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ABSTRACT

Background
It is known that an approximation in general topology did not study an approximation of functions as well as

approximate of real contra-continuous functions but it is limited to an approximation of sets in topological spaces
in general and simple.

Materials and Methods:

In this paper | will study an approximation in real contra-continuous functions space starting from providing a
best approximation element of this kind of functions in a compact set and | symbol of this space by CO(R) where
R is real numbers .

Results:

Also in this paper | described contra-continuous function (as continuous functions) in real numbers also, | was
able to get an example of this kind of functions in R (where it very difficult example) and approximate it by

Bernstein operator.

CONCLUSION:

Here, the important conclusions are that the compact set in real numbers is available best approximation element
for any contra-continuous function which is located in it and the other is that the contra-continuous functions
must be bounded.

Key words:

An approximation of contra-continuous functions, Bernstein operator, Continuous functions, Contra-continuous
functions, Compact sets, Closed sets, Open sets.
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INTRODUCTION

An approximation in topological spaces is studied in several researches and books such as
[1], [2], [3] ...etc. Those studies were based on an approximation space (or rough set) This is
done by studying the interior points of these sets as well as the set’s closure, but never not study
an approximation of functions as well as contra continuous function in topological spaces.

As | mentioned earlier, what prompted me to write this research is the absence of any example
of a real contra-continuous function of course, in the set of real numbers, in addition to the
larger issue, which is the approximation of this mysterious type of functions with a real
polynomial.

The function f: (X,7) — (y, o) is called contra-continuous function if the invers image of
any an open set in Y (according to o —topology) is a closed set in X (according to T —topology)
[4],[5]...etc. for example Let X ={1,23},7={{1},X,¢} and Y ={a,b,c} 0=
{{a}. X, p}and let f: (X,7) — (Y,0)such that f(1) = ¢, f(2) = f(3) = a, Then f iscontra
- continuous function.

In the real numbers with usual topology (in general) not just an approximation of these
functions is not study but there is no any example for contra-continuous function because
impossible finding examples for this kind in real numbers(R) since in this case some elements
in a domain of function be have more than one image in its codomain as | will explain later.

As defined it previously , the function f: X — y is called contra-continuous function if the
invers image of any an open set in Y is a closed set in X (where | will used the real numbers R
with usual topology (R, T,) instead of the sets X,Y ) and symbolled of the real contra-
continuous function space by CO(R) .

As described (or define) earlier of the continuous function as the following “If f: X — Y and
let x,eX then we say that f is continuous in x,if Ve > 036 > 0 such that if |x —x, | <
d then|f(x) — f(x.) | <€ [6],[7] ....etc.

So, for the contra-continuous function I will describe (or definition) it as “If f: X — Y and
let x,eX then we say that f is contra-continuous function in x,if Ve > 036 > 0 such that if
|x —x, | < 8 then|f(x) — f(x.)| <E€.

Or “If f: X — Y and let x.eX then we say that f is contra-continuous function in x,if Ve >
038 >0 suchthatif |x,|<dthen|f(x) —f(x) | <€cevrviriririiiiinann.n. (1-1) (Note that
numbering includes two parts of above results).

This definition (or description) come from definition of a closed set in (R, T,,) that since an
open set in R will be as an open interval then its complement must be a closed set and it will
be as a closed intervals or countable sets whether finite or infinite sets with condition that these
numbers must be bonded.

So after defined contra-continuous function f as above then one have the right to ask
especially (about studying the possibility of an approximation of this kind of functions) is this
function has a norm? before answered this question there is another question for this function
that is “is f bonded ?” and | will study this case with some expansion in theorem 2.3 this by
used properties of convergent of sequences in domain of f.

Now, after proved that f bonded function ,So sequentially it has a norm and as in case of
continuous functions which has two types of norms that is integral norm and supremum norm,

Page | 2

info@journalofbabylon.com | jub@itnet.uobabylon.edu.iq | www.journalofbabylon.com ISSN: 2312-8135 | Print ISSN: 1992-0652


https://www.journalofbabylon.com/index.php/JUB/issue/archive
https://www.journalofbabylon.com/index.php/JUB/issue/archive
mailto:jub@itnet.uobabylon.edu.iq
mailto:jub@itnet.uobabylon.edu.iq
mailto:info@journalofbabylon.com

- OURNAL OF UNIVERSITY OF BABYLON
Artiele ) Vol.31; No.2.| 2023

For Pure and Applied Sciences (JUBPHS)

Cry ey Sy Sy O T I e G

e D T

v .

T

“V"

.o
TSt

ey 6y

vé\\v

Ty T VO I

Here the contra-continuity type cannot be have integral norm because this functions not
continuous, So I will use supremum (sup) norm (or absolute value norm) when approximate it
(i€ |fllcofa,s) = sup{lf ()|: x € [a, b, f € CO[a, b]}.

For an open and a closed set in R it is clear that an open interval is also an open set and a
closed interval must be a closed set (as mentioned above) also clear that every element in an
open interval content in an open ball which located in our open interval, Here if a closed set in
the form of countable set then every element can be content at least in single set (for example
the set of same element “which contains this element” ),So it contained in a closed set, Let's
symbolize to this results by the number.............................. (1-2).

