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ABSTRACT

Background:

Fixed-point theory is an important area of study in pure and applied mathematics, and it is a
flourishing area of research in the paperwork, the concept of fuzzy S-metric space is introduced, and
The fixed point theorem's existence and uniqueness over fuzzy S-metric space are examined. We will
go over The fixed point theorem's existence and uniqueness for k contractive mapping in fuzzy S-
metric space. These theorems will be seen in fuzzy S-metric space. fixed point theory The
transcendence is the main cause of the fixed point theory's recent resurgence. The significance of this
theory and the questions it allows us to address regarding the dimensions of space. Proof of the
existence of solutions to the physical equations is possible thanks to the notion of the fixed point.
Materials and Methods:

We will discuss the existence and uniqueness of the fixed point theorem by using k contractive
mapping in fuzzy S-metric space.

Results:

This study proved the existence and uniqueness of new fixed point theorem in fuzzy S-metric space
using k contractive mapping.

Conclusions:

According to this study, we were able to prove the existence and uniqueness of fixed points in s-metric
space by using k-fuzzy contractive mapping.
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INTRODUCTION

Fixed point theory presented [1] According to Brower's fixed point theory, a conversion
has at least one point for all continuous application that transforms the ball into the ball itself.
Subsequently, numerous scholars expanded and generalized these well-known findings,
enriching the idea of fixed points. proposed the idea of S-metric space and proved the fixed
point type theorem for the k-contraction condition on S-metric space [2]. introduced fuzzy set
is significant to analysis and topology. Numerous writers have since studied fuzzy sets and
applications, first published in 1965 [3]. in particular introduced a novel idea of fuzzy metric
space. Using continuous t-norm [4] reinterpreted the fuzzy metric space notion. Consequently,
several fixed point theorems for diverse types of maps [5]. defined D-metric spaces as well as
established numerous new fixed point theorems in them [6]. Dhage theory advanced
significantly with the recent presentation of a new notion of G-metric space [7]. The main aim
of this work is to study certain types of k contractive mapping in fuzzy S-metric space and
also demonstrated the uniqueness and existence of fixed points in fuzzy s-metric space. We
relied on the definition of t-norm)[8] and definition of the fuzzy metric space[4] , we define
fuzzy S-metric space. A point x of a nonempty set X is said to be fixed point of T (self-
function), if T(x) = x [9].

MATERIAL AND METHODS

The study explains proved the existence and uniqueness of fixed point theorems where the
fuzzy s- metric space is defined and depending on some concepts (k-fuzzy contractive
mapping), the fixed point theorem has proven in this space.

RESULTS AND DISCUSSION

Initially, we present the following idea of (S- metric space) and a k-fuzzy contractive.
Definition(2.1)

When X is a non-empty arbitrary set and * is a continuous t-norm, and S is a fuzzy set on X3 X
(0,0) = [0, ) that fulfills the requirements listed below, then V u,v,r,a € X,and t,s >0
such a triple (X, S,*) is a fuzzy S-metric space.

1.S(u,v,1,t) > O0and S(u,u,v,t) <S(u,v,r,t) withr #v

2.5(uv,r,t) = 1iffu=v=r.

3.S(u,v,1,t) = S(v,u,r,t) =S(v,r,u,t) = -

4.5(u,v,a,t) * S(v,a,1,5) < S(u,v,r,t + s).

S.Ei_)rgS(u,v,r,t) =1Vuvr € X.

6.S(u,v,1,.) : (0,00) = [0, 1] is non-decreasing and continuous.
It is said that a fuzzy S-metric space is symmetric if S(u, u,v,t) = S(u,v,v,t).
Definition(2.2)
Let (X,S,*) be the fuzzy S-metric space. and t > 0 be a real number. we define an open ball and
closed ball with center x and radius eas follows
Open ball
B(x,6t) ={y € X;Sx,y,y,t) >1—¢€}
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Closed ball
B[x,6t] ={y €X;S(x,y,y,t) =1—¢€}
Definition(2.3)

Let (X,S,*)be the fuzzy S-metric space and a sequence {x,}in X then
1. {x,} isclaimed as converging to x if

