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ABSTRACT

This paper introduces a new class of open sets, referred to as P-open sets, within the framework of

general topology. It is shown that the family of all P-open sets generates a topology that lies precisely
between the classes of 8-open sets and ordinary open sets. Based on this concept, several associated
topological operators are defined and investigated, namely the P-interior, the P-closure, and the P-
derived set. The study highlights the fundamental properties of these operators, the interrelationships
among them, and their significance in extending the theory of generalized open sets and the

corresponding topological structures.

Keywords: P-Open set, pre-closed set, open set, 6-open set, P-limit point.

1. INTRODUCTION

In point-set topology, an open set is one of the most important basic concepts.

It provides the framework for defining ideas like continuity, convergence, compactness,
connectedness, and other key topological concepts. By using open sets, topology studies spaces
in an abstract way without depending on distance, while still capturing the ideas of closeness and
continuity. Therefore, open sets form the foundation of topology and are the main tool for

understanding the structure of topological spaces. A systematic study of open and closed sets
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was first formalized by Kuratowski in 1922 [1]. Departing from this classical framework,
Norman Levine proposed the broader notion of semi-open sets in 1963 [2]. Levine’s relaxation
was soon complemented by the introduction of pre-open sets, put forward by Mashhour et al. in
1982 [3]. Addressing certain inadequacies of ordinary open sets, particularly in questions of
continuity and separation, Velicko defined 6-open sets in 1968 [4]. Later refinements were
provided by Njastad, who in 1966 introduced a-open sets [5], further enriching the hierarchy of
generalized open concepts. Furthermore, several types of open sets are defined (see (6-11)).
Motivated by these developments, this study introduces a new class of open sets, called P-open
sets, which constitute a stronger form of ordinary open sets. Their fundamental properties are

investigated, and their role within the framework of generalized topology is examined.

2. PRELIMINARIES

Within this section, we delve into pertinent definitions and present some novel findings. Let

(W, p) or simply W represent a topological space. We use CI(T) to denote the closure of a set T,
and Int(T) to denote its interior. A subset T of Wis defined as pre-open[3] if and only if T c
int(cl(T)). The complement of a pre-open set is referred to as pre-closed.

Definition2.1.[12] In the context of a topological space (W, p). A subset T is defined as a 6-
open set within W if for every element » € T, there exists an open set H in W satisfying the
conditionthatr € H c c/(H) = T.

Definition2.2.[13] The intersection of pre-closed sets containing a set T is called the pre-closure
of T and is denoted by pCI(T'), which is the smallest pre-closed set in W containing T
Definition2.3.[14] A semi-open set T of a space W is Sp-open set if for each r € T, there exists a
pre-closed set S such that € S < T. The family of all S,,-open subsets of ¥ is denoted by
S,0(W).

Definition2.4.[15] In the context of a space W, a subset T is designated as P,-open if, for every
element r within T, there exists a pre-closed set S such that r is contained in S and S is a subset

of T.
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Definition2.5.[16] In a space W, A subset T is referred to as a pre-6-open set if, for every
element r in T, there exists a pre-open set L such that v € L < pCL(L) < T. The collection of all
pre-0-open sets in W is denoted by POO (W).
Theorem?2.6.[17] A topological space (VT/, p) is defined as a pre-regular space (or P-regular
space) if and only if for every closed set S and every point r & S, there exists a pre-open sets H
and G suchthatr e H,Sc G,and Hn G = 9.
Lemma2.7.[13] Let (W, p) be a topological space, and let T and ¥ be subsets of 7. The
following characteristics are subsequently fulfilled:
1) r e pCl(T) ifandonly if T n G + @ for every G € PO(W,p),r € G.
2) T is pre-closed in (W, p) if and only if T = pCI(T).
3) pCUT) cpCI(V)ifT cY.
4) pci(pci(T)) = pcu(F).
Lemma2.8.[18] In a space W, a subset T is classified as pre-open if and only if it serves as a pre-
neighborhood for every point within T.
Theorem?2.9.[14] A space W is submaximal if and only if every pre-open subset of ¥ is open.
Theorem?2.10. For a topological space (VT/, p) the following are equivalent:
1. W is extremely disconnected[19].
2. Every semi-open subset of W is pre-open [20].
3. c(T)ncl(Y) = cl(T nY) forall subsets T and ¥ of W[21].
4. Every regular closed subset of W is regular open and every regular open subset of W is
regular closed [22].
Lemma2.11.[23] Let W be a space, the following holds:
@) SO(W,p) = SO(W, pg); SC(W,p) = SC(W, p)-
(b) PO(W,p) = PO(W, py); PC(W,p) = PC(W, py).
(©) RO(W,p) = RO(W, p,); RC(W,p) = RC(W, pg).
Definition2.12.[13] In a topological space (W, p), regularity is defined as follows: For any
closed set S and any point  not in S, there exists disjoint open sets H and G such thatr € H, S <

