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ABSTRACT

Background:
The concept has been studied fuzzy- Socle-jJacobson—Two-Absorbiang submodules and some fuzzy

relationships According to the concept above. Where the new definition was named fuzzy Socle-
Jacobson—Two-Absorbiang, we used a few algebraic techniques to determine the rapport between fuzzy
Two-Absorbing and fuzzy Socle-Jacobson—-Two-Absorbiang. In addition to studying functions and some
other related concepts. Our study's ramifications can be utilized to identify novel ideas that rely on hazy
Socle-Jacobson-Two-Absorbiang concepts. In addition, we used some of the basics of modules and
partial modules to prove that the intersection process in the new concept does not necessarily have to be
achieved. In this study, the functions in modules and their relationship with the same concept and
investigated some of the properties of those functions. The properties of the distributive module were also
used in this research to achieve some theorems. In this research, it was also proven that the process of
combining does not necessarily occur between two sub modules that bear the characteristics of the studied
concept.

Results:

Using previous properties to find a new fuzzy sub module and a new definition.

Conclusions:
In this work, we presented a new type of fuzzy sub modules using the properties of addition and
intersection between them and some properties of the new fuzzy submodule.

Keywords: Two-Absorbing submodule; F-S/-2Absorbiang; Fuzzy module; Fuzzy submodule;
distributive F-module .
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INTRODUCTION
In 1965, L. A. A fuzzy subset of a set is a concept that Zadeh presented as a way to describe

uncertainty in the real physical world[1]. In algebra, one of the first fields of pure mathematics,
the idea of fuzzy sets was initially used. Rosenfeld supplied the fuzzy subgroups in 1971[2]. The
idea of fuzzy modules and fuzzy submodules were first introduced by Negoita and Ralescu in
1975 [3]. In this article, every modules is unitary and every ring is commutative with identity.
An essential turn in module theory over a commutative ring is played by prime submodules [4].
Aldorri [5] formulated the idea of Strongly Pseudo Nearly 2 Absorbing submodule: a proper sub
module V of an R-modul W is named to be Strongly Pseudo Nearly 2 Absorbing submodule of W
if abx €V, where a,b €R, x€ W implies that ax € V + (soc(W)nJ(W)) or bx eV +
(soc(W) N J(W)) or abW < V + (soc(W) N J(W)). Where Soc(W) is the total of every simple
submodules of M and the Jacobson of an R-module W shortened by J(W) is defined as the
intersection of every max submodule of W. Wafaa presented the concept of T-Absorbiang fuzzy
submodule[6]. The idea of 2-Absorbiang fuzzy submodule is expanded upon in this piece to
fuzzy Socle-jacobson 2-Absorbiang submodule. The research consists of the basics of work in
the first part, while the second part consists of the definition of fuzzy Socle-jacobson T-

Absorbing and some characteristics and examples that pertain to this definition.
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We denote fuzzy Socle-jacobson T-Absorbiang submodule by F-SJ-2Absorbiang subm.
PRELIMINARIES
In this section, there is a set of definitions about F-sets, F-moduls & 2Absorbiang F-subms.
Definition 1.[1] If a,:W — [0,1] be F-set in W, where a € W, te [0,1] defined by

_(h ifa=k . .
ay(k) = {O ifa %k V k € W. a;, is named F-singleton.

Definition 2.[7] If W & V be two F-moduls of R-modul .. V is named to be F-subm of W
if vVew.

Definition 3.[8] -# be an R-module. An F-set W of .# is named F-module of an R-module
M it

e W(a—>b)=2min{W(a),W(b),Vabe M}

e W(ra)=W(a),Va€M &r €R.

e W(0)=1.

Proposition 4.[9] If V be an F-subm of an F-module W .. f(V) is an F-subm of W'.
Definition 5.[8] If W & V be 2-F-subms of an R-module .. The addition W + V is defined
by :(W + V)(a) = sup{inf {W(b), V(c)} suchthata = b + ¢,V a,b,c € M}. In addition, W
& V be an F-subm of an R-modul .

