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ABSTRACT

Background:

In this article, we present a numerical method that applies the Bernstein polynomial approach in matrix form
to solve non-linear integro-fractional differential equations of the Volterra-Fredholm type (NIFDEs of V-F)
that involve the Caputo fractional derivative with mixed conditions.

Materials and Methods:

The primary objective of the method is to convert the nonlinear functional equation and its associated
conditions into matrix relations using normal and fractional Bernstein polynomials. using a strategy like
Newton's method and obtaining the Bernstein coefficients.

Results:

This approach is appealing for computation, and examples and explanations of its use are given. lllustrative
examples are used to show the method's correctness and efficiency, and the methodology is validated by
comparing the approximate results with exact or reference solutions.

Conclusion:

A table compares both exact and approximate solutions. They also use the least-squares error technique to
decrease error terms in the specified domain. As a result, the majority of general codes are written in Python.
Key words:

Bernstein polynomial, Fredholm-Volterra integro-differential equations, Hammerstein type Caputo fractional
derivative, operational matrix, approximate solution, Caputo derivative, collocation points.
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1.INTRODUCTION

The study of integrals and derivatives of non-integer order, which are not defined by traditional
descriptions of calculus integral and derivative operators, is known as fractional calculus (FC). The
three most important contributors to the field of fractional calculus are Oldham [1], Miller with
Ross [2], and Podlesny [3], who document the evolution of the discipline. Euler made the first
step from the Gamma function by deciding that the result of computing the derivative of the
power function has importance for non-integers. Fractional derivatives come in a variety of
forms, the most popular of which being the Riemann-Liouville (R-L) and Caputo fractional
derivatives [1-3]. Fractional derivatives are used in many fractional-order mathematical models.
Over the past 60 years, FC has had a major impact on a wide range of fields, including physics,
computer networks, biology, plant epidemiology, nuclear reactor dynamics and mechanics, etc.
Fractional calculus has many real-world applications, these being only a handful. Recently, a lot
of researchers have concentrated on developing numerical approaches for solving linear and
nonlinear functional equations, which are typically the outcome of real-world issues being
modeled mathematically. Partial differential equations, integral equations, integro-differential
equations, delay differential equations, and partial integro-differential equations are a few
examples of these. These equations can be found in a variety of fields, including industrial
mathematics, fluid dynamics, biological models, chemical kinetics, ecology, control theory of
finance mathematics, and aeronautical systems.

Since integro-fractional differential equations are typically difficult to solve analytically, it is
necessary to obtain an efficient approximate solution. Numerous searches for reformed
numerical techniques based on the approach of polynomials have been conducted in recent
years. Only in the last few years has the collocation technique, one of the mathematical methods
for numerically solving various equation types, such as differential equations [4] and integral and
integro-differential equations [5-7]. Several methods have been suggested to solve fractional
functional equations; for examples, the Adomian decomposition method with modified Bernstein
polynomials [8], the Laplace decomposition technique [9], the spectral Petrov-Galerkin method
[10], the differential transform method [11], the operational matrix of Chebyshev polynomials
[12], the Legendre collocation method [13] and Bernstein polynomial approximations have also
been pivotal in various studies [14],[15],[16],[17]. Also, the Volterra-Fredholm integral equations
have been solved numerically using the discretization method [18], which makes use of the
Bernstein polynomials.

So, in this paper, we introduce the Bernstein polynomials to seek the numerical solution of multi-
fractional order equations. With the simple structure and perfect properties [19,20,21], Bernstein
polynomials play an important role in the solution of functional equations. This study aims to
evaluate the approximate solution using Bernstein polynomials in fractional operational matrix
form and collocation techniques to nonlinear Volterra-Fredholm Integro-Fractional Differential
Equations of Hammerstein type (NV-FIFDES) of the following typical meaning (1) and (2):
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n-1
EDZY (0 + ) o) DT V() + Py ()
£=1
=+ Y 2t [ st et (5.3, py() ds
>ttt )

mpg b
+z/1,‘-’ f K (x, )y (s,y(s), 2foy(s))ds (D)
j=1 a
Together with mixed conditions:

u—1
Z O{Q’kpy(p)(a) + 'h’kpy(p) (b)} = ﬁki k = 0;1' Y 1. (2)
p:

Where the fractional orders: Op>0pq > >01>0, Ay, > Anp,_1 > >a; >0,
and B, > Pinp—1 > - > 1 > 0, and u = max{[o,], [am, |, [Bm,] }- In addition, the functions
Py(x), f(x) € C([a,b],R),forall £=1,2,..,n, and K[ (x s),.‘KjV(x, s)€EC(ER), &=
{(x,s):a <x <s <b}andy/, wf: [a,b] X R X R — R are known, with arbitrary real constants

Hkpr Grp and Iy forall k,p = 0,1, ..., u — 1, are given. while {/1}’ Af}:r;v_rlnF are real parameters,
for all i=12,..,my,j=12,..,mp (wheren ,mgm, €Z*). Moreover, y(x) are the

unknown functions in equation (1) to be determine under conditions (2).

The structure of this paper is as follows: The fundamental background information pertaining to
fractional calculus and the Bernstein (normal and fractional) polynomials is provided in Section 2,
which covers important ideas, definitions, characteristics, and lemmas. The matrix-form-based
collocation method for numerical normal and fractional Bernstein polynomials is presented in
Section 3. Section 4 provides numerical examples to illustrate the points. Finally, Section 5 has
the conclusion.

2. PRELIMINARIES AND NOTATIONS:

In this section, present the fundamental definitions of normal and fractional Bernstein
polynomials, as well as other prerequisites and characteristics of the fractional integral and
derivative that are required throughout the article.

2.1. Fractional Calculus:

Definition 1. [22] Let p € R and let y(x) be a real valued function defined on I = [a, b]. If there
is a real number p, > p such that y(x) = (x — a)P°@(x), where ¢ is a bounded continuous
function on I, then the function y is in the space C,(I). It is said to be in the space C;*(1) if and

only if y™ € ¢, (1), withm € N,.
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Definition 2. [2,23] Let I = [a, b] be any closed bounded interval on R and let y(x) € C,(I),p =

—1. Then the w(€ R* U {0})-order Riemann-Liouville fractional integral of a function y, is
defined as:

- | T @m0 v©d L wer
y() o

(1)1+(1)2

Furthermore, o7y * oy 2y (X) = oJy y(x) = 4Ty 2 ody ty(x) for fractional order wq, w, = 0.

Definition 3. [3,22] Let w € R* U {0} and the function y(x) € ¢™ (1)1 = [a, b] where m = [w].
Then, the Riemann-Liouville fractional derivative of order w is defined as:

If 1
_ r dxm
RD2y(x) = DIt I~y (x) = | (=)0
Tom y(x) , W =m

( f (x — £y 1y<f)dé> © € R

In particular, where w = 0, ¥D&y(x) = y(x).

Definition 4. [23] Let w € RT U {0} and the function ¢(t) € ¢™(I),Y = [a,b] where m —
1 < w <m,m € N. Then, the Caputo fractional derivative of order w is defined as:

(—r(ml— >) fx(x —¢
DLyCe) = g7 Dy = {1 ) e

k dx™

dE,m—-—1<w<m

ym-o-1 "y ($)
aEm

, w=m

Hence, ¢D2 is an identity operator as a special case. The w-Caputo fractional derivative of a
constant function (C) equals zero, i.e., $DPC = 0,C € R. The Caputo-type fractional derivative
is a linear operator, i.e., SD2[(y; + ¥2).l = $DLy,(x) + {DLy,(x). These are the basic
characteristics of the Caputo fractional derivative.

Lemma 1. [23] The function y(x) = (x — a)? for 9 > 0 has a w-Caputo derivative (w > 0),
which is created as follows: if 9 € {0,1,2,-+, [w] — 1} the w-Caputo derivative is vanishes, i.e.
DPy(x) = 0, whileif9 € Nand 9 > [w]ord € Nand 9 > [w] — 1 its:

r®+1)

CDa) — I —
DY) = o D

(x —a)?™® 3)

Lemma 2. [23] Let w > 0 and w & N be in such a manner that m — 1 < w < m(€ N), and let

y(x) = exp(kx + c¢) for any arbitrary constants k,c € R. Then

aDPy(x) = k™(x — a)™ " exp(c + ak) Ey w41 (k(x — ) (4)
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Lemma 3. [3] The formation of an association between the w-Caputo derivative and the w-

Riemann-Liouville integral, m = [w] and y € C*(I), computed as:

DRy =y(x); a<x<b

and
m—1 (k)
J2 1DEYC1 = y6) - ¥ L@
k=0

Lemma 4. [2] The relations between R-L and Caputo derivative can be expression as: {D%y(x) =
RD@[y(x) = T_1[y; al], (m = [w]) and Ty,_1[y; a] denotes the Taylor polynomial of degree
m — 1 for the function y, centered at a.