G,andHnN G = Q.
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Definition2.13.[24] A space W is considered locally indiscrete if each of its open subsets is also
closed. Conversely; this can be understood as a scenario where every closed set in W is
simultaneously open.
Lemma?2.14.[24] In a topological space the collection of pre-open sets is closed under arbitrary
unions but not under finite intersections.
Theorem?2.15.[25] For any spaces W and Q. If T < W and Y < Q then:

1. pIntyyy(T X Y) = pInty (T) x pInts(Y).

2. Intyxg(T x V) = Inty(T) % Int5(Y).
Lemma2.16.[24] The intersection of a pre-open set and an a-open set in a space W is pre-open
setin W.
Lemma2.17.[24] If Q is an a-open subset of a space W, then a subset H of Q is pre-open in
(Q,py) if and only if A is pre-open in .
Theorem2.18[26] Let Q be an open subspace of a topological space (W, p). A subset T of Q is
an open set in I if and only if T is open in Q.
Proposition2.19. Let (@, p;) be an open subspace of (W, p). If S € PC(W,p) and S c @, then
SnQ ePC@,pgy).
Proof: Given that @ is an open subset of I it follows that int (V) = int(Y) for every subset ¥
within@. Consequently, we can derive that clj(int5(S N Q)) = cly(int(S N Q)) = cl(int (SN
Q)N Q) c cl(int(S) Nint(Q)) N @ = cl(int($))n Q@ < SnQ € PC(Q,pg).
Lemmaz2.20. [26] Let Q be a subspace of a topological space W. Then for any subset V < Q, the
closure of ¥ in Q, denoted c/5(¥), is equal to the intersection of ¢ and the closure of ¥ in I/,
denoted Q n cly (V).
Definition2.21. [26] A subset T of a space W is considered dense if its closure encompasses the
entire space .
Corollary2.22.[5] A topology p is an a-topology if and only if p = p%. Thus, an a-topology

belongs to the a-class of all its determining topologies, and is the finest topology of this class.
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Theorem2.23.[25] Let (¥, py) be a subspace of a space (W, p). If A € PO(W,p)andA S Y,
then A € PO(Y, py). Moreover, if Y is an a-open subspace of W, F € PC(W,p)and F € Y ,
then F € PC(Y, py).

3. P-open sets

Definition3.1. A subset T of a topological space (W, p) is said to be P-open if for each r € T,
there exists a pre-closed set S such that r € § < T. The family of all P-open subsets of a
topological space (W, p) is denoted by PO(W, p) or PO(W).

Proposition3.2. A subset T in a topological space W is P-open if and only if T is open and it is a

union of pre-closed sets.

Proof: Clear from the definition 3.1.

It is clear from the definition that every P-open subset of a space W is open but the
converse is not true in general and every P-open subset of a space W is not pre-closed, as shown

in the following examples:

Example3.3. Let W = {a, b, c, d} with topology p = {(D, W,{a},{a, b}, {a,b, c}}. Then
PO(W) = {8,W,{a}, {a, b}, {a,c}, {a,d}, {a, b,c}, {a, b, d}, {a,c,d}} and

PC(W) = {@, W,{b,c,d},{c,d},{b,d},{b,c}{d},{c}, {b}}. Therefore, PO(W) = {@, W}. Hence
{a} and {a, b, c} are open sets but they are not P-open.

Example3.4. In the topological space (R, U), where U denotes the usual topology on R, consider
the set A = (0,1). Since 4 is an open interval in the usual topology, it follows that A € PO(R);
that is, A is P-open. However, cl(int(4)) = cl((0,1)) = [0,1], and clearly [0,1] ¢ (0,1).
Therefore, A is not pre-closed in (R, U).

Definition3.5. A subset ¥ of a topological space (W, p) is P-closed if W\Y is a P-open set. The
family of all P-closed sets of a topological space (W, p) is denoted by PC(W, p) or PC(W).
Corollary3.6. A subset ¥ of a topological space (I, p) is P-closed if and only if ¥ is closed and

it is an intersection of pre-open sets.