Also for elements in a closed interval, every element can be content in a closed set(disc)
which located in our interval except endpoints which only be contained in our closed interval,
so every element in a closed set is located in a closed set which continent in our closed set Let's
symbolize to this results by the number.............................. (1-3).

From our information the infinite union of a closed sets not necessary a closed set but if the
closed sets in (R, t,,) as form closed interval or countable set then the infinite union of them is
a closed set as shown in results (1-2) and (1-3).

We return to the approximation of the contra-continuous functions, initially 1 will study
existences of best approximation element of these functions. It is known that the compact set
give this element for any continuous function which content in it, the main question here is
that” is this feature available and valid for contra-continuity functions? In this paper | study
availability to get a best approximation element in the compact set.

After getting the best approximation element and an example for real contra-continuous one
has the right to ask can anyone approximate the contra-continuous function by real polynomial
of degree n ? I talk here of one of the well-known polynomials , such as Bernstein's operator,
It is known that Bernstein's polynomials is one of the excellent polynomials that provides the
best approximation elements for any continuous function within the closed interval [0,1] or its
expansion, in this paper | will approximate real contra-continuity function f by Bernstein
operator as in theorem 3.3.
2.Materials and Methods

For contra-continuous function, there are two questions: is there a relationship between
our previous description of it and the possibility of moving the inverse image of an open set
to a closed set? Here | will answer this question in the first theorem. Furthermore, does
contra-continuous function bounded? Also will answered these questions in the next theorem,
before that | will prove convergent of image sequence in contra-continuous function.

Theorem 2.1.: If f: X — Y is any function then f is a contra-continuous function iff the
invers image of any an open set in Y is a closed set in X.

Proof:_Necessary:

Suppose that f is a contra-continuous function and let VV be an open setinY.

Let x,eX such that f(x,)eV and let y, = f(x.).

Since f is a contra-continuous function , So by (1-1) we get Ve > 0 36 > 0 such that:
Either if |[x — f'(y.) | < S then |f(x) —y. | <eorif |x,| < Sthen|f(x)—y. | <€
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In both of the above possibilities and since both sets X = Y = R with usual topology and
Since V is an open set then there exist an open ball B in Y its center isf (x.) such that B € V
So, by our describe of contra-continuity of f(i.e. by 1-1).

There exist a closed set B in X its center is x, such that f(B) S BV

So, B € f~1(V) and then by results (1-2) and (1-3) f~(V) is a closed set in X.
Sufficiently:

Suppose that the invers image of any an open set in Y is a closed set in X

Let x,eX and let B be an open ball in Y such that its center is f(x,) (i.e. f(x.)eB )

Since invers image of any an open set in Y is a closed set in X,

Then f~1(B) isaclosed in X and x,ef ~1(B)

By definition of a closed set in metric spaces (1-3), there exist a disc B in X its center is x,
Such that B € f~1(B) and then f(B) € B

So, 1-1is verified and this mean f is contra-continuous in x, m

aanie n A i dmathivmidieate il

Theorem 2.2:Suppose that f: X — Y be any function then f is contra-continuous function
in x, iff x, — x, (where x,,eX) implies f(x,;) — f(x,)

Proof: Necessary:

Since f is contra-continuous function then Ve > 0 36 > 0 such that:

Either if |x —x, | < d then |f(x) — f(x.) | < e€orif |x,| <Sthen|f(x)—f(x.)|<e€
Now, let x,,eX and x,, — x, then |x, — x,| < fasn — o

So, by definition (by 1-1) of contra-continuity for f : |f(x,) — f(x.)| < €.

This mean that f(x,) — f(x.)

Sufficiently:

Suppose that x,, — x implies f(x,) — f(x)

So, this mean |x, — x | < § implies |f(x,) — f(x) | < e forany §, €.

This indicates that f is contra-continuous in the point x,,, neN

Now, if f is not contra-continuous in some points in X
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E—: Then Je > 0 V3§ > 0 such that:
c Either |x, — x| < 8 but |f(x,) — f(x) | = €or |x, | <8 but |f(x,) —f(x) | =€
; This mean (in particular), if § = % , So there exist x,, satisfy if |x, — x| < % but |f (x,) —

f() | 2 €orif |xy | < but |f () = f(x)) | = € neN asn — oo

Clearly x,, — x but f(x;,) » f(x) or x,, — 0 but f(x,,) » f(x)VxeX with special case
f(xn) » f(0)

Which is a contradiction, So f is a contra-continuous function m

Theorem 2.3 : If f:[a, b] — Y is contra-continuous function, then f must be bounded.
Proof: Suppose that f is not bounded in [a, b]

So, Ve > 0 AneN , such that if x,,e[a, b] then |f(x,)| = €

So, since f is a contra-continuous function and by theorem 2.2 3§ > 0 such that | x,| = §
But [a, b] is a bounded set

And this is a contradiction, So f must be bounded in Y =m
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3.Results and Discussion

After contra-continuous function was introduced and prefaced as above, here I study an
approximation of this type of function.