2.2. Clenshaw-Curtis Quadrature Formula [20]

“In the interval [a, b], where b is higher than a, reliance the extreme Chebyshev zeros, the N-
Cleanshaw-Curti’s quadrature rule is developed. Furthermore, we will use Chebyshev polynomials
to illustrate the integrand's expansion, which will be shown using the following relation:

n

R
b b —
[ otoae="5E Y TagCen) ©)

m=0

The double prime notation (Z ”) in the summing denotes terms with indices m = 0 and m = R split by
two. The following is the definition of R-shifted Chebyshev collocation points, or x;:

mm b—a b+a
T = COS (T), Xm = > Ty + >
4 Q . 0 if p is odd number
T, =—Z vcos(ﬁ) v, = QEL*
mTR P Q /) p —— if piseven number’
p=0 1-p

2.3 The Bernstein Polynomials and it’s Operational Matrices [15,16,20,21]

Effective polynomials defined on the closed bound interval [0,1] are the Bernstein polynomials. A
basis for the power polynomials of degree m is the Bernstein polynomial of degree m. They come
in two primary different types:

First Type, the normal r-Bernstein polynomials of degree m over the interval [0,1] are described
as follows:

m
Bm(x) = (r)xr(l —x)™, r=20,12,..,m. (6)

Utilizing binomial expansion of (1 — x)™~", we can express the r-Bernstein polynomials (6) as:
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m-r
B, m(x) = Z A(r, q, m)x?*T7, r=01,..,m
4=0

Hence, forallr=0,1,..m;andq =0,1,....,m —r:
my /m — r)
r

aergm = 07 ()"

Here, m is a positive integer that has been selected so that m > r. However, for every r =
0,1, ...,m(€ Z*), we may write the normal r-Bernstein polynomials in matrix form:

Br,m(x) = Ar+1Xm(x) (7)
where the (r + 1)-th row of the matrix is

00 -0 0(7) (") - o ()G

1 r’\xm—r
r—terms
(m-r+1)—terms

Ay = [

and
Xm@)=1[1 x x% . xm"
Now, we define
@ (x) = [Bom(x) Bym(x) -+ Bmm()]"
Or in the operational matrix form, for normal r-Bernstein polynomials:
P (x) = AXm (x) (8)

where A is defined as follows and represents the upper triangular matrix of dimension (m + 1):

I m my /m—20 _omy m — 0\
=° () (_1)1(0)( 1 ) o DT 0(0)<m—0)
5 ' om my m—r
A= 10 e Nmer
o () e () ()
: : . : m
0 0 —1)0
- <m) “m+1xm+1
That is:
0 if i>j
A=la " | h = omy o m—1i\
[aw]i,j=0 WNEere a;iqj+1 (—1)/ l( ; ) (j B i) if i<j
where det(4) = {ZO(T), that is the matrix A is an invertible matrix. Then, we can obtain

inverse matrix using the following formula
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0 if j<i
L, =1 (15) if j=i (9
() N

that is, for all x € [0,1], clearly for allm € Z*:
Xm(x) = A7 D (x) (10)

Second Type in this subsection, the 6-fractional r-Bernstein polynomials of degree m over the
closed bounded interval [0,1] obtain by substituting each x to x:

m
B, (x) = (r)xre (1-x9™" ;r =012, ..,mEZ)and 0< 6 <1 (11)
Typically, if 8 = 1 we obtain the ordinary (normal) r-Bernstein polynomials. On the other hand,

we can write the @-fractional r-Bernstein polynomials in the matrix form, for each r =
0,1,..,m(e Z*):

BYn(x) = A1 X5 (%) (12)

where A,,,, express before for all 7, and X8, (x) = [1 0 x2¢ .. ,m8]T. Now, we define
for 8-fractional r-Bernstein polynomials:

T
CI)fn(x) = [Bg,m(x) Ble,m(x) Br?t,m(x)]
The operational matrix form, became:
dh(x) = AX7 (x) (13)

Where, Ais the upper triangular matrix of dimension (m+ 1 xm + 1) and it is invertible
defined in equation (9). Thus, forall x € [0,1] and 0 < 8 < 1, clearly for allm € Z*:

X5 (x) = A7 07, (x) (14)
2.4 The Function Approximation Using Bernstein Operational Matrices:

For any two arbitrary functions y;,y, € L?[0,1] the norm and inner product are, [24]
respectively, defined by

1
|y l2 :\/(}’1,}’1) and ()’1;3’2)=f y1(x)y2(x)dx
0

The basic approximation theorem state: The best approximation is unique foranyy € Hif His a
Hilbert space and S is a closed subspace of H. The proof can be found in [25].
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2.4.1 The Normal Bernstein Operational Matrix (NBOM):

A function y € H = L?[0,1] can be expressed in terms of the normal Berenstein polynomials
(NBPs) basis, set S¥ = {Bg (%), Bym (%), ..., Byum(x)}. Then, in practice, only the first (m + 1)

terms of NBPs are considered. Hence, there exist unique coefficients ¢y, ¢4 , ..., ¢, such that
m
YO = yn(0) = Y 6Bm(x) = (70 (), (OR) = [ (O]'C (15)
r=0

where CT =[cy,cq,...,Cn], and CT can be obtained from (y, ®,,) = CT(®,,, ®,,), where

(y, ®p) = f YO[B (O dx = [, Bom) 3 Bim) (3 Bram)]
0

and (®,,, ®,,) isan (m + 1) X (m + 1) matrix that is said to be the dual matrix of ®,,,, and is
denoted by Q,,, and will be introduced in the following. Therefore CT = (y, ®,,)Q;!, and then

1 1

— (@ O = [ OGO GO = [ A [AX Nl
0 0
1
=A <f Xm (@) [ m(x)]de> AT = AW, AT (16)
0
Where W, is a Hilbert matrix, a symmetric matrix of size (m + 1), given by
1 1 1
2 m+1
1 1 1
Wn=1| 2 3 m+ 2
1 T 1
m+1 m+2 2m + 1 1xme1
On the other hand, Since
1
= <cbm; Cbm> = j (bm(x)[cbm(x)]de
0
BO m(x)
B
- .[ l 1m(x) ,m(x) Bl,m(x) Bm,m(x)] dx
mm(x)
Ql,l Q1,2 Ql,m+1
— Q2,1 QZ,Z QZ,m+1 (17)
Qm+1,1 Qm+1,2 Qm+1,m+1
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After applying normal Bernstein polynomial properties and solving product integration in the
gamma function, [23], we obtain finally each element in matrix Q,,,, forall i,j = 0,1, ..., m:

1 1

my /m L .
Qi+1,j+1 = f Bi,m(x)Bj,m(x)dx = ( , )( )f Xl+](1 - x)zm_(l“)dx
0 L72N] 7 Jy

B (m) (m) ri+j+0Drem-G@+p+1 () (™)
ANPAY rm+2) C@2m+1) (zm)

i+j

(18)

We can see that equations (16 and 17) are equivalent in application.

2.4.2 The Fractional Bernstein Operational Matrix (FBOM):

Also, the function y € H = L?[0,1] can be expressed in terms of the fractional Berenstein
polynomials (FBPs) basis, set S* = {B&,,(x), BOn (%), ..., B m(x)}. Then, in practice only the
first (m + 1) terms of FBPs are considered. Hence, there exist unique coefficients d, , d; , ..., d,,
such that

y() 2 Y400 = D dBin(x) = DTG4, (OR) = [05,00]"D (19)

r=0
where DT = [d,,d;, ...,d,,], and DT can be obtained from (y, ®2,) = DT(dY,, dY), where

(v, ®5) = J Y@ [8,00] dx = [(1, Bfm) ,BE) -~ 3BIw]
0

and (@2, ®) is an (m + 1) X (m + 1) matrix that is said to be the dual matrix of ®%,, and is
denoted by le, and will be introduced in the following depending on @-fractional order.

Therefore, DT = (y, %[ Q% _1, and then
y m m

1 1
Q% = (@9, dY) = f 8, (x)[% (0] dx = f AX8,(0) [AX0,(x)] dx
0

0
1

-y < f X8 (x) [Xﬁl(x)]de> AT = AWO AT (20)
0

Where W,‘?l is a Hilbert matrix,a symmetric matrix depending on 8-fractional orders given by
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1
1 911
1 1
W =|9+1 20+ 1
1 1
imé+1 (m+1)06+1

On the other hand, since

(8]

= (0F, DY) = lelm<x)|[ 0 () BE()
18,9, ()]

I[ Ql,l Q1,2 Q1m+1 —!

= | Q§1 sz Q2m+ |

Q11 Qbi1s Qm+1m+1J

(m+1)6+1

1

mo +1
1

1
2mo + 1

“"m+1xm+1

B . (x)] dx

(21)

After applying normal Bernstein polynomial properties and solving product integration in

gamma

function, [23], we obtain finally each element in matrix

0,1, ..., m we can obtain:

0 ! ] 0 m\ /m 1 o
Q41,41 = J B (X) B (x)dx = (l)( )] x0+D(1 -
0 0

J

m . -
Qm = [Qieﬂ,jﬂ]ijzo. Thus, forall i,j =

xe)Zm—(Hj)dx

S 9F(2m+%+1>

2.5 The Operational Matrix of the Kernels:

We can approximate a function’s Volterra kernels iKl-V
kernels 7 (x,s) € L*([0,1] x

:(m)<m>r(1+]+ S)T@m— i +) +1)

[0,1]), for each i =1,2,...,

(22)

(x,s) € L2([0,1] x
my and j =12, ...,

[0,1]) and Fredholm
mg, by double

Fourier expansion using the normal and fractional Bernstein polynomials as follows:

By NBOMs:

f](l-v(xis) = Z Z lkV pm(x)Bq m(s) - [ m(x)]T iKV cDm(S):

p=0q=0
foreachi=1,2,...,m
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m m
K 005) = DD I Bym(0Bym(s) = [@nCOT TKF @y (s),
p=0qg=0
foreachj =1,2,...,m

where
[ kS K kb [k kb - Tk
| i, v i v i v . | jLF j |
. V . m k k cee k F m k k b k
iV — [ lkgq paco :| .10 11 ) 1im | — [1k5Q]p,q . | 10 11 im |
kb by o [ Tkfm

and the elements ikgq and jk,fq are can be calculated by definition of inner product, respectively,
as:

v = BomO G ), BamN p _ Bpm), K (65), Bym())
P4 (B (2, Bpm(CONB (), Bym(s)) P! (Bym(x), Bym ()N Bgm(s), Bam(s))

Foreachi =1,2,..,myandj = 1,2,..,mg. Thus, by applying equations (16 or 17) and (18) we
obtain

K" = Q1 (D, (), (K (x,5), P (s))) Q1
K = Q51 (P (), (K (x,5), D (5))) Q5

Apply the inner product definition with numerical computation integration by Clenshaw-Curtis
Quadrature Formula (5) to calculate the middle terms for each i and j.

