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Abstract
In this paper we introduce a Jackson type theorem for functions in Lp spaces on sphere And
study on best approximation of functions in Ly spaces defined on unit sphere.

our central problem is to describe the approximation behavior of functions in
7 =1 pymodulus of smoothness of functions.

Ly spaces for

Keywords : Modulus of smoothness , orthogonal matrices on R® , approximation of functions in Ly
spaces defined on unit sphere .
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We need the following definitions from Ditzian,2008
Definitions 1.1

d_ -
Fork(5“~*) we denote thespace of functions on the sphere
(5 ={xr = (x1, %2, v, xg)ixf + 23 + -+ x3 = 1}

Let ,l‘c:.":il":t = R,

. iy . d-
For functions on S%~%in the function spaces L»(5*)
»P << L.we define the quasinorm

1

o
IfILp(Sd'l} = (Ldl.f{xll'x: pou dejlpdxldx= - dxd)
Nawmodulus of smoothness " Dia(sa-")where s recently introduced
inDitzian, 1099, “” ¢~
wr(f. t]Lp(_gd_l} = sup["ﬂﬁf"Lp[ﬁ_l}:p € Ut}, tZo0
Such thatPef @ = Fex) - fG. 85 f(x) = 45 (“”‘E_lf '3‘?])
apf =@Q-D'f
(7 = 193f = Q- 1)f

TRf(x) = f[Q(x]) QeSold)
0= {p € So(d): _n}zrliz_:l[_fpx.x = costly

2(5%"*)is given by

And $o(Z) is the groupof orthogonal matrices of € xd real entries with
determinant 1

Let Mo be the @ Xd (even) matrix given by
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cosfsing 0
—sinfcosH
cosBsing
M@ - 0 —sinﬁcos&
-1
Clearly Mo=1.(Mg) =Mjg ang (Mg) " = Mg
; 7
g - J' D d ) Sal=1,
@.0)f &) r— ( ey cose o)l }’(,V]) 6

wheredY is the measure on the set {7 € S97%:x.y = cosf}that it causes by the

Lebesgue measure on S'(d —2) ({y:x.y = cos6} s an isometric map of dilation on
5'd - 2)}).

and™g is given by Sg! =1

&js the Laplace - Beltrami differential operator given, using the Laplacian operator
a3 ik

Fe = (=)

Bf(x) = AF@forx € ST where _f(lxl

if Felp,5%) The K- functional of f defined as
Ko, 5 8%%), (sae) = iﬂ"'(|f = gl (sa—v) + 17 ||(—3]‘E||Lp(5a-1}={—3}‘3 €Ly Sd'l})

SefC) = —— FOIY).

m(&) veSd-taxy=cosf}
Sgl=1xe 591

£
-2 f 22
mel) = — {-1]*’( _ .)m(j"u]
GRS
2.AuxiliaryResults
In this papper we need the following lemmas.

Lemma 2.1 Ditzian,2004
Forf E Lp{sd_llp << 1

Sen=g([ _ifowa u)l‘fp
=— Vv v
Where 27 B \yy=cos8 ¥

Lemma 2.2
Forf €LpI(SI%71).p <1 e

|f(ﬂx]le1(£d—1} = ||f(xj ||ij(£ﬂ‘1]'f0r any P € So(d)

Proof
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Since ,S0 that
P €5 then

|f(Px]|Lp[5d-1} = Ifle[gd—i}

and

If(px]h,p[gd—i} = If{leLp[gd—i} -

Lemma 2 .3Ditzian,2008

An operation by an element of s¢(@)js an isometry and in most situations under
thecondition
If(ﬂx] - f{x]lL (5:&—1} —0aslp —I|—0

where 1P 1P = max, ((px —n). (Px —1x))

S111
_ lo—I1=2 I—l
equivalent to 2

Lemma 2.4 Ditzian ,2004
For an integer £ we have

z
£ f 28 &
—1yJ 0 = 4 sinll_
G)-I—ZZ[ 1) (f?—j) cosjf = 4 sin 3
j=1

Lemma 2.5Ditzian,2004

Spf) = —— FOIAy G, Sgl = I,

m(d) yeSd-txy=cosf}
xesd-t

. (Note that max(px.x) = cosT jg

£
-2 28
S;6f )= =5 {—ﬂi( .)5- fx)
.68 0 _ i ]7i8
For 5j.6f given in GE); £

(5.6F) @) =m,@nt KDF ) 4y

r(d sinus a-3
1—m;{u]—r(d2_1 {2{}‘[( ) 1—53]d= ds

Lemma 2.6Ditzian ,2004
ForO<us=<m 10«:(?111,2{5 1 -m,(u) = Cu®
Fortt=T ,IZI < m,(u) =59 <1