First of all, and after | prove that contra-continuous function is bounded, and then it has a
norm, after this preparing of this base I will study an approximation of this function.

| start with possibility to get best approximation element. It is known that the compact set
provide this element for any continuous function belong in it. So, Is this case remainder for
contra-continuity functions? This is what I will answer in first part.

After studying the possibility of obtaining the element of best approximation I try to finding
example for polynomial of best approximation of the innovation example for contra-continuous
function.

Theorem 3.1 :[7] Let (X;d) be a metric space. Then K c X is compact if and only if every
sequence in K has a subsequence converging to a point in K.

Theorem 3.2 : Suppose that f: X — Y is contra-continuous function ,A € rang(f) €Y , A
IS a compact set, then A is provide best approximation element for f.
Proof: Suppose that x,eX such that x,, = x VneN and f(x,) € A.
This mean that 3§ = 0 such that |x,, — x| < §
Since f is contra-continuous function , then by (1-1) 3e = 0 |f(x,) — f(x))| < €
This mean that f(x,,) — f(x)
Since A is compact in Y then by theorem 3.1 must be f(x) € A
Now, if 3x,eX such that Ax,, € X and x,, » x,
This mean that 3§ > 0 such that |x,, — x,)| = &
Since f is contra-continuous function , then 3¢ > 0 [f (x,,) — f(x.))| > €
But this contradict with f is bonded
So, f(x,) — f(x) € A,VxeXAsn — oo
And then f has a best approximation element in Am

Now for an example about real contra-continuous function, it is clear that this example
impossible to get it in real numbers because there will be more than one elements has two
images (or more than) in codomain of this function as mentioned earlier.

Here, | will introduce creative example for this kind of functions in R by using union of
functions

It is known that union of functions is not function in general but this example was taken case
that verification conditions of the function.
Let f: (R, T,) — (R,T,) such that f(x) = [x] where[x] the greatest integer function.
This mean that [x,x+ 1) —> x ,xeN where N = natural numbers
And g:(R,T,) — (R, T,) such that g(x) = |x] where|x] middle function between the
greatest integer function and least integer function.

This means that (x, x + 1] — x ,xeN where N = natural numbers
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Suppose that F(x) = (f U g) (x) = f(x)Ug(x) then F: (R, T,) — (R, T,)

It is clear that F is a function since every xeR has one image in codomain of F = R

And it is clear that the rang of f is only natural numbers N
Now, to prove that f(x) is contra-continuous function in real numbers with usual topology:
Let B is an open set in R (codomain of f ) such that B contain only xeN then:

F71(B) = (fUg)"1(B) = f~Y(B)Ug~*(B) = [x,x + DU (x,x + 1] = [x,x + 1]=closed
setin (R, T,)

with the same way if the open set B contine more than one element in codomain of F.

This mean F~1(B) = (fUg) Y{x1, x5, oo, ) = fHxp, x50, oo, 03U g™ Hxg, X5, o, X0} =
[x1,x,] =closed setin (R, T,)

gy Ty Sy D YP‘\_“ aalm il

And If B is an open set in R(codomain of F ) such that B contine x ¢ N then

Ty €y

F~Y(B) = ¢=closed set in (R, T,,)
So, f is contra-continuous in R.

In this part we study approximate of above function F by Bernstein Polynomials where:

e D T

B,(f; x) = Z’,ﬁzo(Z)f(g)xk(l — x)" ¥, forany f € C [0,1],x € [0,1] and n € N. [8]

v .

Theorem 3.3:Suppose that F: [0,1] — R is contra-continuous function then
lim (F(x) — B,(F; x)) = O such that F e CO [0,1], x € [0,1] and n € N.
n—oo

!

[y
TSP Y

Proof: Since B,(F ; x) = Xi_o(F ()xk (1 — x)"*

1 ifk=n
0 otherwies

And since F =natural numbers So, F (S) = {

€[0,1])

AISO,(Z) = 1lwhen k = nbecausek <n

for all k.neN ,(and k,n

ey 6y

vé\\v

S0, By (F; x) = $pg(DF()x*(1 — )" ¥, xeN, foralln e N
= Zio()FUGH O —x)
= S (OF (EDUg () —xm
Since f (E) =g (E) = {1When k=n and then (1 — x)™» % = 1 also (n) =1

n 0 other wise k
So, B,(F; x) = x™ neN

Now, since x€[0,1] this mean x = %such thata < b
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Then lim x™ = lim (9" = lim % = 0 S0, B,(F; x) = 0 As n — o,
n—oo n—oo - b n—oo b™
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Also, F(x) = (f U g)(x) = f(x)Ug(x) = 0,xe[0,1)

So, B,(F; x) = F(x),x€[0,1)

If a = bthenii_r)lgo(%)" = lim1=1=B,(F; x)

Then F(x) = (fUg)(x) =1.xe(0,1] ...... So, B,(F; x) = F(x),xe(0,1]
Thismean, B,(F; x) = F(x),x€[0,1] Asn — o m
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