(23)

By FBOMs, apply the same procedure as for NBOMs and using equations (20 or 21) and (22) with
apply the inner product definition with numerical computation integration by Clenshaw-Curtis
Quadrature Formula (5) to calculate the middle terms for each i and j. we obtain, respectively:

KY (x,5) = [tbgl(x)]T 'KV ®8(s), foreachi=12,..,m
K (x,s) = [CIan(x)]T JKF ®9(s), foreachj=1.2, .. mg

while,
-1

"= [an]_l OF, (), (K (x,5), D, ())) [Q4]

. . (24)
K =[Q4%] " (@800, (K (x,9), 25 () [@%]

2.6 The Product Bernstein Operational Matrix:

A general formula for computing the operational matrix of the product of normal Bernstein
polynomials (NBOMs) of degree m is introduced in the first section. € isa (m + 1) x (m + 1)
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operational matrix of product wherever at any time, assuming that C is an arbitrary (m + 1) x 1
vector, defined in equation (15).

CT @ () [ ()] = [@r ()] €

Now, we try to find the form of €. From equations (8 and 15), since Y™, CrBrm(x) = CTd (x),
we have:

CT @ () [@r ()] = CT @1 (D[AX ()]T = CT @y () X ()T AT

=[cT ®,,(x) xCTd,,(x) x2CTd,,(x) - x™CTd,,(x)]AT
m m m m
= z CrBr,m(x) Z cprr,m(x) Z Crszr,m(x) z Crxm r,m(x) AT
r=0 r=0 r=0 r=0
Now, {x¥B,. ,, (x)} will be estimated in terms of ®,,(x) forallr,k = 0,1, ..., m. Thus, we define
U, = [, w7, L ul T orul = [ub™ ubT .. 4R call equation (15), we can write

x¥B, m(x) = u @, (x),  forall r,k=0:m

S0, (XKBy p, D) = UL (D, D) tUS, 1 = Q2 [(X* By, D,)] that is by definition of the
inner product on L2[0,1] we have

— 1 —_
j XK By 1 (%) Bom (x)dx
0

' 1 kB B d
Up,r = r_nlj kar,m(x) D, (x)dx = r_nl . X r,m(x) 1,m(x) X
O .

1
J X" By () By (x)dx
L 0 |
We can evaluate the integral that is formulated as follows, for all ,r and k = 0,1, ..., m:

(D)

2m+k + 1)(,?1';1’;

1
J X*B 1 (X) By (X)dx =
0
Then, we have
() ]
(eoreo)
Lo G _
m m (If:i‘:-kl) , forall r, k=0:m
()

2m+k
-\k+r+m/-

Ugr =
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Therefore, for each k, we have

m m m / [Bo,m(x)]
B X
Z Crkar,m(x) = Z Cr (ul,rq)m(x)) = Z Cr [ulg,r ullc,r ufﬁr Ln;l( )
r=0 r=0 r=0 \ Bm,r;l(x)
m m m m
= Z c, Z u]kTB]m(x) = Z Bj () (Z cru]kr>
=0 Jj=0 j=0 =0
-m
z crul”
r=0
m
Z culr
= [Bo,m(x) Bl,m(x) Bm,m(x)] T
r=0
m
Z coulr
Lr=0 _
Thus:
g 60w e,
ko k1 km
D etk Bn() = [ G| L7 )
=0 :
" l[uf,;o el Looylem [Lem
= [@n ()] [Hko Tkt = Tkm]C = [@p ()] [Wpes 1 C]
where Wj1q = [Uko Tg1 - Tgm]. Thatis QI,Hl(k = 0:m)isan (m + 1) X (m + 1) matrix
that has vector i, .(r = 0:m) for each column. While, if we define
C=[UC U, - W,.q1C]therefore we can write:
CT @y (%) [@y (0)]" = [0, (0)]"CAT = [@p,(x)]" C - (25)

Consequently, we get the normal Bernstein operational matrix of the product C = CAT .

A general formula for computing the operational matrix of the product of fractional Bernstein
polynomials (FBOMs) of degree m is introduced in the first section. D isa (m + 1) X (m + 1)
operational matrix of product wherever at any time, assuming that D is an arbitrary (m + 1) x 1
vector, defined in equation (19).

DT &f,(x) [05,(0)] = [04x)] D

Now, we try to find the form of D. From equations (8 and 15), since Y%, ¢, BZ,,(x) = DT @Y, (x),
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we have:

DT ®8,(x) [®4,(x)] = DT E,(x)XE,(x)7AT =
= [DT ®Y (x) x?DTdS (x) x?DTPI (x) - x™DTPY (x)]AT

m m m m
= [z d, B (x) zdrxeBﬁm(x) Z(dlrngBﬁm(x) EcdlrxmeBﬁm(x) AT
r=0 =0 r=0 r=0

Now, {xkeBgm(x)} will be estimated in terms of ®%,(x) forallr,k = 0,1, ..., m. Thus, we define
k,raT
I

Kk, . .
Uy, = [ug’, tul1 T Wy T orug, = [Iulk'r ILIlIf‘r rmfr'f]. Call equation (19), we can write

x*BE . (x) = uf . ®f (x), forall r,k =0:m

S0, (xk0BY,,, ®%) = ul (0F, &%) thus, uy, = [Q4]  [(x*0BY,,, ®4,)] that is by definition
of inner product on L?[0,1] we have

— 1 -
f x*BP  (x) By, (x)dx
0

1
1
wer =[] f x0BY, (x) ©f ()dx = [@5] LX""Bﬁm(x) BY n(x)dx
0 H

) :
f xk0BE (x) BS 1 (x)dx
L 0 .

We can evaluate the integral that is formulated as follows, for all #,r and k = 0,1, ..., m

[+ 05,00 B x = () () le(k”*m(l - = i rmgiml

]
1
k+r+l+y

r'(n)
rrm-&€’

(%)
[ om+k+L41]

T 9

k+r+ +0 |
m
[Qm] 1( ) T 2m+k+9+1 , forall r,k =0:m

1
| ktr4g+1 |

(")

2mtk+a+1
I [
k+r+%+m |

Since we defined the symbol T [‘g] by Then, we have
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Therefore, for each k, we have

7]
m . . IrB%,m(xﬂl\'
Y dx 80,0 = Y d, (wf,06) = Y &, | [ub" wh” . wkf]| B

m m m m
= > d( ) uwBL() | = ) Bl (Z drujf'r)

r=0 Jj=0 j=0 r=0
- m
o
=0
m
0 0 ) Zdl u®”
= [Bo,m(x) Bl,m(x) Bm,m(x)] T
=0
m
-r=0
k,0 k,1 km
I[[[”]o Wy~ - Uy ] dy
k,0 k,1 km
=[CD,9n(x)]T|[uﬂ1 uy uy ™ || da
[[uﬂﬁio uﬂ]:'jll uﬂ]:'jlm i (dlm

Tim]D = [08,(x)]' [Uys1D]

where  Upyq = [Wgo T Bxm]. That is Up,q(k =0:m) is an (m+1) x (m + 1)
matrix that has vector ﬁ“nk,r(r = O:m) for each column. While, if we define D =

[U;D U,D U, +1D] therefore we can write:

DT 8, (x) [04,(x)]" = [08,(x)] DAT = [,,(x)]” D. .. (26)
Consequently, we get the fractional Bernstein operational matrix of the product D = DAT .

Lemma 5. Suppose that y(x) = CT®,,(x) or = [®,,(x)]7C and C is the (m+ 1) x (m + 1)
normal operational matrix of product defined in equation (25) depending on vector c. The
approximate function for £ = 1,2,3, ... multiple of y(x) using NBOMs, given

~1f—1
YOI = [e,]"[C] C. (27)
Proof: apply induction in this prove. For £ = 1, by equation (15) we obtain (27). Also, for £ = 2
with using equation (25) we obtain

[y ()12 = {CT @ (O [ @ (D]TIC = [, ][] €.
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Suppose that equation (27) it is true for £ — 1, € Z*, that is [y(x)]** = [(Dm(x)]T[(AZ][_ZC ,
with using equation (25). Thus
YN = @] = {CT¢m<x>}{[ NE TS } = (O, @[@, I E]
= [®p (1" E[C] ¢ = [Pn@17[C]

Lemma 6. Suppose that y(x) = DT®8 (x) or = [d)?n(x)] D and D be the (m+ 1) x (m + 1)
fractional operational matrix of product defined in equation (26) depending on vector d. The
approximate function for £ = 1,2,3, ... multiple of y(x) using FBOMs, given

y(@]¢ = [08%x)] [B] . (28)

Proof: By the same stages as in Lemma 5 with respect to d)fn(x).