Proof: Follows from Proposition 3.2.
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The following result shows that any union of P-open sets in a topological space (I/T/,p) is P-
open.
Proposition3.7. Let {T,; ¥ € 7} be a family of P-open sets in a topological space(W, p). Then
U{T,;y € '} is a P-open set.
Proof. Let T, be P-open set for each y, then T, is open and hence U{T,; ¥ € '} is open. Letr €
U{T,; v € I}, there exists y, € V such that r € T, . Since T, is P-open set for each y,, there
exists a pre-closed set S suchthatr € S c T, < U{T,;¥ € V},sor € S c U{T,; ¥ € V}.
Therefore, U{T,;y € '} is P-open set.

From Proposition 3.7, it is clear that any intersection of P-closed sets of a topological space
(W, p) is an P-closed set.
Proposition3.8. Any finite intersection of P-open sets is an P-open set.
Proof: Suppose Ty be P-open for k = 1,2,3,...,m, in a space W. Then n T, is an open in . Let
r €n Ty, then r € T, for each k = 1,2,3, ..., m. But T}, is an P-open, hence there exists a pre-
closed S, for each k = 1,2,3, ..., m, such that r € S, ¢ Ty.. Thus r € N S, € n T}.. Therefore N
T, is an P-open set for each k = 1,2,3, ..., m. Hence the intersection of finite P-open sets is P-
open.

From Proposition 3.8, it is clear that any finite union of P-closed sets of a topological space
(W, p) is an P-closed set.

From Proposition 3.7 and Proposition 3.8 we get that the family of all P-open sets is a
topology.
Proposition3.9. The set L is P-open in the space W if and only if for each r € L, there exists a
P-open set C such thatr € C c L.
Proof: Let L be an P-open set in W, then for each r € L, put L = C is an P-open set containing r
such that r € C < L. Conversely; suppose that for each r € L, there exist an P-open set € such
thatr € € < L, then U,«;{r} € U,c; C, € U,er L, thus L = U,y C, where, C, € PO(W) for
each r. Hence by Proposition 3.7 L € PO(W).
Proposition3.10. For any subset T of a space (W, p). If T € 60(W), then T € PO(W).
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Proof: Suppose that T € 00(W). If T = @, then T € PO(W). If T # @, then foreachr € T,
there existan open set Lsuchthatr e Lc cl(L) c T,soT =u{r;r € T}c UL, cucl(L,)
T for each r € T. This implies that T =u cl(L). Since cl(L) is closed, hence it is pre-closed, so T
can be written a union of pre-closed sets by Proposition 3.2, we get T € PO(W).
Proposition3.11. In the usual topology (R, U), U = PO(R).
Proof: It is clear that by Definition 3.1, every P-open sets is open.
Conversely; Let L be any open set in usual topology on R and let g € L. Since {q} is closed in
the usual topology on R. Hence {q} is pre-closed. Moreover {q} c L. Hence for each q € L,
there exists a pre-closed set g € {q} = S c L. It follows that L € PO(R). Therefore, U
PO(R). We conclude that U = PO(R).
Theorem3.12.
1) Every P-open subset of a space W is S,-open.
2) Every P-open subset of a space W is P,-open.
Proof: By definition 3.1, every P-open is open set. Also, all open sets are S,-open, and B,-open.
Sp0(W)
T
60(W) - PO(W) — p — aO(W) — PO(W)
l
P,O(W)
Diagram
The reverse implication in the above diagram may not hold in general as it is shown in the
following example:
Example3.13. Consider W = {a, b, ¢, d} with the topology p = {@, W, {a, b}}. Then PO(W) =
{(D, W,{a},{b},{a, b}, {a,c},{a,d},{b,c},{b,d},{a,b,c},{a b,d},{a,c d},{b,c, d}} = P,O(W),
PO(W) = {0, W,{a,b}}, 00(W) = {9, W} and S,0(W) = {8, W, {a, b}, {a, b, c}, {a, b,d}}.
Hence {a, b} € PO(W) but {a, b} &€ 60(W). Also {a},{b} € P,O(W) but they did not belong to
P-open setand {a, b, c} is S,-open set but it is not P-open set.