Lemmaz2.7Ditzian,2004
For
i d—1
dy 1 v 7
(ﬁ) m @) = Ce,j (1 + u)
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Lemma2.8
Proof

Following the proof of lemma 3.17 step by step in Stein,G.Weiss,1971 we can
get the proof =

3. The Main Results
In this paper we introduce our main results

Theorem 3.1
For f €Lp(5¥71).P <L e have

(i) Se.n)f € Lo(5%7%)

i e, se-vy S COM sy

(i) "‘siﬁap}f _f"Lp[_';ﬂ—:l} = CE)w(f. E]L;,[Ed-i}

Proof of

(i) Using If(ﬂ]le[_v;d—i} = Ifle(gd—i}

We directly get S@.»f € La(5%7)

(i) Now we uself My (sa-x) = IF Gy (sa-s)
I (@7 Mg Qull , sa-+) = WM,

and hence

2(5%"*) to obtain

"‘s[ed?}fllg,pigd—i} = ||J;a(d}|f{Q_"M9 @x}lpTdQ

For @ *MgQ =p
v
I
1

Lp(59-1)

L=

P
- — pr
(J;a(d:ls..;|f(q 1MgQ, dQ)

= -1 pr B
_(Igd—1 o)) (@7 M6 Q)] dex)

1
< C@J(L d_llf(.ox]lp’"dx) ’
= C@]IfTILp[Ed—i}

Iss f _fILptgd—i}E c@w (. 6);

(ili)  The inequality 2(5%7*) follows from to

abovewhere

A fx) = flpx)- f(x)

forr =1 to show that the remainder of
ISaf — fle(Ed—i} = Cpw(f, H]Lp(gd—:l}

we note that
[ oy (@ M6Q:)AQ = [ oy (@ M00:)40

= L oy @ M50
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and use "ﬂEf"Lp[-‘?d“} = 1TQ = D7l (5¢-+)

= “{T —I¥ Tf (rf;s]{T — mTr-s-m
m=o Lp(54-2)

For TpfG)=flexdp=Q7 " MgQ znqp™*=QM gQ'm

Theorem 3.2
ffely (ST p =1 g glf @M (sesy = Iﬂx]hp(—‘?d"},for any

poE Sﬂ{dllf(px]_f{x]ILp[Sd_‘} —+ 0 as Ip —Il—o0

where® ™ nik = max, ([Px — nx). (px — '-".rXJ)

sin t
_ ) —I=2 |
max(px — x) = cosT js equivalent to e | 2
&
"Cﬂ . x]"Lp[Sfi-l} = C(P]lflLF(Sd-l:,

" (Not that

then
Proof
m
c3(f. =J; ME@)S, (F, 2)db _
In fact n(f. ) 7 ©)Sp (. x) is known for f € Lp S
w
5 _ 5
||cﬂ(f,x]||LF[5d_1}— |J; ME (©)5g (F. x)db s

< ||F My (6)Sg (f. x)d6 ||L1[5d—1}

iry
< I ME@NSs F. N, sa-1d0
= ISE(‘f"x]IL’_[Ed_"}
ol (AL CAVASIEE

1 1

1—+=
— 1—p+p) rr
. sl

1 ;1
= ([tsorsor = ([, _ser=) *
1

= C@](Ld-iwﬁ? |p)P using
1 . 1
S =—| P d
e = g (1r e dy) we get

lcie. x]||LF(5d_1} < COMfly,sa-1ym

Theorem 3.3
d—
Let FE€LpG™ foreven d >3 with
|f(Px]|LF[5d-1} = IfILF[Sd"}for each P €So(dang If (px) _f{x]ILF(Sd—:l} 20 .

lo —I1 =0 then
-1

"C'ﬁ - f"LF(Ed—j.} = C. EJWTG:PJLF(Sd-l}' wr(If, 1)1ee w0 r (o 1) o
Proof
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lei =71, gsa-sy ® H L 1(9) |L(STef — £)a|

Li(gd—:l:]
T
< I 1§ OMS() — Fll,_(sa-1)d8

1y
. L ME@©)E =1
Then using the fact that We get

i 1.
—-P+1 LA
o £, oerny = ([ tse - AP ax)

E 1
< \ L J5a () _flpl‘ie(ﬁ—ﬂp“)p(EJ.d_ 1Se (f) — £l dﬁ)il F
g 1
[ Jse® £ Isa - £, IS ) FI.

= C(p, E]If - Eﬁ'mleEd_i}mﬂ"(f’ f-’tf]m m‘r(f* .H'];?

