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Abstract 

      The aim of this work is to study the concept of the parameter plane,  so we are interested in 

introducing the Mandebrot set,as well as the Mandelbrot set is a fractals ,whereas, if we zoom 

in on any small piece in the border regions of the shape, we notice that it is similar to the original 

shape, that is the Mandelbrot set, with special topological specifications, and we introduce of 

some properties of the Mandelbrot sets for the map in the form 𝑄𝛼(𝑧) = 𝛼𝑧 − 𝛼𝑧2, where 𝛼 is 

a complex constant, and we prove that the conjecture is the Duadi-Hubbard theorem . By 

studying of the parameter plane that the Mandelbrot set is a component form in one of its details 

in the dynamical plane it is the Julia set , in other words every small detail of the Mandelbrot 

set represents the Julia set, so there is more than one characteristic of the Julia set, we will limit 

ourselves only to presenting the connection of the Julia set for 𝑄𝛼. 

 

Keywords:  Connected set, Filled Julia set , Julia set , simply connected,  Mandelbrot set 

 الخلاصة
 

، كما  Mandebrotالهدف من هذا العمل هو دراسة مفهوم مستوى البارامتر ، لذلك نحن مهتمون بتقديم مجموعة 
عبارة عن فركتلات ، بينما إذا قمنا بتكبير أي قطعة صغيرة في المناطق الحدودية لـ الشكل ،  Mandelbrotأن مجموعة 

، بمواصفات طوبولوجية خاصة ، ونقدم بعض خصائص  Mandelbrotنلاحظ أنه مشابه للشكل الأصلي ، وهو مجموعة 
ثابت معقد ، ونثبت أن التخمين هو  α، حيث  Q_α (z) = αz-αz ^ 2للخريطة بالصيغة  Mandelbrotمجموعات 

من خلال دراسة مستوى البارامتر الذي تعتبر مجموعة ماندلبروت شكلًا مكونًا في أحد تفاصيله  .Duadi-Hubbardنظرية 
في المستوى الديناميكي ، فإن مجموعة جوليا هي مجموعة جوليا ، بمعنى آخر كل التفاصيل الصغيرة لمجموعة ماندلبروت 

، سنقتصر فقط على تقديم اتصال مجموعة  Juliaعة جوليا ، لذلك هناك أكثر من واحدة. من سمات مجموعة تمثل مجمو 
Julia  لـQ_α. 

 
 مجموعة متصلة ، مجموعة جوليا المحشوة ، مجموعة جوليا ، متصلة ببساطة ، مجموعة ماندلبروت: لمفتاحيةالكلمات ا
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 1. Introduction 

      Julia (1918) and Fatou (1919) developed the theory of iteration of complex maps. 

The complex shape of Julia sets was discovered through evolution in computer 

graphics. The mathematician Benoit Mandelbrot was the first to call the name 

Mandelbrot set, in the late 1970s brought the set wide acclaim with the help of images 

on a high–speed computer. By drawing Julia set , hence the Mandelbrot set has become 

almost fictional on computers, see [3,4,8 and 9] where contain not only much 

information about Julia set and Mandelbrot set, but also contains exquisite color plates 

of Julia sets, zooms of the Mandelbrot set and other fractals. The Mandelbrot set is 

considered by far the most complicated, yet the most fascinating fractal. Through 

previous studies and research, they paid attention to this aspect, and this is what we see, 

for example, in [7] Douady and Hubbard  proves that the filled Julia set is a connected 

set. In [6] Devaney has a more detailed discussion of these results. which is one of the 

important things through which it is concerned to study complex dynamics, where the 

parameter is one of the complex numbers. Which in turn is one of the topics that have 

an important relationship in fractal. 

 

2. Preliminaries 

       We will give some definitions for this work.   

Definition (2.1) [2]  

     A subset 𝐺  of a metric space 𝑋  is connected if it cannot be represented as the union 

of two relatively separate sets, neither of which is empty. Otherwise 𝐺 is disconnected.  