Lemma 6.[10] If V be an F-subm of an F-module .#, (V,: M; )= (V: M),V teE]O,1].
Proposition 7.[11]

If f: M — W be an R-homomorphism, then f(Soc(M)) < Soc(W).

Proposition 8.[11]

If f: M — M’ be an R-epiomorphism & ker f is a small subm of M, then

fUO) =] & £~ (J(M) =] (M).

Proposition 9.[11]

Given f: M — M’ be an R-homomorephism & {A;":i € I} are famalies of subms of M

& M’ respectiviely. Then:
) fQier A =Zier f(A) 5 fHNier A = Nier fHAD.
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b) "f 7 Sier A 2 Tier fH(AD" and "f(Nier A S Nies f(AD". If A SImf,
viel, then f 1 A = Sierf N(A) & ifKerf € A;, Vi€l then
f(Nier A = Nier f(AD.

Definition 10.[12] The module M is named distributive if AN (L +C) =(ANL) + (AN

O)orA+(NC)=(A+B)N(A+C),VsubmsA, B &C.

Fuzzy Socle-Jacobson—Two-Absorbiang Submoduls.

In this part, we presented F- Socle-Jacobson-Two-Absorbiang Subms as a generalisation of

ordinary concept.

Definition 11. A proper F-subm ¥ of a F-module .# of an R-module I is named F-Socle-

Jacobson-Two-Absorbiang (simply T-S/-2Absorbiang) submodule of .« if apbgc,S

¥,where a,b, are F-singletons of R & ¢, is an F-singleton of .# implies that a,b, S [¥Y + F-

(Soc(M)N J(M)) :gM] Or byc, S Y + F-(Soc(M)NJ(M)) or apce € Y + F-(Soc(M)N

J(M)),V h,q,t €[0,1].

In addition, a proper I'-ideal K of R is named an I-S/-2Absorbiang ideal of R if a,b,c, S
K where apb, & c; are F-singletons of R implies that a,b, S K + F-(Soc(M)n J(M)) or
bgc: € K + F-(Soc(M)N J(M)) or apc € K + F-(Soc(M)N J(M)), ¥ h, q,t € [0,1].
like that, subm K of R-module .# is named Socle-Jacobson—Two-Absorbiang
(simply Sj-2Absorbiang) submodule of # if abc € K, where a,b € R & ¢ € K implies that
ac € K + (Soc(M)Nn J(M)) or bc € K + (Soc(M)N J(M)) or ab € [K +(Soc(M)N J(M)) g
4], our definition will be in form:

F-(Soc(M)N J(M)):td — [0,1]

1 if c € (Soc(M)nJ(M))
k if c& (Soc(M)NnJ(M))

Lemma 12. Any F-module .#, V k € [0,1] with ((F — (Soc(M) N J(M))) # (M) ((F —
(Soc(M) N J(M)))i= (Soc(Mi) N J(My)).

Proposition 13. Let F be a subm of N & -# be a distributive F-module of an R-module N
with #(k)=1 Vk € W, if K be an F-subm of .4 defined by K:IN — [0,1] such that :

1 ifkeF
K(k)_{h if k ¢F

F-(Soc(M)N J(M))(c) ={ k € [0,1]

h € [0,1]
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Then K is a F-SJ-2Absorbiang of . iff W is F-SJ-2Absorbiang of IA.