V €> 0,3k e N such that S(x,,x,,xt) >1—¢€ n = k

2. {x,}is claimed to be Cauchy if

vanf X

ISSN: 2312-8135 | Print ISSN: 1992-0652

V € >0,3k € N such that (x,, Xy, x,t) >1—€ n,m > k.
= 3. Ifevery Cauchy sequence in a fuzzy S-metric space is convergent, then it is considered to
T be complete fuzzy S-metric space.
r Definition (2.4)
E: Assume that (X, S,*) is a fuzzy S- metric space with € € (0,1). Accordingly, B[x, €, t] is a closed
. ball with radius € centered at x if each sequence x,, in B[x, €, tjconverges to a then a € B[x, €, t].
[ Definition(2.5)
1 Let (X,S,*)be the fuzzy S-metric space. The mapping fis called t-uniformly continuous if
f Vewith0 < e < 1,30 <r < 1such that
T S(x,x,y,t) = 1—r implies S(fx,fx,fy,t) >1—-eVxy€X, t> 0.
= Proposition(2.6)
L Let's say that the fuzzy S-metric space is (X,S,*) and f: X — X be a t-uniformly continuous on
i X, Ifx, >x as n— o in (X, S,*) thenfx, = fx as n — o in(X S,*)
Proof

Letx, = x as n - o in (X, S,*). then by definition of convergent sequence Ve €
(0,1)andt > 0,3 n, € N such that

SXp,Xp,X,t) =1—¢€ Vn>n,

Since f is t-uniformly continuous on X then

ar € (0,1) (depends on €)

S(fxpy, fx,, fx,t) =1 —r Vn>n,Vt>0

then fx,, — fx as n — o in (X S,*).

Definition(2.7)

Let (X,S,*)be the fuzzy S-metric space and the mapping f: X — Xis call k-fuzzy contractive
mapping if 3k € (0,1) such that

S(h,j,1,t) < kS(f(h),f(j),f(1),t) Vh#j=#1€Xandt> 0, kis call contractive constant of f.

ey D T C

v .

!

Y >

0

C»: Theorem(2.8)

E In fuzzy S-metric space (X, S,*), every convergent sequence is Cauchy.
W): Proof

B Consider a convergent sequence {x,} in the fuzzy S- metric space (X,S,*).
? dx € X suchthat x, - x.leta € (0,1), t>0.

[: Since x, > x,An€Z*3 S(x, x,x,t) =1—«a vn = n,

And S(x,, X, x,t) =21 —a  Vm = n,,

!

By definition (2.1) property(4),Therefore
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t t
S(xp, X, Xy t) =S (xn, Xp, X, E) xS (x, X, X, E)

>l—ax*xl—a

=min{l—a ,1—a}

=1—-a«a

Q\FF(W(‘..

Then S(x,, X, X, t) = 1 —
Then {x,} is Cauchy .
Theorem(2.9)

1y T T

The limit of convergent sequence in fuzzy S- metric space is unique
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Proof

Let {x, } be a convergent sequence to two point such that x and y .

Sy Ty S

Ifx+y.
Lim S(x,, x,, x,t) = 1 (D
n—oco

oy e

Lim S(x,, X, ¥, t) = 1 2)
n—-oo

Then By definition of convergent sequence, 3 ny, n, € Z*such that

Sy, xp,x,t) > 1—€ vn =>n,y,and € € (0,1]
Sp, X, y,t) > 1—€ vn = n,, and € € (0,1]

oy D T S

Choosen = ny ,ny = min{n,,n,}

y .

!

t t
S, x,y,t) =8 (x, X, Xp, E) xS (xn,xn,y, E)

Y >

0

(v fu;..u{ ff'“f'

> 1l—€ex1l—¢€
=min{l —¢,1 — €}
=1-¢€

S, x,y,t) =21—¢€

] =

That implies
Lim S(x,x,y,t) =1
n—-oo

S(x,x,y,t) =1 by definition (2.1),then

1y 0 T

X=Yy

!
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Proposition (2.10)
Let (X,S,*) be the fuzzy S-metric space. If 3k € (0,1) such that S(u,u,w, kt) = S(u,u,w, t)
Yu,w € X then u =w.

Proof
Since S(u,u,w, kt) = S(u,u,w, t)
Then
Suw,u,w,t) =2 S(u,u,w, %)
= S(u,u,w,kiz) = S(u,u,w,k%) =
= Suu,w, ﬁ)

Since k € (0,1), n € N. Then asn — o, and by definition (2.1)property(5)

we have

S(u,u,w,t) =1 as n - oo,

Thenu =w.

Theorem (2.11)

Let (X,S,*)be the fuzzy S-metric space and Let f:X — X represent the k- contractive
mapping providing a contractive constant k on the closed ball BJx,¢,t]. Additionally,
suppose that

kSO,x, fx,t) > (1 —¢€) ... (D

Thenf has a unique fixed point in B[x, €, t]

Proof

Letxy, € X and x,, = f™x, forn = 1,2, ... such that

x1 = fXo

X, = f2x = fx

Xnt1 = fXn vVn

From (1), we have

k S(xg, xg, fx0,t) > (1 —€)

S(x9, xg, f X0, t) > (1,(;6)

Sincek € (0,1)

S(xo, X0 fXo ) > 2> (1— €)