2.7 BOMs for Fractional Derivative:

In this section, we obtain the OMs for the fractional derivative based on normal and fractional
Bernstein polynomials, that is NBOMs and FBOMs for arbitrary derivatives in Caputo sense. First
for NBOMs: According to equation (8) and applying the lemma (1) for all fractional orders [w] —
1 < w < [w] and taking m > [w], we have

DED,(x) = A DY Xu(x) =A[DP 1 DLx “DPx* - DLxm|'
' Mol + Dx@®  Tm+ Dxmo]"
- A [w]—terms F([w] - W + 1) F(m —w + 1)

(m—-[w]+1)—terms

0 0 0 0
- Mol 4D s 5
— 4 [(w] —w+1)
6 (') (; rem+1)
i I'm+1-w) X |
0 0 0 0
: X~
rol+1) .. f x1-@
=A 0 0 F([a)] w+1) 0 5
B : : : |x[w]—w|
0 o . T(m+1) m'_w
'm—w+ 1) x
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bl I(fo] + 1) 5 9o 0 0Ly
= | R (T a)+1) _ llo 0 X 0 “x2‘
- rem+1) |lo o o x-olLym
0 0 0 'm—-—w+ 1)
Define the following symbols
[w]-column
0 0 lO 0
0 0 F([wi +1) 0 [w]-row
Yo = . . I'([w] - w+1) . 1 (29)
o F(m + 1)
0 0 0 I'm—-—w+1)
o o 07
X9 (x) = |6 0 x@ . 0 Jl (30)
00 0 e
Thus,
‘DY Dy, (x) = AP“ K2 (X)X () - (31)

Using the same process and taking transform in equation (8), we can find this matrix below:

DR [Pm(O]" = [Xpm (O] X5 GOy © AT - (32)
As a special case, if fractional order w be lie in (0,1). So, matrices (29) and (30) becomes
0 0 0 ]
[N([w] +1) 0 O o0 - 0
l/)w — F([(A)] —C() + 1) E Xrari(x) _ O xs_w .. 0 (33)
'm—w+ 1)

Second for FBOMSs: According to equation (12) and applying the lemma (1) for all fractional
order 0 < w < 1 and take m > 1, with property that 8 > w, after apply same steps as before we
obtain:

CchDTen(X) — A[ CD(L) CDg(CD xe CD;;)XZB CDQ(CD me]T
T
» [ PO+ o, T@I+D 4, [(m6 +1) xme_w]
TO+1—w) r26 +1-w) F(mé +1—w)

Therefore, we get the operational matrix of this part as follows
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‘DL DY (x) = APE XL (X)XE,(x) . (34)
0 0 0 0
reoe+1
_r6+y 0 0
ré+1-w)
2o +1)
9 = vee
Yo =10 ° r20 +1-w) 0 ’
' [(mé + 1)
0 0 0
r(mé +1— w).
0 o0 0 0
[0 x“ 0 0 ]
0 |

X2 =lo o x
0 0 0 x_wJ
Also, for transpose the OPMs formed as:

pe[08,(0)]" = [X8®)] XL)psAT ..(35)

The following lemmas are combines the two sections, 2.6 and 2.7, to state the BOMs (normal and
fractional) for product and fractional together.

Lemma 7. Suppose that y(x) = CT®,,(x) and C is the (m + 1) x (m + 1) normal operational
matrix of product defined in equation (25) depending on vector c. The approximate function w-
fractional multiple functions of y(x) using NBOMs, for all £ = 1,2,3, ..., formed as

DE{ly(0)]%) = [Xm GO XL W AT[E]  C (36)

Proof: Applying the w-Caputo definition to lemma 5 (equation 27) and then using equation (32)
we obtain equation (36).

Lemma 8. Suppose that y(x) = DT®f (x) and D be the (m+ 1) x (m+ 1) fractional
operational matrix of product defined in equation (26) depending on vector d. The approximate
function w(e (O,l))-fractional multiple functions of y(x) using FBOMs, for all £ = 1,2,3, ...,
formed as

DL {ly]’} = [x500] ey AT[B] D (37)
Proof: Applying the w-Caputo definition to lemma 6 (equation 28) and then using equation (35)
we obtain equation (37).
2.8 BOMs for Ordinary Derivative:

Assume that (1, is a square matrix of dimension (m + 1) operational matrix differentiation,
expressed

d
acbm(x) = Oy cDm(x)
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A"lcle For Pure and Applied Sciences (JUBPAS)
As a result, take the first derivative for normal Bernstein in matrix form using equation (8):
0 [O 0
d d 1 1 0
aq)m(X) = Aa [Xm(X)] = A Z'X =A 0 2
mac;"_1 0 0

where dim(A,,) = (m + 1) x m and dim ()_(m(x)) =m x 1, with

0 0 - 0
[1 0o - 0]
An,=lo 2 -« ol
0 0 “ee mJ

Now we try to express the column vector X, (x) in terms of m-normal Bernstein {Br m(x)}rLo,
from equation (10), X,,,(x) = A~1®,,(x), we can be write the powers for each k € Z* U {0} as:

x* = ARE Py (%)

where A[_kl] is k-row of matrix A~ 'for each k = 1,2, ..., m, as defined in equation (9). Suppose

[ ]

Xn(x) =1 x2 |

L

that Z,, = [A7d AG} -~ Aph] thatis X (x) = Zy @y (x). So,

dx

Therefore, the NBOMs the first derivative is equation (38) where Q,, = AA,,Z,,. Utilizing, for

each k = 0,1,2, ..., we can form the following formula
k k

dxk dxk

While the FBOMs of the first derivative has only one equation, since for all fractional orders
0O<w<1 and m>»>1, with the property that 6 > w,
max{[a,], [@m, | [Bms] } = 1, thus, we have the equation of derivative zero.

2.9 BOMs for the Integral Parts:

In this section, we consider the Volterra and Fredholm integral parts with special nonlinear
Hammerstein terms ) (s,y(s), gD:“'y(s)) = ‘DS [y()IPi and (s,y(s), ngjy(s)) =

Cij [y(s)]¥, for all p; and q; are positive integer numbers greater than or equal to one for each

d d
—y(x) = CT_CDm(x) = CT[-Qm]chm(x):

iq)m(x) = AN Zy @1 (%) = QP ()

:

m—1

[-Qm]o =1

and 0<6<1,

‘ = AAmYm (x)

(39)

i and j, respectively. We will represent the parts from equation (1) as symbols below:

The Volterra integral parts:

X
VI({a, pi}iZy x) :f K (x,5) °D{[y(s)]Pids
0
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and the Fredholm integral parts:
1
P (B a)x) = | % @) Dl vo)1ds (41)
0

Prior to starting the estimated solution, the unknown function y(x) and all of its component

parts of equations (40 and 41): “DJ*{[y(x)]Pi} and Cij{[y(x)]qf}, foralli = 1,2, ..., my and
j =1,2, ..., mp must be converted into matrix form. To do this, we need to establish the following
new subsections:

2.9.1 The Volterra Term:

First for NBOMs, apply lemma 7 for £ = p; and w = «;, forall i = 1,2, ..., m;, we can obtain by
transform the fractional part in matrix form as

“DILy()IP} = X (TR S)peeaT [€]7 (42)

Recall Volterra kernel in section 2.5, for normal Bernstein polynomials with using equation (8)
and putting with equation (42) into Volterra integral part (40) we have

X

VI({ay,pdie, x) = f K (x,5) °DJi[y(s)]Pids
0

X

= [®,(0)]" 'K'A {f Xm(s)[Xm(S)]T)?fff(s)ds}zp“iAT[C]pi"l(;
0

= [©, ()] K" A7 (@, D)p@AT[C] ¢ (43)

where

X

7(anx) = j X (5) X (5)]T X (5 dis
0

_0 x[ai]+1—ai x[(xi]+2—(xi xm+1—ai
[a;] +1—a; [a;]+2—a m+1-—q;
x[ai]+2_ai x[ai]+3_ai xm+2—ai
_lo - 0o — — O S (48
[a;] +2 —«a; [a;] +3 —a; m+2—aq;
. . x[ai]+‘r.n+1—(xi x[ai]+1;l+2—ai . me-;-l—ai
1 T [ai]+m+1—al’ [ai]+m+2—ai 2m+1—ai_

[a;]-Zero column

Second for FBOMs, applying lemma 8 for £ = p; and w = a;, forall i = 1,2, ..., m;, we can
obtain by transforming the fractional part in matrix form as

DYy = (XA Koyl AT[B]" "D (45)
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Recall Volterra kernel in section 2.5, for 8-fractional Bernstein polynomial with using equation
(13) and putting with equation (45) into the Volterra integral part (40) we have

1

VI({a, pH2,x) = [05,(0] iKVA{ f xX%(S)[Xr%(S)]TW(S)dS} )
0
= [08,(0]" K" A7° (@, )PEAT[B]" D (46)

where

79 (apx) = j e <s>[X9 ©)] X% (s)ds

9+1 a; x29+1—ai an9+1—ai
0+1—aq 20+1—q; ml+1-—aq;
x29+1—ai x30+1—ai x0n+1)9+1—ai
_lo — —
= 20+1—a; 30+1—a; m+1D0+1—a;|47)
. x(m+1)'0+1—(xl- x(m+2).6+1—al- . x2m9.+1—ai
m+1)0+1—a; (M+2)0+1—q; 2ml + 1 — q;

2.9.2 The Fredholm Term:

For NBOMs, applying lemma 7 for £ = q; and w = B}, forall j = 1,2, ..., mp we can obtain by
transforming the fractional part in matrix form as

“DIIy()1} = ("X ()pP1aT[E]" (48)

Recall Fredholm kernel in section 2.5, for normal Bernstein polynomials with using equation (8)
and putting it with equation (48) into Fredholm integral part (41) we have

F1 ({8 q))" %) = j K (x, ) €D [y(s)]ds

= [®,,(x)]" fKFA{ f Xom ($)[X. m<s>]Tx””(s>ds}WJAT[C]‘“ c
0

= [0, (O] 'KF A7(B;)pPiAT[E]V ¢ (49)

1

where
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7(8)) = J X () X ($)]7 XL (5)ds =

0O -~ 0
[Bjl+1-B; [Bj]+2-B; m+1-B;
0 1 1 1
[Bj]+2-B; [Bj]+3-B; m+2-; (50)
. L
_? ? [Bj]+m+1—ﬂ]- [[3’]-]+m+2—[3’j 2m+1—[3’j_

[ﬁj]-Zero column

For FBOMs, apply lemma 8 for £ = q; and w = f;, forall j = 1,2, ..., my we can obtain by
transforming the fractional part in matrix form as

B. . T _ﬁ. ~ —1

‘DIy(019} = [X5(0)] X, pf AT[D]V D (51)

Recall Fredholm kernel in section 2.5, for 6-fractional Bernstein polynomial with using equation
(13) and putting it equation (51) into Fredholm integral part (41) we have