Proof:

= (K+F-(Soc(M)N J(M)))(k)=sup{min(K(y), F-(Soc(M)n J(M))(z), y + z = k}. So, we
have (K + F-(Soc(M)Nn J(M)))(k)=

1 if k€K + F— (Soc(M) nJ(M))
{d ifk¢g K + F— (Soc(M)nJ(M))

Now, let K 2-Absorbiang subm of . Assume apb,c;E K, where apnb; € R & ¢, € M

d = max|[vy, v,]

where h, g, t € [0,1] that is either abc € K or

abc & K either ayc,S (K + F-(Soc(M)n J(M))) or byc.S (K + F-(Soc(M)N J(M))) or

apbq € [K +F-(Soc(M)N J(M)):z-4], We have two cases:

Case (1) abc € K, then ac € K + (Soc(M)N J(M)) or bc € K + (Soc(M)n J(IM)) or

ab € [K +(Soc(M)N J(M)) :g 4]. We have three cases

1. If ac € K + (Soc(M)n J(M)) -~ (K + F-(Soc(M)n J(M)))(ac) =1 ~ ayc: = (ac), S
(ac); € (K +F-(Soc(M)N J(M))).

2. If bc € K + (Soc(M)n J(M)) « (K + F-(Soc(M)N J(M)))(bc) =1 - bycy = (bc), S
(bc), € (K + F-(Soc(M)N J(M))).

3. If ab € [K +(Soc(M)N J(M)) :gA], let k,, © i with p€]0, 1], then apbyk,, = (abk),
where z = inf{h, q,p} but abk € K + (Soc(M)n J(M)), that is (abk),S (abc); S (K
+ F-(Soc(M)n J(M))), therefore apbgc,S (K + F-(Soc(M)NJ(M))) that’s mean
apby S [K +F-(Soc(M)N J(M)) :p ]

Case (2) If abc ¢ K, then K(abc) = p with ac € K, thus K (ac) = p. Since ab,c, € K, then

(abc), S K where z = inf{h,q,t} that is K(abc) = z, thus p = z. Now, if z =t this

implies (ac).S(ac),€ KEK + F-(Soc(M)N J(M))). If z=q, K(j) = tforany j € N, &

(anboan) = {7y 1 Z e Jorsome sEH

then (ap by Mpu)(j) < K (j), hence (apbyaMpu)(j) € K € K +F-(Soc(M)n J(M))) then apb, S
[K +F-(Soc(M)N J(M)) :g#]. Therefore K be an F-S/-2Absorbiang of .

< Let K be an F-SJ-2Absorbiang of 4. Let x;x,x3 € (K); , Withx;,x,ER & x3 € (M),

it follows that (x;x,x3):S K, that is x;:x,:x3:S K. But K is a F-SJ-2Absorbiang, then
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X1¢X3¢ © K + F-(Soc(M)N J(M)) or x,:x3:S K + F-(Soc(M)N J(M)) or x4;:x5; S [K + F-
(Soc(M)N J(M)) :gt]. Thus

(K + F-(Soc(M)N J(M))(x1x3:) =t or (K + F-(Soc(M)N J(M)) (x2¢x3) >t or (K + F-
(Soc(M)YN J(M))( x1¢x2¢) > t, hence by (Lemma 2.6) & (Lemma 3.2) x;:x3; € (K + F—
(Soc(M) n ](J\/[))t: K, +(F = (Soc(M) n ](J\/[))t or x3x3; € (K + (F— (Soc(M)n
](]Vl”))t: K, +(F — (Soc(M) n](]\/[))t or xyx; € [K +(F—(Soc(M)n
JO)) ;g M1 [K + (F = (Soc(M) N J(M)), :r M]. Now, M is distributive F-modul,
then xyex3 € Ky + (Soc(M)), N (J(M))e) OF xp¢x3¢ € Kp + (Soc(M)), N (J(M)),) or
X1¢Xa¢ € [Ke + ((Soc(M))e 0 (J(M)),) :r M¢]. Therefore

K= W is SJ-2Absorbiang of M;=N. vVt > 0.

Remark 14. Let M be an F-module & K, L are SJ-2Absorbiang subms of M. K + L need
not to be S/-2Absorbiang subms of M.

Proof.