Corollary3.14. Let (VT/, p) be a submaximal space, then every B,-open set is P-open set.
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Proof: Let T € P,0(W), thus T is pre-open set and for each r € T, there exists a pre-closed set S
such that r € § < T. Since W is submaximal then every pre-open set is open, hence T is open.
Thus T € PO(W).
Corollary3.15. Let (VT/, p) be an extremely disconnected and submaximal space, then every S,,-
open set is P-open set.
Proof: Obvious.
Corollary3.16. Let (W, p) be extremely disconnected. If T € PO(W) and Y € PO(W), then
int(cl(T nY)) = int(cl(T)) n int(cl(Y)).
Proof: Let T € PO(W)and Y € PO(W),thenT € p and Y € p. Since W is extremely
disconnected, then cl(T NnY) = cl(T) n cl(Y). Therefore, int(cl(T N Y)) = int(cl(T)) N
int(cl(Y)).
Corollary3.17. Let (W, p) be an extremely disconnected space, if T,¥ ¢ W such that T €
PO(W)andY € RO(W),thenT nY € PO(W).
Proof: Let T € PO(W) and Y € RO(W), then T is open. Thus T n Y is open. Now letr € T n
Y,thenr € T and r € ¥, therefore, there exists a pre-closed set S such that r € S < T. Since W
is extremely disconnected, then Y is regular closed, and then Y is pre-closed. This implies that by
Lemma 2.14. S n Y is pre-closed. Therefore, re SNY c T nY. Thus T N Y is P-open setin W.
Proposition3.18. If a topological space (W, p) is regular, then p = PO(W).
Proof: Let T be any subset of aspace W and T € p. If T = @, then T € PO(W). Let T # 9,
since the space W is regular, then for each r € T < W there exists an open set H such that r €
H c cI(A) c T by Definition 2.12 we have r € cl(H) c T. Since T € p therefore, T € PO(W).
Hence p ¢ PO(W).
Corollary3.19. If a topological space (I/T/ p) is pre-regular, then p = PO(W).
Proof: Follows directly from Theorem 2.6 and Proposition 3.18.
Proposition3.20. In any space W. If p = {@, W}, then PO(W) = {@, W}.
Proof: Obvious.

The converse of Proposition 3.20 is not true in general as it is shown in the following example:

Example3.21. Let W = {a, b, ¢} and PO(W) = {@, W}, where p = {9, W,{a}}.
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Proposition3.22. Let (VT/, p) be a topological space, the family of all P-open sets is 2 (W) if and
only if p is discrete.
Proof: If p is discrete, then it is obvious that the family of all P-open set is P (W). Suppose that
the family of all P-open sets is (W), this means that every subset of W is P-open set and hence
every singleton {r} where for every r € W is P-open and hence it is open and pre-closed. Which
implies that p is discrete.

In general if Q is a subspace of a space W and T is an P-open set in I, then TNQ may

not be P-open in @, as it is shown in the following example:

Example3.23. Let W = {a,b,c,d} and p = {8, W, {c}, {a,b},{a,b,c},{a, b, d}}. Then
Po(w) = {@, W,{c},{a, b},{a,b,c},{a,b, d}}, and let 0 = {a, c, d}, then P =

{@, 0,{a},{c}.{a c}{a d}} is relative topology on @ so, P0(Q) = {@,Q,{c},{a,d},}. Then
{a,b} € PO(W) but{a,b}n § = {a} & PO(Q).

Proposition3.24.1f Q is a clopen subset of a space W and T is an P-open set in W, then TNQ =
PO(Q).
Proof: Let T be P-open setin W, so T is open and Q is open and closed in W, then T n Q is
openin W, letr € T n Q, this implies that r € T and r € Q, since T is P-open there exists a pre-
closed set S in W such that € § < T, also @ is closed then ( is pre-closed, hence § n S is pre-
closed set. Therefore, r € SN Q < T n Q, this implies that T N @ is an P-open set in Q.
Corollary3.25. Let (W, p) be a locally indiscrete topological space and T,¥Y c W. If T €
PO(W) and Y is open, then T nY € PO(W).
Proof: Follows from Proposition 3.24.

If (Q,pg) is a subspace of the space (W, p) and if a subset T is an P-open set relative to Q,
then T may not be P-open set in W as it is shows in the following example:
Example3.26. Consider the set W = {a, b, c, d} and the topology p =
{Q), W,{a},{b},{c},{a,b},{a,c},{a,d},{b,c},{a,b,c},{a,b,d},{a,c, d}} SO ﬁO(VT/) =
{0, W,{b},{c}{a,d},{b,c}{a,b,d},{a,c d}} let§ = {b,c,d} then ps =
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{®,0,{b},{c},{d},{b, c},{b, d},{c, d}} is relative topology on @, PO(Q) = P(Q) = p then {d}
is an P-open set on Q, but {d} is not an P-open set in ¥.

Proposition3.27. Let @ is an open sub space of W, if T € PO(W),and T < Q,andthen T €
PO(Q).