S(‘xOI‘xO! f‘xO; t) > (1 - 6)

S(xg, %9, %x1,8) > (1 —€)

Then

We get x; € Blx, ¢, t]

Assume that X,1 X5, ..., Xen_1 € B[x, €, t] we show that X,,, € B[x, €, t]
kS(Xl,Xl, fxll t) = kS(fxOr fx0 'fxl ’ t) > S(xOerrxlr t)
S(x1, %1, X, t) = %S(xo,xo,xl, t) > (1;6)

Since k € (0,1), then

S(x1,x1,%5,t) > (1 —€)
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S(xn—lrxn—l'xnr t) > (1 - E)

Thus we see that

S(xg, X0, X, t) = S (xo,xo,xl,i) xS (xl,xl,xz,i) * L kS (xn_l,xn_l,xn, i)
>(1-e)x (1—€e)x..x (1—¢)
=(1-¢)

L.e

S(xg, %0, X, t) > (1 —€)

Then, x,, € B[x, €, t]

according to definition (3.4) , we have

ix, € B[x,6,t] s.t x,>x; as n - ooin B[x,¢,t]

e\wr\f(‘.’

¥y D T
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b 1
= S(fxn, fxn, fX1,8) 2 Es(xn'xn'xlt t)
. 1 1
L. lim S(fx,, fxn, fx,t) = lim ES(xn, Xn, X1, t) = E > 1
H n—-oo n-—oo
b~ 1> 1lim S(fx,, fx, fx,t) >1
= n—oo
B SUam fa fryt) =1
. lim fx, = fx; vVt >0
n—-oo
Then
limxp,q = fx;
n—-oo
fx1=x

Therefore x; is fixed point of (f, ¢) in B[x, €, t]
For uniqueness
Assume fx, = x, for some x, in B[x, €, t]. Then we have

1
S(x2’x2r xllr t) = S(foI fx21 fxll) t) 2 ES(XZI xZ; xll' t)

1
= ES(XZI X2, X155 t)

oy D T S

v .

!

Y >

1
2 k_ZS(xz, xZ, xl,, t)

0

Let (X,S,*) be the fuzzy S-metric space. Let {n}be a sequence in X such that
S(Sn+1r Sn+1,Sny kt) = S(Sp, Spy Sp—1, t) for k € (0,1). Then the sequence {s,} is Cauchy.

.':. 1

G—Z 2 o0 Zk_nS(xZ;xZ;xlnt)

C Since k € (0,1), then

;: k—nS(xz,xz,xl,,t)—)ooasn—)oo

R 1

[ 1 2 I{i_l)’l(’)loS(xz,xz,xl,,t) 2 k_nS(x2) X2, X1 t) 2 1
E,.: S(xz,xz,xlut):lvt>0

T Xy = Xq.

[: Proposition (2.12)

!
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Proof
Since S(Sp+1, Sn+1, S kt) = S(Sn, Sny Sn—1,t)
Then

t
S(Sn+1' Sn+1, S t) = S(Sni Sny» Sn—15 ;)
t t
=S (Sn—lf Sn—-1,Sn-2, ﬁ) =S (Sn—Z' Sn-2,Sn-3, k_3) 2

t
ﬁ)

e\wr\f(‘.’

. = S5(51, 51, So»

Since k € (0,1), For n € N. Then as n — oo we have
S(Sn+1,Sn+1,Sn, t) =las n—o o

Then {s, } is Cauchy sequence

Proposition (2.13)

¥y D T

Let (X,S,*) be the fuzzy S-metric space. If x,, - x and x,, = yasn — o in (X, S,*) then

ISSN: 2312-8135 | Print ISSN: 1992-0652

: S(xp, X, X, t) = S(x,x,y,t) as n—> o in(X,S,*) andt > 0.
; Proof

5:‘ Letx, - x and x,, >y as n— o in (X,S5,*)

Ef i.e

lim S(x,,x,,x,t) =1 and lim S(x,,,x,,y,t) =1
n—-oo n—-oo

Now, by definition(2.1)property(4), we have

t
Sy, Xy X, ) = S(xn,xn,x,i) *S(x,x,xm,i)

oy D T S

> S(Xn,xn»xé) * S (x,x,y,i) *S(y'yfxm'i)

v .

!

