

(n) -m+2 _(j_l)—m+2 ’

p-1 — p-1
X+ps2 (’ S42j- 1)+K1+k2 == (2’ 1)+K1

2 n2

AndK2=C2+ i

”Qn,m -
K,
When -1 < x < —(E)
. n n
3. The main result
In this section we introduce our theorem for rational Monotone
approximation.

Theorem 3.1
If £ is monotone function in L',,[0,1] satisfying f’ € L',,[0,1]

Then E(F) < <2 |1f'll,,n = 1,2, ..and p < 1
Proof:
Assume f non decreasing on[0,1] satisfies |[f’||, = 1, and
0 =2x < x; <-<x, = 1. Operation satisfies
F(xi41 )P — f(x)P = % fori=0,1,2,... k-1
Xit+1 1/21

j|f%xnpdx (ias = x0)

p—1
p

1
> flxp)” = FG)P =~

Therefore, ||f’||Lp[Xi i=01,.., k—1.

. > —
Xit+1] = nP (x4 —x;)P~1’

Then p >yk1___ 1 then
Z ”f ” p[xi_xH_l] = &1i=0 nP(xjpq—x)P71
1

IIf' || =

np(x i+1—X)P~ -v

therefore
k-1

1
>
np(xl+1 - Xj )p 1

By Eq.(2.14) we obtaln
k=11 1
i=0 arreg —xP 1 <n, and then, v — <1

1 1 1
S =N S ——3
(m(xipr — x)P71) n(xjy1 —x;) 0P

Since by Eq.(2.19)
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1 _ 1
< =
n(xieq, —x;) P71
k
—=fOP - fP = Iy =1
So which implies, g <landk<n
So define, s(x) = f(x-) + =TI (x — x,)5
Itisclear, s(x;) — f(x;),i =0,1,..,k—1
2
And, ||s _f”Lp[O,l] <supl|s—f| < ”
Define the even number greater then no

m; = 2ne + 16[In* + (n™" max{(x;41 — x) 7" (6 — x-1)7'))]
_\/ﬁ/4

Since m; are even m; > n. We have, [|Qn..(x) — Xi|| <e

ThUS, e_m/él- < nmin {xi+1 — X, Xi — xi_l,%}
1 \2
SO, ml S 2No + 16ln2 np—l’ SO, (ZNO + 16 lnznm) < n

Since n > m?,whenp < 1, Forall i=1,2,...,k-1

We may use the lemma for the rational function Q, 1,

1+R[£]+1m(x)
¥

Suchthat Q. (x) = >
Put R(x) = f(x.) + %Zi:ll Qnm; (X — X;), and since each Qp . is
Anon decreasing function.so we have by
nllf C) — R(x)lp < c(Inllf (x) — Sl +nllSGe) — RGe) I,
2e(p)n * 2 +n [|f(x) + 2 TR x = 30} — (BG) + 2 X Quymy (X —
x| < TN %0% — Qum =3l < 2e0) + i
Xo)+ — Qnm; (X — Xi)”p

References

Gao, B.; Newman, D.J.; Popov, V.A. Convex Approximation By Rational Function,
SIAMJ. Math. Anal. 26 (1995)

Live, G. I.; Opitz, U. CoMonotone Approximation Of [x], Serdica Math.J. 10 (1984)
88-105.

Lorenz, G.G.; Golitschek, M.V.; Makovoz, Y.; Constructive Approximation, Springer
, Berlin, 1996.

Lorenz, G.G.; Zeller, K. Degree Of Approximation By Monotone Polynomials, J.
Approx. Theory 1 (1968) 501-504.

Petrushev, P.P.; Popov, V.A. Rational Approximation Of Real Runction, Cambridge
University Press, Cambridge, 1987.

Zhou, S.P. On monotone Rational Approximation: A new Approach, Analysis
(Munich) 19 (1999) 391-395.

53