Proof: Let T € PO(W), then T is an open subset of W and for each r € T, there exists a pre-
closed set S in W such that v € § < T. Since T is an open subset of W and T < Q. Then by
Theorem 2.18, T is an open set in Q. Since S pre-closed set in W and T < Q. Then by Theorem
2.23, S is pre-closed set in Q. Hence T € PO(Q).

Proposition3.28. Let T ¢ Q c W, and T € PO(Q, py), If Q is a regular open subset of W, then
T € PO(W,p).

Proof: Let T € PO(Q, pg) then T € (Q, pg) and for each r € T there exists a pre-closed set S in
Q such that r € S < T. Since Q is regular open then @ is open in W and since T € (Q, pg). then
by Theorem 2.18, T € (W, p). Again since S is pre-closed in @, then by Proposition 2.19, S is
pre-closed in W. Hence T € PO(W, p) .

Corollary3.29. Let T < Q ¢ W. If T is P-open set in Q, and Q clopen set in W, then T is an P-
open set in 7.

Proof: Follows from Proposition 3.28.

Theorem3.30. If (@, p) is an open subspace of a space (W,p) and T € PO(W), thenT n @ €
Po(Q).

Proof: Let T € PO(W), then T is an open set in W and for all » € T there exists a pre-closed set
Ssuchthatr € S < T. Therefore, € SN Q < T N Q hence T n Q is an open set in §. Since §
is an open subspace of W, then by Proposition 2.19, § n § € PC(Q). This impliesthat T n § €
PO(Q).

Proposition3.31. Let (W, p) be a topological space and T, Y < W. If T € PO(W) and ¥ is
clopenthen T nY € PO(W).

Proof: Let T € PO(W) and Y is clopen, then T is open set. This implies that T n Y € p. Now let

reTnY, thenr € T and r € Y. Therefore, there exists a pre-closed S such thatr € S c T.
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Since Y is clopen, so Y is closed, hence Y is pre-closed implies that S N ¥ is pre-closed.
Therefore, r € SNY cTNnY.ThusT nY € PO(W).

Remark3.32. If a topological space (W, p) is T,-space then p = PO(W).

Proposition3.33. If a space W is T;-space then PO(W) = PO (W).

Proof: To show that PO(W) < PO(W). Let T be any subset of a space W and T € PO(W). If
T =@,thenT € POW).If T # @, now let r € T. Since a space W is Ty, then every singleton is
pre-closed and hence r € {r} c T. Therefore, T < PO(W). But PO(W) < PO(W ). Therefore,
PoO(W) = Po(W).

Corollary3.34. For any space W, PO(W, p) = PO(W, p,).

Proof: Let T be any subset of a space W and T € PO(W,p). If T = @, thenT € PO(W, p,). If
T + 0, and since T € PO(W, p), then T is p-open setand T = U S, where S, is pre-closed for
each k. Since T is p-open, then by Corollary 2.22, T is p,-open set. Since S, is pre-closed in
(W, p) for each k, then by Lemma 2.11, S, is pre-closed in (W, p,,) for each . Therefore, by
Proposition 3.2, T € PO(W, p,). So PO(W, p) < PO(W, p, ). By the same way we can prove
PO(W,p,) < PO(W, p). Hence we get PO(W, p) = PO(W, p,,).

Theorem3.35. Let (W, p;) and (W,, p, ) be two topological spaces and W, x W, be the
topological product. Let T, € PO(W;) and T, € PO(W,), then T, x T, € PO(W, x W,).
Proof: Let (ry,7,) € Ty X Ty, thenry € Ty and 1, € T,. Since Ty € PO(W,) and T, € PO(W,),
then T; is open in W, and T, is open in W,. Also there exists S; € PC(W,) and S, €
PC(W,) suchthatr, € $; ¢ Ty and r, € S, < Ts,. Therefore, (ry,73) € S; x S, € Ty x T,. Since
T, is open in W, and T, is open in W,, hence T; x T, is open in W, x W,.Then we get S; x
Sy = pelp, (81) X pely, (S2) = peliy, xap, (S1 X S,). Therefore, Ty x T, € PO(W, x W,).
Lemma3.36. Let W be a space and T be closed in W, thenT is P-closed in W if and only if for
each r ¢ T, there exists a pre-closed set S and a pre-open set € in W such thatr € Sand T c C
andSnC=0.