Definition (2.2) [1]  

     A region is simply connected if its complement with respect to the extended plane 

is connected.  

For example, the open dick 𝔇 = {𝓏 ∈ ℂ ∶  |𝓏| < 1}  is simply connected  

 

Definition (2.3) [1]  

    Assume that an analytic map 𝑄𝛼: ℂ∞ → ℂ∞. Define 𝐽(𝑄𝛼) 𝑎𝑠 the closure of all 

repelling periodic points of 𝑄𝛼.  

 

Definition (2.4) [1]  

    For any polynomial 𝑄𝛼: ℂ∞ → ℂ∞ with degree 𝑛 ≥ 2. Defined filled Julia set as  

𝕂(𝑄𝛼) =  {𝓏 ∈ ℂ∞: {𝑄𝛼
𝑛(𝓏)}𝑛=0

∞  is bounded} . Also define Escape set 𝔸(∞)  as =

{𝓏: 𝑄𝛼
𝑛 → ∞  𝑎𝑠 𝑛 → ∞}. 

Remark (2.5) [1]  

      𝐽(𝑄𝛼) = the boundary 𝕂(𝑄𝛼). 
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 Definition (2.6) [3]  

         The collection of complex number 𝒸 such that the orbit of 0 for  𝔤𝒸(𝓏) = 𝓏2 + 𝒸 

is bounded is called the "Mandelbrot set", and denoted by 𝕄. So 

 𝕄 = {𝒸 ∈ ℂ: 𝐽(𝔤𝔠) is a connected set} 

By [5]  𝑄𝛼(𝑧) = 𝛼𝑧 − 𝛼𝑧2 is conjugate to 𝔤𝒸(𝓏) = 𝓏2 + 𝒸 and note that  𝛼 = 1 ±

√1 − 4𝒸. By above , we will write the definition as 

 𝕄 = {𝛼 ∈ ℂ: 𝐽(𝑄𝛼) is a connected set}. 

 

3. Some Characteristics of the Mandelbrot set   

      We will study some properties of the Mandelbrot set . 

Theorem (3.1) [4]   

   A polynomial map  𝑃 has an attracting periodic point  , then the basin of attraction of  

𝑝 has a critical point .  

 

Proposition (3.2)   

         If  𝑄𝛼 has an attracting periodic point , then 𝛼 is in 𝕄. 

 

Proof :  

     Since 𝑄𝛼´(𝓏) = 𝛼 − 2𝛼𝓏, so  𝑄𝛼 has a critical point 0.5 only. If  𝑝 is an attracting 

periodic point of 𝑄𝛼 , then by Theorem (3.1) , so the iterates of  0.5  for  𝑄𝛼 converges 

to  𝑝  and its  iterates . Hence the iterates of  0.5  are  bounded ,  so  𝛼 is in 𝕄.  

  

𝐏𝐫𝐨𝐩𝐨𝐬𝐢𝐭𝐢𝐨𝐧 (3.3)    

    𝕄 is symmetric about the real axis. 

𝐏𝐫𝐨𝐨𝐟:  

      If   𝛼 = 𝑥 + 𝑖𝑦 ∈ 𝕄,   then �̅� = 𝑥 − 𝑖𝑦 ∈ 𝕄       {    }   . 

|𝑄�̅�(0.5)| = |
1

4
�̅�| =

1

4
|�̅�| =

1

4
|𝛼| = |𝑄𝛼(0.5)| 

|𝑄�̅�
2(0.5)| =

1

4
|(�̅�)2| +

1

16
|(�̅�)3| =

1

4
|(𝛼)2| +

1

16
|(𝛼)3| = |𝑄𝛼

2(0.5)|   

. 

. 

. 

|𝑄�̅�
𝑛(0.5)| = |𝑄𝛼

𝑛(0.5)|   , thus  �̅� ∈ 𝕄 . see Figure (1). 
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     Now, we give the  conjecture  the  Douady – Hubbard  Theorem  .  