< C@. 8)ew, (f. 1)y w0, (f . g0, (F. 1OE m
Theorem3.4
1f€ Lp(5%*)  then
EE[EﬂELF[Sd—l} < c(p)K . (f. EJH_ZK}LF(S'&_::[’ x>0

proof

En(ﬂilf—ghp 5d-1)

&) (—Z) geL,(s=1
( ) g Lp[sd—:l}( } geLy(s71)

= C(FJKZI{EE; n_ZI}LF[EZ—l} m

= c@If — gl (sa-vy + £

Theorem 3.5

d—
1t f €L, G Dyith even d =3 with
If(p]ILF(Sd_"} = If{x]l[-p[sd_i}for anyp E Sﬂ(d]

If @)~ f @y, (sa-x) = 0 aslp — 11 0 ford 5%

If +é§(—1)f (3 )57

= Kz; {;f'; EHZE}LF{SIE—:I}
Then Lp(59-1)
Proof

by definition of the K—functional with
2

f+ £ i faf
|| ﬁ )E(_l}r (E )ijf Lp(5d-1)
If _SJEILF[gd—i} + tl_ﬂSEfILF[SE:—:I.))
We realize the operatorf=s (f) using the functionCe) satisfying 70)eC™(R..),

for0 £ x = LgngnG) =0 forx =2 the operatorTas () is given by
Neg ()= ) e BPLE)  f~ ) Py(f)
k=o where  k=o
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for

K, (f, A, tzf)

and the definition of the K- functional Lz(57*) we just have to show for

all F € LR andsome fixed o= 0

2E - ~-28 42
(aSKE (f! "ﬁr t }Lp[Sd‘l:l ~ Kl{f’ A, f t E}LF(Ed‘i}

displaythat
i "f_s-j"gf"Lp[Ed“}ECL ||f_”=§fzf"

Lp(59-2)
; If - s5.6£1l, Lysi-ny = €2 £ latn gy f,

Toprove i- it sufficient to show
f- 5;,&-?-')1“"%J sa-1))
< Cu|lf - 5567

gd 1:.

Lp(s9-2) (1)
since’ “,9455.6 arebounded multiplier operators on Lz (R% ), we have

"(‘r —n.5 ) +5).0+ 575 + 576 +510) (F ~ S6f )||Lp{5ﬂ-1:' =&V _SLEf"L”(Sd_IJ

where! is the identity operator. To prove(1) wehave to show that
(1 - nC/e)my(W)*

Pl = 1 -m,u)

Ly [Rd)ﬂrlﬂvq&{u]lllptgd—i} T T Jare =0

is abounded multiplier on

(At least for vl =d + 1. but here that restriction does not metter ) Whlle the above

iswell known and used manytimes.We show it to below to help the reader.For 0¥ (x)
OV = | o d@(y)el™Wdy

given by Rd

Which may be considered as aFourier transform, and prove the lemma2.8
C

DY b (il Ay E
which implies the sufficiency ofshowing that L) T+ D gor

o> 0 andlvl=d + 1 e observation that for kel = 1, ¢@) = 0.forhul =1 then
using Lemma2.7, we recall that the multipliers,and we get that
1 &) 1 d+3d-3

) 2 2 2

109 (50-1) < € g v

= co)

and for
The proof of (ii) is step by step of the relation (3.9) of Ditzian,2004=

Theorem 3.6
Forf E Lde_l] for d=2nn= 2,34, ... with
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If(px]ll.p(fd_i} = If{x]le(Sd_i}for anyﬁ| [S slﬂ‘{d]
If (ox) _f{-x]le(Sd—i} —+0 asle—I1—=0
=18 g (o)

t
. — < {7 —
equivalent to 17 ~ 1= 2 |Sm2|) then

Eﬂ(f][,p[gd—i} 2 c(plw? (ﬁ-%)

where (Note that max(px.x) = cosT jg

Lp[gd—i}
Proof
— e
We have E),,(sa-1) < CEK2(f. 50 ]lL:J(S,j_1JI by
£
2 _72P B
If+ﬁ Z(_I:]J @_}' )S_I-Ef = Kze[f,ﬁ, EZE}LP[Sd—i}
tli= LP{Sd_i}
We have
T i 2
Enrp(sa-n) = €@Kl 8175, 0 2 CED T CADY; (s5-1)
- Lp(sd-1

And bylsEf _fILp[Sd—i}S C)w(f.6)

we get
En(f)y (sa-1) S COW (. 0)p (sa-1)

References

Ditzain, Z., 1999, Amodulus of smoothness on the unit sphere,j.d',Analyse
Math,79,189-200

Daiand, F., Ditzian, Z., 2004, Combinations of multivariate averages, j. Approx.
Theorey,131,268-283.

Daiand, F., Ditzian, Z., Jacksoninequali for banach spaces on the  sphere,
Amath.hungar. 118(1-2) (2008),171-195

Stein, E.M., Weiss, G., IntroductiontoFourier analysis .in Euclidean spaces,Princeton
university press,princeton,nj,1971

68