; ! T _Bi ~1qi-1
FI({By )}y x) = [@0(] K7 A{ f X8,(s)[x8.(s)] X2 (s)ds} g AT[D]" D
0
= [04,(0]' /K" A7°(8;)wg AT[B]" D (52)
where

7°(8,) = jo X8, [X6()] X (s)ds

1 1 1
6+1-p; 20+1-8  ml+1-p;
1 1 1
=" 20+1—6; 30 +1—-8  (m+1)o+1-p|(53)
1 1 ' 1
m+DO+1-F Mm+2)6+1-5  2mo+1-f

3. THE NUMERICAL METHOD:

Here, we present a numerical method for solving equation (1) with the mixed conditions observed
in equation (2). We employ the operational matrices approach, which is based on the normal and
fractional Bernstein polynomials, to achieve this goal. We approximate the functions
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y(0), K (x,5), Kf (x,5) with $D7°y(x), “DS*[y(s)]Pt and Cij{[y(s)]qi} in terms of BOMs
using the method given in section 2, respectively.
3.1 NBOMs Procedure: Utilizing equations (15), (32), (43) and (49), equation (1) can be
converted into operational matrix form as follows:

n-1

(X COI" X () 1p7m AT C + Z Py () [Xm (O] X! GO ATC + B (0 [X (O]TATC

£=1
my

= FG)+ ) W XnCOITAT KY A7 (g )T (2]

=1

Pi_lc

mrg

+ D A X COT AT IKE A7 (B )47 [C]" (54)
j=1

Moreover, by taking into account equations (39), (15) and (8), we can write the given mixed
boundary conditions (2) as follows:

u—1

cT Z[Qm]pA{gkpXm(O) + Ap XD} =0, k=01,..,u—1.
p=0

In matrix form, we can write as:

u—-1
yk = Z[Qm]pA{g’kpXm(O) + ’ﬁ’kpXm(l)}
p=0

That is for each k = 0,1, ..., u — 1 and u = max{[o,,], [@m, |, [Bm,| } We can form as follows

Y, =[Yo Y1 Yr2 = Yem] and 9, =[9% 91 - Yr_4]T.

Let us define

Rom (%) = {[Xm(x)]TX;"(x)l/J“" + Z Py(00) [Xn COTTXEE ()% + Py () [X (0)]T AT C
y =1
) = ) M GO AT Y A7y 2T [C]

= D AL GO AT TKF Ay (g )whiaT[e] Y e
=1
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n"lcle Eow Dmﬂe and AppheJ Sciences (JUBPH\g) ° °
Then we set
Rn(X,) =0 (56)
where X ,. are Newton-Cotes nodes
x, =2r- o +1 (57)
4"_2(m+1) ;r=12,..m—u

We can standardize the equation (56):
n—1

FX) = {[xmwnri,in(x»w% D P X T X (X )7
£=1

+ Pn(xy)[xm(xf)]T}ATC
- Za?[xm(xy)]TAT ‘K" Ay (@, X, )psAT[C]

= D A X QO AT TKF a7 () pPiaT (2] (58)
=

Pi_lc

After solving nonlinear system (58) with conditions (55) by the Newton-Raphson method we get

all normal m-Bernstein coefficients C. Then we have the approximate solution y,, (x) of equation

(1) in form (15) by applying the following algorithm.

The Algorithm (ANBOM):
Step 1:
a. Input the number of truncated m- normal Bernstein polynomials such that m > [w], w =
max{an, Ay s ,BmF}.
b. Assume h = b%a ,m € N,
Step 2: Determine the matrix A from the equation (8), and vectors X,,(x) with @,,(x)

respectively.

Step 3: Compute the matrices W, and Q,,, from equation (16) or (17,18).

Step 4: Evaluate the matrices k" and ’K* for each i = 1,2,...,my and j = 1,2, ..., my from

equation (23), respectively.
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Step 5: Construct the matrices X/ (x) and y°¢ forall £ = 1,2,...,n — 1,n, ¢ for d = a;, B; for

eachi =1,2,..,myandj = 1,2, ..., mp from equations (30 and 29), respectively.

Step 6: Assess the matrices 7(;) and y(a;, x) for each i = 1,2,...,my and j = 1,2, ..., m; from

the equations (50) and (44) respectively.

Step 7: Evaluate the matrices C from equation (25), The product of the normal Bernstein

operational matrix, section 2.6.

Step 8: Construct the u-row conditional matrix Y, and 9, forall k = 0,1, ..., u — 1, from equation
(55).

Step 9: Evaluate at each collocation point (57), X,.,» = 1,2, ..., m — u + 1, the formula (56).
Step 10: Combine steps 8 and 9 to obtain the nonlinear system (58 with 55) and solve it by the
Newton-Raphson method to get all normal m-Bernstein coefficients C.

Step 11: The approximate solution y,, (x) of equation (1), y(x) is obtained by putting C’s in
equation (15).

3.2 FBOMs Procedure: Utilizing equations (19), (34), (46) and (52), equation (1) can be
converted into operational matrix form as follows:

XA EE AT+ ) PCORAW] X DWATD + R WX 47D
£=1
=f(x) + Z ﬂ”Xgl(x)]TAT 'KV A7° (a;, x)l/JgiAT [@]pi_lm
i=1

mpg
+ z A [xX5.00] AT TKT A7® (8;)wg AT[D] YD
=

Moreover, we have only one mixed boundary condition (2) form as follow:
Y§ = A{gooXnm(0) + Ao X (1)}
D'Y{ = [9o] (59)

Let us define
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n—-1
RY, (x) = {[X%(x)]TY%" (Ope, + Z PO [X8 ()] XL e, + B0 [XE()] tATD
=1
—fx) - Z ﬂ‘i/ [Xgl(x)]TAT kv Ay? (a;, x)l/)(giAT []]’j)]m—l]D
i=1

—_ zlf[X%(X)]TAT J'KF Afe(ﬁj)lpngT[ﬁ]qj_lD (60)
j=1

Then we set
RO(X,)=0, »=12,...,m (61)

where X,. are Newton-Cotes nodes equation (57). We can standardize the equation (61):

()

= {[X&(L)]TX;” Q0P8 + D P XECC] Rt CwE, + P [Xa ()] HATD
=1

my
1

= > WAL AT K A7 @, )08 AT[B] D

i=1
mg

= Y A [xGe] AT KT A7 ()l AT[B]" D 62)
j=1

After solving nonlinear system (62) with one boundary condition (59) by the Newton-Raphson
method we get all fractional m-Bernstein coefficients ID. Then we have the approximate solution
y2 (x) of equation (1) in form (19).

The Algorithm (AFBOM):
Step 1:

a. Input the number of truncated m- fractional Bernstein polynomials such that m > 1.

b. Assume h = b%a ,m € N.
Step 2: Determine the matrix A from the equation (8), and vectors X2 (x) with ®%,(x) from
equation (13), respectively.
Step 3: Compute the matrices W,¢ and Q2, from equation (20) or (21,22).

Step 4: Evaluate the matrices k" and ’k* for each i = 1,2,...,my and j = 1,2, ..., m from

equation (24), respectively.
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Step 5: Construct the matrices X,¢ (x) and g, forall £ = 1,2, ...,n — 1,n, 3§ for d = a;, ; for

eachi =1,2,..,myandj = 1,2, ..., mp from equations (30 and 34), respectively.

Step 6: Assess the matrices 7°(B;) and 7% (a;, x) for each i = 1,2,...,my and j = 1,2,...,m
from the equations (53) and (47) respectively.

Step 7: Evaluate the matrices D from equation (26), The product of the fractional Bernstein
operational matrix, section 2.6.

Step 8: Construct the 1-row conditional matrix from equation (59).
Step 9: Evaluate at each collocation point (57), X,.,» = 1,2, ..., m — u + 1, the formula (60).

Step 10: Combine steps 8 and 9 to obtain a nonlinear system (62 with 59) and solve it by the

Newton-Raphson method to get all fractional m-Bernstein coefficients D.

Step 11: The approximate solution v (x) of equation (1), y(x) is obtained by putting D’s in
equation (19).

4. NUMERICAL TESTS:

This section uses the numerical results of a few descriptive problems to demonstrate the
feasibility of the current method. Also, these outcomes are explained in tables and figures.
Every one of them was done on a computer with Python version 3.8.8 (2021) software. The
values of least square errors (LSE.) and the running time are listed in tables. In addition, apply
the absolute error function at each point x;; E(x;) is equal to |y(x;) — ym(x;)|, or |y(x¢) —
y,?l(xi)| forall< = 0,1, ..., N € N to each test problems at the chosen interval points. We used

graphics to illustrate it.

Test Problem 1: Consider the nonlinear Fredholm-Volterra integro-differential equation over [0,1]
of multi-fractional order, which is offered by:

D2y (x) — x2 “DXSy(x) + 2xy(x)

—f(x)+—f (xs — 1) *D28[y(s)]%ds + —— f (x% + 25) *DO4[y(s))3ds

1000 1000

where
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Article For Dure and Applied Seionces (JUBPAS) vol33 i¥o.5 | 2025 8
— 1.4 2 3.5 3 1 u 2
f(x)=mx +mx + 2x — 2x +<—8800F(2.2)x5)(11x —16)
2 21 1 30 . 10
- (9100 ra2”’ ) (21x% - 26) + 1000T(2.6) TERIREEY
1 360 . 180 1 1200 . 3600

_ 2
T000r46) 23 © T

2
71 T Toooree) L 11 © T 19

Subject to the boundary source: 2y(0) — y(1) = 2, having the exact solution y(x) = 1 — x2.