 

Proposition (3.4)   

   The parameter  𝛼 is in 𝕄  iff  |𝑄𝛼
𝑛(0.5)| ≤ 4   for each  𝑛 ≥ 1  . 𝕄  is compact subset 

of {|𝛼| ≤ 4}. So ℂ\𝕄  is connected  . 

Proof : 

  If  |𝛼| > 4   , and let = |𝛼| − 1 . If  |𝓏| ≥ |𝛼| 

|𝑄𝛼(𝑧)| = |𝛼𝑧 − 𝛼𝑧2|=|𝛼𝑧2 − 𝛼𝑧|    

                                    ≥ |𝓏|2 |𝓏 −
𝛼

𝓏
|                

                                    ≥ |𝓏|2 ||𝓏| −
|𝛼|

|𝓏|
| ≥ |𝛼|2||𝛼| − 1| = |𝛼|2𝓇 > |𝛼|𝓇 

|𝑄𝛼(0.5)| ≥ |𝛼|𝓇     ( If  |𝛼| > 4   , and let 𝓇 = |𝛼| − 1 . If  |𝓏| ≥ |𝛼| )  

|𝑄𝛼
2(0.5)| ≥ |𝛼|𝓇2     

. 

. 

. 

|𝑄𝛼
𝑛(0.5)| ≥ |𝛼|𝓇𝑛    

|𝑄𝛼
𝑛+1(0.5)| = |𝑄𝛼(𝑄𝛼

𝑛(0.5))| ≥ |𝑄𝛼
𝑛(0.5)|𝓇 ≥ (|𝛼|𝓇𝑛)𝓇  = |𝛼|𝓇𝑛+1 . 

Therefore by Law of Induction , |𝑄𝛼
𝑛(0.5)| ≥ |𝛼|𝓇𝑛 for all 𝑛  , since 𝓇  ˃ 1, the 

iterates of  0.5 are unbounded, so that 𝛼 is not in 𝕄 . Therefore 𝕄  is compact subset 

of {|𝛼| ≤ 4}. 

Assume that  |𝛼| ≤ 4 and 𝛼 is not in 𝕄, but |𝑄𝛼
𝑛(0.5)| = 4 + 𝛽  for 

 𝛽 > 0  and 𝑖 > 1. Then |𝑄𝛼
𝑖+1(0.5)| = |𝛼||(𝑄𝛼

𝑖(0.5)(1 − 𝑄𝛼
𝑖(0.5)|   

                                                               ≥ 4|𝑄𝛼
𝑖(0.5)|(|𝑄𝛼

𝑖(0.5)| − 1 

                                                               = 4(12 + 3𝛽 + 𝛽2) 

                                                              ≥ 12 + 4𝛽 + 𝛽2 

                                                              ≥ 12 + 4𝛽. 

By Law of Induction we obtain |𝑄𝛼
𝑖+𝑘(0.5)| ≥ 12 + 4𝑘 → ∞ as k ,  thus 𝛼 is not 

in 𝕄.  contradiction  with  the above part 𝕄  is a subset of {|𝛼| ≤ 4}. So 𝛼 ∈ 𝕄.  

Fix 𝑛, the {|𝛼| ≤ 4}  such that if |𝑄𝛼
𝑛(0.5)| ≤ 4 is a closed set. shows that 𝕄  is closed 

and bounded , thus 𝕄 is compact. Let 𝑈  be any bounded domain in  . Then 

|𝑄𝛼
𝑛(0.5)| ≤ 4  for all 𝛼 ∈ 𝜕𝑈 since  𝑄𝛼(0.5) is a polynomial in 𝛼,  from the maximum 
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 principle that |𝑄𝛼
𝑛(0.5)| ≤ 4   for all 𝛼 ∈ 𝑈. So 𝑈 ⊂ 𝕄.  Therefore ℂ\𝕄  consists of  

a single unbounded component.  