Proof: Suppose that T is P-closed and let r ¢ T, then r € W\T and W\T is P-open set, then
there exists a pre-closed set S such that r € § < W\T, this implies that T < W\S and W\S is
pre-open, so let W\S = C,thusr e SandT c C and S n € = 9.
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Conversely; let r € W\T, then r ¢ T, therefore, by hypothesis there exists a pre-closed set S
and a pre-open set € such that r € Sand T < € and S n C = @, and this implies that § ¢ W\C
and W\C < W\T. Therefore, S ¢ W\C < W\T.Thus for each r € W\T there exists a pre-
closed set S such that r € § < W\T.This implies that W\T is P-open. Therefore, T is P-closed
inw.

4. P-operators on a set

Definition4.1. In a topological space (W, p), consider a subset T < W. A point r € W is defined
as a P-limit point of T if, for every P-open set L that contains r, the intersection T n (L\{r}) is
non-empty. The collection of all such P-limit points of T is referred to as the P-derived set of T,
denoted by PD(T).

Remark4.2. A point r is considered a P-limit point of T if every P-open set that includes r also

contains at least one point from T that is distinct from r.

The theorem outlined below elucidates several key characteristics of the P-derived set.
Theorem4.3. If T, Y and V are subsets of a topological space (Wp) then P-derived set has the
following properties:

1. PD(®) = 0.

2. PD(T) c PD(Y),ifT Y.

3. PD(TnY)cPD(T)nPD(Y).

4. PD(T)uPD(Y) =PD(TUY).

5. r € PD(V\{r}), ifr € PD(V).
Proof: Obvious.
As illustrated by the case below, the statement in (3) lacks a valid converse.
Example4.4. Consider the set W = {a, b, c} endowed with the topology p = { W, @, {a},{a, b} }.
From this topology, the collection of P-open subsets is PO (W) = { @, W }. Take the subsets T =
{a,c}and Y = {b, c}. Their intersection is T N ¥ = {c}. Now, the corresponding P-derived sets
are: PD(T) = {a,b,c}, PD(Y) = {a,b,c}, PD(T nY) = {a, b}. Consequently, PD(T) n
PD(Y) = {a,b,c} is not a subset of PD(T N Y) = {a, b}.
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Theorem4.5. Let p; and p, be two topologies on the same set W such that P(W, p;)

P(W, p,). For any subset T < W, every P-limit point of T determined by p,, is also a P-limit
point of T determined by p;.

Proof: Assume r is a P-limit point of T with respect to p,. By definition, for every set L €
P(W, p,) that contains r, we have (L n T)\{r} # @. Since P(W, p,) c P(W, p,), this property
must also hold for every L € P(W, p,) with r € L. Therefore, r qualifies as a P-limit point of T

with respect to p;.

The converse of Theorem 4.5, does not hold true in general, as demonstrated by the following

example:

Example4.6. Consider topology p; = {I/T/ ®,{a, b}, {a,b, c}} = PO(W,p,) and p, =

{W,0,(c},{a, b}, {a, b, c},{a,b,d}} = PO(W, p,) onaset W = {a, b, c, d}. Note that
PO(W,p,) c PO(W,p,) and c is a P-limit point of T = {a, b} with respect to p,, but it is not a
P-limit point of T with respect to p,.
Remark4.7. By leveraging De Morgan’s Laws and the three axioms that define a topological
space, we can derive the following properties pertaining to P-closed sets:

1. The empty set and the entire space are both classified as P-closed.

2. The union of any two P-closed sets results in a set that is also P-closed.

3. The intersection of an arbitrary collection of P-closed sets yields a set that

remains P-closed.

Definition4.8. Let (W, p) be a topological space. A set S < W is said to be P-closed if it
contains all of its P-limit points. Thus S is P-closed if and only if PD(S) c S.
Theorem4.9. If r ¢ S, where S is a P-closed subset of a topological space (W, p), then there
exists an P-open set L such that r € L < §°.
Proof: Suppose no such P-open sets exists. Then r € L € PO(W) would imply that L N S=@.
Sincer ¢ S,L N S\{r} =@. This implies that r is a P-limit point of S, that is r € PD(S). S
however is a P-closed set and so PD(S) c S, so that r must belong to S. But this is contradiction
to r ¢ S. This contradiction shows that such an P-open set must exists.

Corollary4.10. If § is a P-closed set, then 5S¢ is P-open.
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Proof: If r € §¢, then r & S where S is a P-closed set. By Theorem 4.9, there exists an P-open
set L, such that r € L, « S§¢. But then $¢ =U {r;r € §¢} cU {L,; 7 € §¢} < §¢. Thus §¢ =U
{L,;r € $°} which is the union of P-open sets and hence an P-open set.

Corollary4.11. If §¢ is an P-open set, then S is P-closed.