Here, apply the algorithm ANBOM, from consider problem we have:n = 2,0, = 0.6 ,0; =

0.5,a; = 0.8, 8; = 0.4, thus u = max{[0.6],[0.8],[0.4]} = 1 and we have my, = my =1,

P,(x) = 2x, P,(x) = —x?, while the kernels that K} (x,s) = xs — 1, Xf (x,s) = x? + 2s and
1

p; = 2; q; = 3, with eigenvalue parameters Y = Af = To00"

Hence u = 1 so take m = 3, the standard Newton-Cotes collocation points X,.,» = 1,2,3 are
{ X; = l,x2 =3 , X3 = g} and the fundamental matrix equation of the given NIFDEs of V-F is

8 8
derived from equation (58), written as:

£ = {[X3 X5 ()2 + py (0 [X3 ()] XZ ()P + po (0 [X3 ()] }ATC

— WX COTTAT K A7 (ay, xyp@ AT[C*

— A X5 (0T AT K E Ay (B)wFAT[C]™  C (63)
where
1 -3 3 1
X;0=[1 x x* 1", CT=[c0 & ¢ 63]"4:8 3 _36 _33
0 0 0 1]
-1 -1 -1 -1 0 2/3 4/3 2 7
v — |71 -8/9 -=7/9 -2/3 yer | 0 2/3 4/3 2
-1 =7/9 -5/9 -1/3(’ 1/3 1 5/3 7/3
-1 -2/3 —-1/3 0 1 5/3 7/3 3|
and
0 0 0 0
[0 0 0 0] ! 0 0
3
%) 0 x5 0 0 o F(1.4) 5
X) = 3 , =
’ lo 0 x5 0‘ 0 0 I(2.4) 0
3
0 0 0 x5 6
0 0 0
[(3.4).
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0 0 0 0
1
0 0 0
w7 | " rasy  ° 0
I -2 I '
- 5 0 x2 0
5 K= ERN A et ’
c 0 x 01 r(2.5)
T; lo o o «3 o o 6
i '(3.5)]
E 0 0 0 0 0 0 0 0
1 1
0 0 0 0 0
F (1.2) I(1.6)
3 =1y 2 o | ¥ =lo o 2 0
[ r(2.2) r(.6)
2 6 6
E 0 0 0 0 0
| r'(3.2)] i r'(3.6)]
e and
E B 1 1 17 1 1 1 1
« 2 3 4 7 14 35 140 - 16 —-24 16 —41
L. 1 1 1 1 1 3 9 1 " 208 —172 "
I; w,=|2 3 4 5o 14 35 140 35] 5. _ 3 3
= 3711 1 1 1|%s 1 9 3 1 %3 . —172 208 -
E 3 4 5 6 35 140 35 14 3 3
C 1 1 1 1 1 1 1 1 —4 16 —24 16
I 4 5 6 7 140 35 14 7
[ w12 22,32 1 1 1-
; 0 17 22 32 0 — = 3%
" . . . 1.6 26 3.6
0 x2.2 x3.2 x4—.2 0 1 1 1
_ B 22 32 42 N 2.6 3.6 4.6
r V(ay,x) = 32 42 452 v(B1) = 0 i i i
& 0 35 27 =2 36 46 56
[: X2 y52 462 0 1 1 1
S A - 2
3 42 52 624 46 56 6.6
e and

Coo Co1 Coz Co3
¢ ¢ ¢
C=[UC A,C U;C A CJAT =20 1v 712 713
Co C21 (2 (a3
C3p C31 C32 C33

Ty S D T
>
>
>
>
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First row: Second row:
. 13co N 2c¢;  2¢y ¢z, 5 23c¢ N 6¢, N 2c;
€0=74 T21 105 210 T 14 42 '35 105
2¢cg 2¢; 3¢, c3 5¢9 18c; 6c; 3cs

T T3 T3 70

6c, 6c; 9c, 3¢y

“2T 35735 " 70 14

~

=210 210 721 21 T 105 70 14 T 21

Third row: Fourth row:
_5¢y  3c; 3¢, | 2c3 ., 0 G G C3
20557772 70 T105 °T 21 217210 210

. Co €1 3¢, 2c3

1= 3570 12 T35 T30t 707 70 " 105

_6c; 3¢y | 18c, N Scz . C 3¢ 2¢;  2¢
27735770 " 35 "14 27210 70 35 21
2cg  6c; 5S¢ 23c3 20 204 co 13c;

3= T05735 14 42 ¥ T 21 105 210 14
Since all of the matrices have been input and computed in matrix equation (63), furthermore

2r—1 . .
=——: 7 = 1,2,3; hence, in accordance with
2(3+1)

condition (55) and the system of the (m + 1) nonlinear algebraic equations with the unknown
coefficients ¢,.(r = 0,1,2,3) is:

calculating the formula at each point x = X,

CT Yo=[9,], Thatis [YVy:9,]=[200 —1: 2]

consequently, solve it by the Newton-Raphson method to get all normal m-Bernstein coefficients
C. Thus, the approximate solution y,,, (x) of equation (1), y(x) is obtain by putting C’s in equation
(15). After running the python program which was written for this purpose using all steps in the

algorithm (ANBOM), we obtain:

C =[0.999996547661906,0.999988744076861, 0.666662138343389, —0.00000690467618822165]"

The next step is to find an approximate solution y,,, (x)of the m-truncated normal Bernstein series
in Equation (15). As a result, for m = 3, the approximate solution to the problem can be obtained
as

y(x) = y3(x) = —2.36351552302949 X 10~ 5x3 — 0.999956406397354x?
—2.34107825622942 X 10~ °x + 0.999996547664853

For bothm = 5 and m = 10, by adhering to the aforementioned procedures and executing
our
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specialized Python program, we may obtain the approximate answer to the problem:

ys(x) = —7.68207834234147 x 10™°x> + 1.87118545014187 x 10~ 5x*
—1.84170104091663 x 1075x3 — 0.999990630568039x>
— 2.56397101772166 x 10~°x + 0.99999941822669

Table 1. (Test example 1) Comparison of the normal Bernstein polynomial solutions y,,(x) with the exact result

y(x) form = 3,5 and 10, respectively, according to least square and absolute errors with running time.

v (x) Approximate Solutions

Absolute Error

x Exact
Solution m=3 m=>5 m =10 m =3 m=>5 m = 10
00 100 0999996547665 0999999418227  1.0000000001 | **°233514  S8LISIL0 100924502
01 099 0989994618888 0989999238901 0990000000096 | >35S 7.CLTST 956572598
02 096 0959993420171 0959999160354 0.960000000086 | *S7292079 839645616 857927062
03 091 0909992809705 0909999127924 0910000000082 | "1792%486  8T20TGHS 817045320
04 084 0839992645678 0839999113418 0.840000000069 | ~3 13268 836382276 690065782
05 075 074999278628 0749999105899 0750000000058 | "A137ZL7 8IHWILTZ 582203102
06 064 0639993089699 0639999102463 0640000000054 | ©I1930126  8I7T586T32  SAIIATEED
07 051 0509993414124 0509999099023 0510000000038 | *5°07588  009T6R74 375438569
08 036 0359993617745 0359999081089 0360000000026 | 638225498 918910827 259117727
09 019 0189993558751 0.189999014549 0190000000018 | S4124047 985450650 179019399
o 000 ~69046702  —1.1635466203 2018494039 | 690467020 116354662  2.01849403
' ' x 107% x107% x 10710 x 107 X 107 x 10710
LSE 4.6301665  8.7553804  8.7621554
' x 10710 x 10712 x 10720
R('SE:”)"G 31.233407  84.224483  523.202559

y10(x) = 3.06433185670585 X 10 °x1% — 1.44815920464225 x 10~ >x°

+ 2.90990572864303e x 1075x8 — 3.24091730519172 x 10~ 5x7
+ 2.18677719203697 x 10~ 5x® — 9.17837996894377 x 10~ °x°
+ 2.36818232224323e x 10 °x* — 3.57317887278441 x 10~ 7x3
—0.999999971845824x2% — 9.34297972321474 x 1010

+ 1.00000000010092
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4 == Absolute error m=3
Absolute error m=3
—#— Absolute error m=10

Figure 1a. Analysis of the exact and our method result of test Figure 1b. Absolute error of test problem 1.

problem 1.

Test Problem 2: Consider the multi-fractional order NIDEs of V-F type over closed bounded
interval [0,1], which is given by:

DA7y(x) + x *DA1y(x) + cosx y(x)

1
e* D¥4[y(s)]?ds + 1 x 10‘4j s2x CD22[y(s)]*ds
0

X

=f(x)+1><10‘4j

0

fx) = L x93 + L x1% + 2 cosx + x cosx — 0.0001 ( * e*x1® + : e"x“)
r(1.3) T(1.9) ' I'(2.6) I'(3.6)

L 10 240 60 )
19r(1.8) ' I'(2.8) ' 29T'(3.8) ' 17T(4.8)

— 0.00le(

Subject to the boundary condition: y(0) + 4y(1) = 14. The exact solution of this equation is
y(x) =2+ x.

Here, from considering the problem we have: n = 2,0, = 0.7,0;, = 0.1,a; = 0.4,5, = 0.2,
thus 4 = max{[0.7],[0.4],[0.2]} = 1 and we have m, = my =1, P,(x) = cosx, P;(x) = x,

while the kernels that X} (x,s) = e¥, Kf(x,s) = s?x and p, = 2; g, = 4, with eigenvalue
parameters AY = A =1 x 107*.