 

Proposition (3.5) 

      The Mandelbrot set  𝕄 is  connected set  . 

Proof:  

       Suppose 𝐷4 = {|𝓏| ≤ 4} is compact  and  𝑃𝑛(𝛼) = 𝑄𝛼
𝑛(0.5) a polynomial. Then  

𝕄 = ⋂ 𝑃𝑛
−1∞

𝑛=1 (𝐷4)  is compact subset of 𝐷4. The  ℂ\𝕄  is the union of open connected 

sets containing ∞,  ℂ\𝕄 = ⋃ 𝑃𝑛
−1∞

𝑛=1 (𝐷4
∁),  so  ℂ\𝕄 is  connected , that is  𝕄  is full 

and we can show that  ℂ\𝕄  is simply  connected , so  𝕄 is  connected  set .  

 

Example (3.6)  

      The parameter  𝛼 = 5    is not  in the Mandelbrot set . We  compute the first few 

terms of  the sequence  

𝑄5(0.5) = 5.
1

2
−5.

1

4
=

5

4
 = 25.1 , thus 𝑄5

2(0.5) = 𝑄5 (
5

4
) = 1.5, and therefore 

𝑄5
3(0.5) = 𝑄5(1.5) = 4.3 . Since |𝑄5

3(0.5)| = 4.3 > 4  , we see  that  go to infinty . 

Hence  𝛼  is not in the Mandelbrot set  . 

 

Example (3.7) 

 The parameter  𝛼 = 1  is  in the Mandelbrot set .  

     We  compute the first few terms of  the sequence  

𝑄1(0.5) =
1

2
−

1

4
= 0.25, thus 𝑄1

2(0.5) = 𝑄1 (
1

4
) = 0.18, and therefore  

𝑄1
3(0.5) = 𝑄1(0.18) = 0.15 .  Since  |𝑄1

3(0.5)| = 0.15 < 4. 

Hence  𝛼  is in the Mandelbrot set  . 

 

Remark (3.8)  

   We will  see the  relationship between the Mandelbrot set and the Julia set  for 

different  𝛼 as  following    
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 Corollary (3.9) [6]  

    Let 𝑧 be the critical point of 𝑄𝛼(𝑧) = 𝛼𝑧 − 𝛼𝑧2 .  If  𝑄𝛼
𝑛(𝑧) → ∞ , then 𝐽(𝑄𝛼) is 

totally disconnected.  On the other hand, 𝑄𝛼
𝑛(𝑧) → 0, so 𝐽(𝑄𝛼)  is connected   

 

Proposition (3.10)  

   If 𝛼 ∈ 𝕄 then 𝐽(𝑄𝛼)  is connected  and  𝛼 ∉ 𝕄 then 𝐽(𝑄𝛼)   is totally disconnected . 

Proof :   

        From  Proposition (3.4) and Corollary (3.9), thus 𝛼 ∈ 𝕄 and then  𝐽(𝑄𝛼) is 

connected and  on the other hand,  𝐽(𝑄𝛼)  is totally disconnected . 

 

 Figure  (1)   For   the value of  𝛼    

 

Conclusion 

 

 We have  𝑄𝛼(𝑧) = 𝛼𝑧 − 𝛼𝑧2  and  𝕄 is a Mandelbrot set , we introduse the some 

properties of  the Mandelbrot sets of the map   𝑄𝛼(𝑧)  where  𝛼 is complex constant, 

and  prove that  the conjecture  the  Douady – Hubbard  Theorem, also we get as 

follows: 

 𝕄 is symmetric about the real axis. 

 If  𝑄𝛼 has an attracting periodic point , then 𝛼 is in 𝕄. 

   𝛼 is in 𝕄  iff  |𝑄𝛼
𝑛(0.5)| ≤ 4   for each  𝑛 ≥ 1  . 𝕄  is compact subset of 

{|𝛼| ≤ 4}. So ℂ\𝕄  is connected. 
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