Proof: Suppose r is a P-limit point of S and let r & S. Thenr € S¢, and S N S°\{r} = @ which
implies that r is not a P-limit point of S. Hence the assumption that = & S is wrong. Therefore,
every P-limit point of S is in Sand so S is P-closed.

Theorem4.12. If PD(S) ¢ T < S and S is a P-closed set, then T is P-closed.

Proof: Since T c S then PD(T) c PD(S). But S is P-closed, hence PD(T) c PD(S) c T c §,
that is, PD(T) < T which implies that T is P-closed.

Corollary4.13. The derived set of a P-closed set is P-closed.

Proof: Let S be a P-closed set we have to prove that PD(S) is P-closed. Now as S is P-closed,
PD(S) < S this implies that PD(PD(S)) < PD(S) < S. Thus by the above theorem, PD(S) is
P-closed.

Definition4.14. Let (W, p) be a topological space and V < W. Then P-closure of V denoted by
Pcl(V) is defined by Pcl(V) =n {all P — closed sets containing V}. Since by Remark 4.7,
the family of P-closed sets containing V is non-void and by Remark 4.7, the intersection of all
elements of this family is P-closed. Hence P-closure of a set is P-closed and it is the smallest P-
closed set containing V.

Theorem4.15. For any set Vin a topological space, Pcl(V) = V u PD(V).

Proof: Suppose r & V U PD(V), so that & V and r & PD(V), there exists an P-open set L,
containing r such that V n L,\{r} = @. Since r ¢ V, this actually means that V. n L, = @ so

L, c V€. Since L, is P-open set disjoint from V, no point of L, can be a P-limit point of V/, that
isL, c (PD(V))¢, Thus (V U PD(V))¢ =uU {Zr; re (17 U ﬁD(V))} which is an P-open set.
Since an arbitrary union of P-open sets is P-open. Therefore, V U PD (V) is P-closed, which
obviously contains V. Hence Pcl(V) being the smallest P-closed set containing ¥, we have

Pcl(V) cVuPD().
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Conversely; suppose that ¥ € V U PD (V) and S is any P-closed set containing V. If r € PD(V),
then r € PD(S) and so r € S [since PD(V) c PD(S), if V c S]. But if r € V, then again we
have r € S since V < S. Thus r belongs to any P-closed set containing V and hence to the
intersection of all such sets, which is the P-closure of V. Thus V u PD (V) < Pcl(V). Hence
Pcl(V) =V uPD().
Theorem4.16. V is P-closed if and only of V = Pcl(V).
Proof: We suppose first that V7 is P-closed. Then PD(V) < V. Since Pcl(V) = V u PD(V),
therefore, it follows that if I is P-closed, then Pcl(V) =V u PD(V) = V.
Conversely; if V = Pcl(V), then Pcl(V7) being the intersection of all P-closed sets containing V
is P-closed. Hence V is P-closed.
Here are some properties of the P-closure:
Proposition4.17. Let (I/T/p) be a topological space. And T, Y be two subsets of I/, then:

1) Pcl(T) is the smallest P-closed set which contains T.

2) Pcl(p) = 0.

3) Pcl(Pcl(T) = Pcl(T).

4) IfT c ¥, then Pcl(T) < Pcl(Y).

5) Pcl(T)u Pcl(Y) = Pcl(TuY).

6) Pcl(TnY) c Pcl(T)n Pcl(Y).

Proof: Obvious.

The converse of statement (6) does not generally hold true, as demonstrated by the following
example:

Example4.18. Let W = {a, b, ¢, d} with topology p = {@, W,{a, b},{a, b, c},{a, b, d}}, then
Po(W) ={0,W,{a,b},{a,b,c},{a b,d}}, PC(W) = {0, W,{c,d},{d},{c}} LetT = {c,d},

Y ={a,b}and T nY = 9, then Pcl(T) = {c,d}, Pcl(Y) = W and Pcl(T nY) = @. Therefore,
Pcl(T)nPcl(Y) & Pcl(TnY).

Theorem4.19. Let T and ¥ be subsets of W. If T € PO(W), then T n Pcl(Y) c Pcl(T n'Y).
Proof: Letr € T nPcl(Y). Thenr € Tand r € Pcl(Y) =Y U PD(Y). Ifre Y, thenr € T n
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Y€ Pcl(TnY). Ifr ¢ ¥, thenr € PD(Y) andso L n Y = ¢ for all P-open set L containing .
Since T € PO(W), then L n T is also P-open set containing r. Hence Ln (T n¥) = (LnT) n
Y = @ and consequently, r € PD(T nY) < Pcl (T nY). Therefore, T n Pcl (V) < Pcl (T n
).