Hence u =1 so take m = 2, the standard Newton-Cotes collocation points X,.,» = 1,2 are
{ X; = %,xz = %} and the fundamental matrix equation of the given NIFDEs of V-F is derived from
equation (58), written as:
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FQ0) = {[X, IR )% + py (O [Xp GOITXT (WOt + p, (1) [X, ()] }ATC
— W [X,(0)]TAT 'K A7 (ay, )@ AT[C]" ' C

— A X, (0T AT K E Ay (BwFAT[C] ™ C (64)

After entering all of the matrices:

{AJXZ(x)rX;—Z(x)tl/)O—ZIXgl(x)flpalf IKV' IKFﬂy(allx)ﬂl/)alﬂy(:Bl)l lpﬁl and C}

into matrix equation (64) and apply the iterative step in algorithm ANBOM. Furthermore,
calculating the formula at each point x = X, = (2~ — 1)/6; » = 1,2; hence, in accordance
with condition (55): relates to the system of the three nonlinear algebraic equations with the
unknown coefficients ¢, (r = 0,1,2): CTYy = [9,], Thatis [YVo:9,]=[1 0 4 . 14].
While computing the result by Python program designed for this, the augmented matrix of this
basic matrix equation with the boundary conditions rows we obtained the augmented matrix
for the nonlinear system, consequently,we solve it by the Newton-Raphson method to get all
normal 2-Bernstein coefficients C. Thus, the approximate solution y, (x) of equation (1), y(x) is
obtain by putting C’s in equation (15), that is:

C =[2.00000540670947 2.50000018902471 2.99999864832263]"

The next step is to find an approximate solution y, (x)of the truncated normal Bernstein series in
Equation (15). As a result, for m = 2, the approximate solution to the problem can be obtained
as

y(x) = y,(x) = 3.67698267211836 X 107 x2 + 0.999989564630495x
+ 2.00000540670947

and

y(x) = y,(x) = 8.38463698471514 x 107 %x* — 2.56044501156794 x 107 8x3
+ 2.04753973775951 x 1078x? + 0.999999993643064x
+ 2.00000000248108

and

y(x) = y;0(x)
= 1.52478156323355 x 10 65x1° — 5.56467276169315 x 10 6x°
+ 8.09333198503737 x 1076x8 — 5.70323823012586 x 10~ ¢x7
+ 1.58097191160778 x 107 6x® + 4.02308614866342 x 10~ 7x°>
— 4.70555050924304 x 10~ 7x* + 1.69754343914974 x 10~ 7x3
— 3.63285153071047 x 1078x2 + 1.00000000654073x
+ 1.99999999768381

The precise solution y(x) and the approximate solution y,(x) for m = 2,4 and 10 are
compared in Table 2 based on running time and least square with absolute errors, respectively.
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Table 2. (Test example 2) Comparison of the normal Bernstein polynomial solutions vy, (x) with the exact result
y(x) form = 2,4 and 10, respectively, according to least square and absolute errors with running time.

Absolute Error

Exact V. (x) Approximate Solutions
¥ Solution m=2 m=4 m=10 m=2 m=4 m=10
0.0 2.0 2.00000540671 2.00000000248 1.99999999768 5.10?393646 2'431100§%§94 2'3i61109,%816
0.1 2.1 2.10000439994 2.10000000203 2.0999999981 4'3391904;%242 2'0>2<51307_’(7)¢:3199 1'8271509_%270
0.2 2.2 2.20000346671 2.20000000184 2.19999999832 3'4361701_1(1—)572 1'82'71209_%352 1'6311009_%842
0.3 2.3 2.30000260703 2.30000000179 2.29999999846 2'6271002_'{)855 1'7231308_?)519 1'5381304_1271
0.4 2.4 2.40000182088 2.40000000179 2.39999999856 1'8501%7_%592 1'192333365 1'4381008_%318
0.5 2.5 2.50000110827 2.50000000174 2.49999999863 1'1281207_%282 1'7:4i904;’{,§97 1'3241902_50861
0.6 2.6 2.6000004692 2.60000000159 2.59999999868 4'6321001_?,356 1'5341105_%377 1'3i81109_%§89
0.7 2.7 2.69999990367 2.70000000129 2.69999999872 9'63;21706_2,383 1'2245-909_?&10 1'2221300_%388
0.8 2.8 2.79999941168 2.80000000082 2.79999999874 5'8331107_%369 8'2:615061?73 1'2231%7_20337
09 29 2.89999899323 2.90000000018 2.89999999878 1'0261706_'(7)223 1'82412061?46 1.2i918071)276
1.0 3.0 2.99999864832 2.99999999938 3.00000000058 1'3311607_'(7)366 6'2221700_2357 5'7101}3?120072
LsE 7.5366723  2.8415607  2.4890985
e—11 e—17 e—17
R('SZ:;Te 28.321521  94.988791 2033.952366

Exact solution
—e— Approximate solution m=2

Approximate solution m=4
—— Approximate solution m=10

Absolute error

Absolute error m=2
-4- Absolute error m=4
== Absolute error m=10

Figure 2a. Analysis of the exact and our method result of test

problem 2.

04

08 10

Figure 2b. Absolute error of test problem 2.

Test Problem 3: Consider the multi-fractional order NIDEs of V-F type over closed bounded
interval [0,1], which is given by:
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D4y (x) + cosh(x) y(x)

x.,.1.8

x% + cosh(x) — x cosh(x) + x

~T(16) 100r(2.8) ¢

3 3e* - 3e* 3 28 1 48
+ — x=° + - x>+ x™
280T(1.8) 50I(3.8) 50I'(4.8) 190T(2.8) 80r'(3.8)
+ 2
135I'(1.7) 185T'(2.7)

+ 0.01 fx(s +e*) D2 [y(s)]3ds
0

1
+0.02 f s D3 [y(s))?ds
0

Subject to the boundary condition: 4y(0) — y(1) = 4. The exact solution of this equation is
y(x)=1-=x.

Here, apply the algorithm AFBOM for 8 = 0.5, from the considered problem we have: n =
1,00 =04,a; = 0.2,B, = 0.3, thus u = max{[0.4],[0.2],[0.3]} = 1 and we have m, = my =
1, P;(x) = cosh(x), while the kernels that %) (x,s) = s + e*, Kf (x,s) = sandp, = 3; q;, = 2,
with eigenvalue parameters AY = 0.01,Af = 0.02.

Hence u =1 so take m = 2, the standard Newton-Cotes collocation points X,.,» = 1,2 are
{ x;, = 1/6,x, = 3/6} and the fundamental matrix equation of the given NIFDEs of V-F type is
derived from equation (62), written as:

fo0) ={[X¢@)] X7 @, + p@[X )] }ATD
— V[x20)] AT KV A7 (@, e AT[D] D

T _ —~ -1
— 2£[x8 ()] AT KT A7® (BYS,AT[D]" D (65)
where,
1 -2 1
X)) =01 x® 1", DT=[dy, dy d;JA=|0 2 -2
0 0 1
1107824/936685 323709/273742  951256/435813
kv = | 350603/582036  426929/708849 305298/190541],
723073/273786 2631147/996410 3404175/934987
0 0 943251/943177
IkF =10 0 567908/567947]
0 0 356758/356751
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0 0 0
0 0 O ras) o
— 2 I
X;l(x) =10 x5 0 ,lpgl = I'1.1)
Ex _2 1
e 0 0 5
b * ° % rael
L 0 0 0 0 0 0
> I'(1.5) 0 l [ I'(1.5) l
E 21 = I'(1.3) ) Yhr = I'(1.2)
'% 0 0 1 lO !
L r'(1.8) r'(1.7)
E and,
.. '1 2 17 1 1
E 3 2 15 15 30 36 —-24 6

. 2 1 2 1 2 2 -1 57
L W9 == Z Zi, 0 _ AWeAT =|— = i % —|_ e _
E : =13 7 5% 2 15 15 15 2] 5
£ 1 2 1 1 2 1 6 -9 6
“‘[i: 2 5 3 30 15 3
L o 10xM3 5x18 ] 5 10

0 0o - —
= 13 9 6 17
5x18  10x?3 10 5
70 a,x) = 70 = —_
;E.: Pan=lo T2 100 )=l 2 2
r 10x23 528 ) 5 10
s 0 =3 14 | 11 27
C with
i aOO a01 a02
- D=[U;D U,D U3DJA" = [d,, dy; dy,
N3 a20 au a22
; First row: Second row: Third row:

. . 53d, 9d, d, - 17d, 4d; 9d ~ 3d, d; d
L. - 0,1 2 = _ 0 1 2 —-0_1_2
. doo 70 T35 70 1o 70 T35 T 70 20770 35 70
D o~ 9@10 Z(d]]_ (dlz o~ 4@10 18@11 13@12 —~ dlo Z(dll 3@12
= dyy=——-———-— d;; = dy=————+—

5 1=35 35 5 1735735 T35 UnT735735 T3s
~ d, d; 3d, ~ 9d, 13d; d, ~ d, 3d; 13d,

Qe=-70"5% 1% =557t 35 7 =5t to
Since all of the matrices have been input and computed in matrix equation (65), furthermore
calculating the formula at each pointx = X, = (2 — 1) /6; » = 1,2; which corresponds to the
system of the 3 — nonlinear algebraic equations with the unknown coefficients d,.(r = 0,1,2)
and according to the condition (59) that is:

D'Y§=[8], Thatis [V3:9|=[4 0 -1 : 4]
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consequently, solve it by the Newton-Raphson method to get all fractional Bernstein coefficients
D. Thus, the approximate solution y¢ (x) of equation (1) with respect to fractional 8 = 0.5, y(x)
is obtained by putting ID’s in equation (19). Using all steps in the algorithm (AFBOM), we
execute the Python program designed for this purpose and get:

D =[0.998735525319421 0.998879173680240 —0.00505789872231711]"

The next step is to find an approximate solution y, (x)of the truncated fractional Bernstein series
in Equation (19). As a result, for m = 2, the approximate solution to the problem can be obtained
as

y(x) = y§(x) = 0.000287296721638741x%5 — 1.00408072076338x
+ 0.998735525319421

For both m = 4 and m = 10, by adhering to the aforementioned procedures and executing our
specialized Python program, we may obtain the approximate answer to the problem:

y2 (x) = 4.84516290262249 x 1075x 5 — 1.00076196663514x
+ 0.00170054502343575x1> — 0.000628523292331984x2°
+ 1.00011950224166

y2,(x) = 0.0853106883557455x % — 2.34490942490022x 1° + 9.4384425209781x 1>
— 38.1447982359375x 20 + 97.2471139823056x 2>
— 161.779123081532x 3° + 175.46938026208x 35
— 119.653428822921x *° + 46.5696979394812x *°
— 7.88762655292904x 5% + 1.00001975832697
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Absclute error