. ) t . t
lim S(x,,x,, Xm, t) = limS(x,, x,,x,-) * limS (x,x,y,—)
n—-coo n—oo 2 n— oo 4

Y >

t
* IimS(y,y, X, )
n—-oo 4

0

Sincex,, - x and x,, >y as n — o in (X,S,*).then

ey gl\‘.."[ \'f"'f

. . t . t
lim S(x,, %, X, t) = limS(x,, x,,, x,2) * lim S (x,x,y,—)
n—-oo n—-oo 2 n—-oo 4

] =

t
* limS(y, v, Xm, =)
n—00

4
- 1l 1= t
2 —1*&1_{1205 (x,x,y,4)*1—5(x,x,y,4)
L ¢
- lim S(x,,, %, , %X, t) =S (x,x,y,—)
b n—-oo 4
v, >S(x,x,y,t) (D

!
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t t
SO, x,y,t) =28S0,x,%,,=) %S (0, Xn, ¥, 2)

2 2

t t t
> S(X,X;xn;z) *S(xn;xn;xm;Z) *S(xmrxm'y'Z)

lim S(x,x,y,t) > limS(x,x,xn,E) * limS(xn,xn,xm,E) * limS(xm,xm,y,E)
n—oo n—oo 2 4 n—-oo 4

n—»,oo

Sincex, —» x and x, —y as n— o in (X, S,*). then

lim S(x,x,y,t) > 1% limS(xn,xn,xm,E) x ] = limS(xn,xn,xm,E)
n—-oo n-oo 4

lim S(x,x,y,t) = limS(xn,xn,xm,E)
n—oo n—oo

4

n—»,oo

4

Zrlli_)ngos(xn,xn,xm,t) (2)

From(1) and (2) we get, Vt > 0

Sn, X, Xm,t) = S(x,x,y,t) as n— oo in(X,S,*).

CONCLUSION

We examine The fixed point theorem's existence and uniqueness in this work in order to examir%e
a novel class of fuzzy contractions called k contractions. A family like this enhanced tlfe
literature's several classical forms of fuzzy contractions and generalized, expanded, and unitedsa
number of findings. We can dive more and extract many implications from our primary findings.
Even still, it makes sense to investigate the presence and uniqueness of a fixed point, therefofe
more study is required in this area.

Conflict of interests:

There is no conflict of interest

References:

[1] L. E.J. Brouwer, “Uber Abbildung von Mannigfaltigkeiten,” Math. Ann., vol. 71, no. 0025-5831, pp.
97-115, 1912.

[2] J. Mojaradi Afra, “Fixed Point Type Theorem in S-Metric Spaces,” Middle-East J. Sci. Res., pp. 864—
869, 2014.

[3] L.A.Zadeh, “Fuzzy sets,” Inf. Control, vol. 8, no. 3, pp. 338—-353, 1965.

[4] 1. Kramosil and J. Michdlek, “Fuzzy metrics and statistical metric spaces,” Kybernetika, vol. 11, no. 5,
pp. 336344, 1975.

[5] A. George and P. Veeramani, “On some results in fuzzy metric spaces,” Fuzzy sets Syst., vol. 64, no.
3, pp. 395-399, 1994.

[6] B.C.Dhage, “Generalised metric space and mappings with fixed point,” 1992.

[7]1 Z. Mustafa and B. Sims, “A new approach to generalized metric spaces,” J. Nonlinear Convex Anal.,

vol. 7, no. 2, p. 289, 2006.

Page | 364

ISSN: 2312-8135 | Print ISSN: 1992-0652

alofbabylon.com

info@journalofbabylon.com | jub@itnet.uobabylon.edu


mailto:info@journalofbabylon.com
mailto:jub@itnet.uobabylon.edu.iq
mailto:jub@itnet.uobabylon.edu.iq
https://www.journalofbabylon.com/index.php/JUB/issue/archive
https://www.journalofbabylon.com/index.php/JUB/issue/archive

JOURNAL OF UNNERSITY OFBABYLON
01.32; No.4. 4
Article Cor Pore and Applied Seiences (JUBPAS) yolam o 202

[8] G. Klirand B. Yuan, Fuzzy sets and fuzzy logic, vol. 4. Prentice hall New Jersey, 1995.

[9] A.-F. Roldan-Lépez-de-Hierro, E. Karapinar, C. Rolddn-Lépez-de-Hierro, and J. Martinez-Moreno,
“Coincidence point theorems on metric spaces via simulation functions,” J. Comput. Appl. Math.,
vol. 275, pp. 345-355, 2015.

ey D T e ey

ISSN: 2312-8135 | Print ISSN: 1992-0652

T

“V\’

TV

ey S\

—

ey D [T

y .

!

Al e

] =

1y 0 T

!

info@journalofbabylon.com | jub@itnet.uobabylon.edu.iq | www.journalofbabylon.com

Page | 365


mailto:info@journalofbabylon.com
mailto:jub@itnet.uobabylon.edu.iq
mailto:jub@itnet.uobabylon.edu.iq
https://www.journalofbabylon.com/index.php/JUB/issue/archive
https://www.journalofbabylon.com/index.php/JUB/issue/archive