If t: W—[0,1], AUh)=1,V h € M,

1 ifhe2z
k ifhg2Z "’

if h€3Z
if he3Z

suppose K;=2Z7, L, =3Z where K; & L,are SJ-2Absorbiang subms of M & M'=Z. But K, +
L,=2Z+3Z = Z = M is not SJ-2Absorbiang subms.

Remark 15. Let M be an F-module & K, L are F-SJ-2Absorbiang subms of M. K n L need
not to be F-S/-2Absorbiang subms of M.

Let K: Z — [0,1] where K(h):{ 0< h <1 like that

L:Z — [0,1] where L(h):{i o<v<i1

Proof.
If ctt: W—[0,1], M(h)=1,V h € M,

1 ifhe6z
k ifhg6Z ’

if hESZ
if h¢ 57 °

suppose K;=6Z, L, =5Z where K; & L,are SJ-2Absorbiang subms of M & M=Z. We
know Soc(Z) = 0 & J(Z) = 0 then

Let K: Z — [0,1] where K(h):{ 0< h < 1 like that

L:Z — [0,1] where L(h):{i o<v<l1
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Soc(Z)nJ(Z)=0. But K; n L;= 6ZnN5Z = 30Z is not SJ-2Absorbiang subms. Since
2.3.5=30€30Z,but 2.5 ¢ 30Z + (Soc(Z)nJ(Z)) & 3.5¢30Z+ (Soc(Z)Nn](Z)) &
2.3 ¢ 30Z + (Soc(Z) nJ(Z)).

Lemma 16. If f: M — M’ be isomorphism mapping from an R-module M in to R-module
M'. IfV &V'" are F-moduls of M’ & M’ respectiavely. Then

f(F —SJ(M) — 2Absorbiang) < (F — SJ(M") — 2Absorbiang).

Proposition 17. If f: M — M’ be an F-isomorphism from F-module M in to F-module
M', with V is an F-SJ-2Absorbiang subm of M, with ker f € V & ker f is a small subm.
Then £ (V) is an F-SJ-2Absorbiang subm of M.

Proof.

f(V) L, of M'. If the previous statement is incorrect, that is f(V) = M'. Leta, € M, then

fla) €M’ =f(V),s03 b, SV where t,q € [0,1] such that f(a,) = f(b,), = f(a,) —
f(by) =0, = f(a, —by) =0, = a,—b, S Ker f < V it follows that a, € V. Thus
V = M contradiction. Now assuume that a,b,c,Sf (V), where a,b, are F-singletons of R &
c; is an F-singleton of M, but f is an F-isomorphism then f is onto = f(d;)= ¢, for some
d. SV, that is apbgc,=apb,f(d:)=f(arbqd:) € f(V) = f(apbyd.)=f(wz) for some
wz € V. Thus f(apbgd,)- f(wz) =04, then f(apb,d,-wz) =0, that means apb,d.-
wz Cker f € V, s0 apb,d, €V but V is V is an F-S/-2Absorbiang, thus a,b, S [V + F-
(Soc(M)N J(M)) :gedd] OF byc, €V + F-(Soc(M)N J(M)) or apc, € V + F-(Soc(M)N
J(M)), V¥ h,q,t € [0,1]. Now, we get f(apb,M)=apb,M'Sf(V + F-(Soc(M)n J(M))) or
f(bgds)=bgce € f(V + F-(Soc(M)N J(M))) or f(ande)=ance S  f(V + F-(Soc(M)N
J(M))). By above lemma a,b,M'S f(V)+f(F-(Soc(M) N J(M))) € f(V)+F-(Soc(M') N
JM) orbge, S f(V) + f(F-(Soc(M)N J(M))) € f(V)+F-(Soc(M") nJ (M)

or apc; € f(V)+ f(F-(Soc(M)N J(M))) € f(V)+F-(Soc(M") n J(M")).

Thus f (V) is an F-SJ-2Absorbiang subm of M.
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CONCLUSIONS

In this work, we presented a new type of fuzzy sub modules using the properties of addition

and intersection between them and some properties of the new fuzzy submodule.
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