Table 3. (Test example 3) Comparison of the fractional Bernstein polynomial solutions y2 (x) for 8 = 0.5 with
the exact result y(x) for m = 2,4 and 10, respectively, according to least square and absolute errors with running

time.
Exact y8,(x) Approximate Solutions Absolute Error
Solution m=2 m=4 m=10 m=2 m=4 m=10
0.0 1.0 0.998735525319 1.00011950224 1.00001975833 0.0012644746 0.00011950224 1'95’1%3_%?97
0.1 0.9 0.898418304444 0.900106118051 0.900188188294 | 0.0015816955 0.0001061180 0.00018818829
0.2 0.8 0.798047864167 0.800115737581  0.800105658172 0.0019521358 0.0001157375 0.00010565817
0.3 0.7 0.697668667986 0.700140311266 0.700078868346 | 0.0023313320 0.0001403112 7'?(85(??3557
0.4 0.6 0.597284939415 0.600175003005 0.600061315859 | 0.0027150605 0.0001750030 6'13;15(?5?5729
0.5 0.5 0.496898314398 0.500216882035 0.500045938788 | 0.0031016856 0.0002168820 4'513513;?(?5041
0.6 0.4 0.396509631945  0.400263926252  0.400041252068 | 0.0034903680 0.0002639262 4'1%(558_6075749
0.7 0.3 0.296119390468 0.300314631356 0.300038886193 0.0038806095 0.0003146313 3'8281601_?,?64
0.8 0.2 0.195727914708 0.200367821448 0.200028505215 0.0042720852 0.0003678214 2.85;0?5_1055095
0.9 0.1 0.0953354302338 0.10042254445 0.10002780364 0.0046645697 0.0004225444 2'7?(()?8?(?5516
1.0 0.0 —0.00505789872 0.0004780089667 7'9053;%9Z58851 0.0050578987 0.0004780089 7'9231303:%288
8.4726709  7.0104820
LSE. 0.000123171 170 < 10-08
R('STe::r_*)‘e 26.261228  81.761285  767.977398

0.005 4~ Absolute error m=2
Absolute error m=4
=+ Absolute error m=10

0004

0003

0002

0001

2000 V”*_‘-—_';

Figure 3a. Absolute error of test problem 3.

Figure 3b. Analysis of the exact and our method result of
test problem 3.

Test Problem 4: Consider the multi-fractional order NIDEs of V-F type over closed bounded
interval [0,1], which is given by:

EDSy(x) + x2 y(x) = f(x) + 0.0006f

0

X

cos(x)§D26[y(s)]?ds + 0.07f
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where

f(x) = x% — x%e*

+ lim

N—->oo

i —xh+05 N 3cos(x) x"*14(1 —2M)  21e*(—1+ 21 —3h)
Li [P+ 15) 25000 (7 + 2.4) 100T(h + 2.3)

Subject to the boundary condition: 2y(0) + y(1) = 1 — e. Which has the exact solution y(x) =
1-—e*.

In this problem we have: n = 1,0; = 0.5, a; = 0.6, 8; = 0.7, thus u = max{[0.5],[0.6],[0.7]} =
1 and we have my=mp=1, P;(x)=x% while the kernels that %/ (x,s)=
cos(x),KF(x,s) = e¥and p, = 2; q, = 3, with eigenvalue parameters AY = 0.0006,Af = 0.07.

By using the first algorithm (ANBOM): Table 4 provides the numerical data that we obtained,
and figures 4a and 4b display the absolute error for our method for both analytical and normal
Bernstein polynomial solutions.

Table 4. (Test example 4) Comparison of the normal Bernstein polynomial solutions y,,, (x) with the exact result y(x) for
m = 2,4 and 10, respectively, according to least squares and absolute errors with running time.

Exact Y (x) Approximate Solutions Absolute Error
* Solution m=2 m =4 m=10 m=2 m=4 m=10
0.0 0.00000000  —0.0733437688 —0.0016412529 0.000521502470| 0.0733437688  0.00164125294  0.000521502470
0.1  —0.105170918 —0.1536743770 —0.1056910239 —0.1050966177 | 0.04850345893  0.00052010583 7"*?23?}5“

0.2 —0.221402758 —0.2494481543 —0.2211594402 —0.2215684918 | 0.02804539617  0.000243317948 0.000165733679
0.3 —0.349858807 —0.3606651008 —0.3490170930 —0.35023839581 0.01080629323  0.000841714501 0.000379588235
0.4 —0.491824697 —0.4873252164 —0.4904371858 —0.49240470177 0.00449948120 0.00138751183  0.000580004133
0.5 —0.648721270 —0.6294285012 —0.6467955338 —0.64949067305 0.01929276948  0.00192573681  0.000769402357
0.6 —0.822118800 —0.7869749551 —0.8196705648 —0.82306443415 0.03514384524  0.00244823550  0.000945633765
0.7 —1.013752707 —0.9599645782 —1.0108433185 —1.0148587428 | 0.05378812925  0.00290938896  0.00110603534
0.8 —1.225540928 —1.1483973704 —1.2222974466 —1.2267893081 | 0.07714355809  0.003243481898 0.00124837963
0.9 —1.459603111 —1.3522733318 —1.4562192131 —1.4609649535 | 0.10732977938  0.003383898056 0.00136184242

1.0 —1.718281828 —1.5715924623 —1.7149974941 —1.7193230049 | 0.14668936615 0.003284334346 0.00104117648

5.6581754 7.9920774
LSE. 0.052144503 % 10-05 % 10-06
R. Time (Sec.) 37.286733 89.409467 768.523834
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¥ix)

Exact solution
—— Approximate solution m=2
Approximate solution m=4

=+~ Approximate solution m=10

Absolute errar

=&~ Absolute error m=2
014 Absolute error m=4
=+ Absolute error m=10

0.00

Figure 4a. Analysis of the exact and our method result of
test problem 4.

o0

02 04

08 10

Figure 4b. Absolute error of test problem 4.

By using the second algorithm (AFBOM) for @ = 0. 8: Figures 5a and 5b display the absolute
error for our method for fractional Bernstein polynomials and analytical solutions, and table 5
provides the numerical values we obtained.

Table 5. (Test example 4) Comparison of the fractional Bernstein polynomial solutions y? (x) for 8 = 0.8 with the
exact result y(x) for m = 2,4 and 10, respectively, according to least square and absolute errors with running time.

y&,(x) Approximate Solutions

Absolute Error

Exact

Solution m=2 m =4 m =10 m=2 m=4 m =10
0.0 0 —0.11054043462 —0.00436501901 0.00090003164 0.110540434624 0.004365019011 0.000900031648
0.1 —0.1051709180 —0.1817216612 —0.1072746931 —0.10508597103| 0.076550743137 0.002103775094 8'49:71003_’{)?573
0.2 —0.2214027581 —0.2705843213 —0.2195634286 —0.22150608967 | 0.049181563148 0.001839329500 0.000103331515
0.3 —0.3498588075 —0.3768675613 —0.3456583658 —0.35016670566| 0.027008753724 0.004200441688 0.000307898090
0.4 —0.4918246976 —0.4986586005 —0.4856699759 —0.49234152601| 0.006833902898 0.006154721726 0.000516828377
0.5 -—0.6487212707 —-0.6345977778 —0.6405496273 —0.64944179831| 0.014123492854 0.008171643301 0.000720527619
0.6 —0.8221188003 —0.7836655084 —0.8119084971 —0.82303914718| 0.038453291921 0.010210303303 0.000920346790
0.7 —-1.013752707 —0.9450605709 —1.0018514982 —1.01485816697| 0.068692136504 0.011901209275 0.001105459495
0.8 —1.2255409285 —1.1181309800 —1.2128664064 —1.2268125037 | 0.107409948461 0.012674522014 0.001271575257
09 —1.4596031111 -1.3023320107 —1.4477489164 —1.4610305200 | 0.157271100453 0.011854194693 0.001427408884
1.0 -—-1.7182818284 —1.4971991307 —1.7095499619 —1.7200800633 0.221082697708 0.008731866481 0.001798234837

LSE. 0.11281960  0.0007724624 1'361%6_}55 0

R.Time (Sec)  40.185433  96.989010  1008.412208
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Figure 5a. Analysis of the exact and our method result of Figure 5b. Absolute error of test problem 5.
test problem 5.

5.CONCLUSION

In this work, we proposed a numerical solution for nonlinear IFDEs of Hammerstein Volterra-
Fredholm type by the operational matrices of normal and fractional m-Bernstein polynomials.
Along with the collocation method, we use the operational matrices of the product, power,
fractional derivative, and Volterra-Fredholm kernels by normal and 6-fractional m-Bernstein
polynomials to convert the nonlinear FIDEs of Hammerstein Volterra-Fredholm type into an
algebraic system of nonlinear equations that are easily solved using Newton's method. Both the
normal and fractional OBMs are incredibly straightforward and appealing. To illustrate the
approach, several examples are provided, and the technique's precision is evaluated by minimizing
the least square error within the specified domain and running time. As the value of m (the order
of Bernstein polynomials) increases, the error rate decreases, bringing the solution closer to the
exact one. Our assertion that the solution's Berstein coefficients may be determined very quickly
using computer code written in Python V.3.8.8 (2021) is supported by the numerical examples
provided in this research and the comparison findings.

Future directions: We can improve the normal and fractional Bernstein collocation approach
and solve multi-term high fractional orders of linear Fredholm-Volterra integro differential
equations, including those with delays, efficiently by utilizing the residual error function.
Additionally, by using this method, it is possible to obtain accurate error estimation, which
improves our results' accuracy even more.
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