Theorem4.20. If @ is an open subset of a topological space W and T c Q, then Pcly(T)
Pcly (T).

Proof: Let r ¢ Pclyy(T), then there exists an P-open set H in W containing r suchthat H N T =
@.SinceTc Q,then HNQNT =@.PutL = HnQ,since He€ PO(W) and Q is open then by
Corollary 3.29, we have L = Hn Q € PO(Q)and L N T = @. Thus r & Pcl;(T). Therefore, we
obtain Pclys(T) < Pely (T).

Theorem4.21. Let W be a topological space. If € RO(W) and T < Q W, then Pclyy(T) n
Q = Pcly(D).

Proof: From previous result Pcls(T) c Pcly (T). Now, letr € Pclyy(T) n @ and G € PO(Q)
containing r. Since § € RO (W) then by Proposition 3.28, G € PO (W) contains r and hence

G NT # ¢ therefore, r € Pcly(T). Hence Pcly (T) N @ < Pely(T). This implies that r €
Pcly(T) n Q. Thus Pcly(T) < Pely(T) n Q. Therefore, Pl (T) n @ = Pely(T).
Theorem4.22. In a discrete topological space W, if T is a subset of I, then the PD(T) is the
empty set @.

Proof: Let r be an arbitrary element of IW. Given that every subset of W is open and
consequently P-open, the singleton set L = {r} is P-open. Sincer e LandLNT ={r}nT c
{r}, it follows that r is not a P-limit point of T. Therefore, PD(T) = 0.

Theorem4.23. Suppose T is a subset of . If a point r in W is a P-limit point of T, then r is still
a P-limit point of the set T when r is removed from T.

Proof: Straightforward.

Corollary4.24. Let T be a set in a space W. A point r € PcI(T) ifand only if T n H =@ for
every P-open set H containing .

Proof: Letr ¢ Pcl(T). Thenr ¢n S, where S is P-closed with T < S. So r € W\n S and W\n
S is a P-open set containing r and hence (W\nS)NT c W\nS)n(nS) = 9.
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Conversely; suppose that there exists a P-open set containing r with T N H = @. Then T ¢ W\H
and W\H is a P-closed with r ¢ W\H. Hence r & Pcl(T).
Proposition4.25. Let T be any subset of a space W. If T n S # @ for every closed set S of W
containing r, then the point r is in the P-closure of T
Proof: Suppose that H be any P-open set containing r, then by Definition 3.1, there exists a
closed set S such that € S < H. So by hypothesis T N S # @ implies T n H # @ for every P-
open set H containing r. Therefore, r € Pcl(T) by Corollary 4.24.
Definition4.26. In the context of a topological space (W, p). A subset T is defined to be P-
dense in W if the P-closure of T equals W, denoted as Pc/(T) = W. This implies that T is
sufficiently spread out within W such that its P-closure encompasses the entire space W. As a
straightforward example, the set I itself is inherently P-dense in W because Pcl(W) = W.
Additionally, the set of rational numbers Q is P-dense in the set of real numbers R, as Pcl(Q) =
R.
When considering the finite complement topology p on R, it is observed that every infinite
subset of R is P-dense in R.
Theorem4.27. A subset T of a topological space (VT/, p) is P-dense in Wif and only if for every
nonempty P-open subset Y of W, TnY # 0.
Proof: Suppose T is P-dense in Wand Yis a non empty P-opensetin W. IfTnY = @, then T c
W\Y implies that Pcl(T) c W\Y since W\Y is P-closed. But then W\Y < W contradicts that
Pcl(T) = W [since Pcl(T) c W\Y < W]. Conversely; assume that T meets every non-empty
P-open subset of . Thus the only P-closed set containing T is W and consequently, Pcl(T) =
W.Hence T is P-dense in W.
Theorem4.28. In a topological space (W, p).

i.  Any set C containing a P-dense set D is a P-dense set.

ii. IfTisaP-densesetand Y is P-dense on T, then Y is also a P-dense set.
Proof: (i) Since D < C, then Pcl(D) < Pcl(C). But Pcl(D) = W hence W < Pcl(C) also
Pcl(C) c W so that Pcl(C) = W. Thus C is P-dense in (W, p).
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(ii) Since T is P-dense, Pcl(T) = W. Also Y is P-dense on T, then T < Pcl(Y). Thus Pcl(T)
Pcl(Pcl(Y)) = Pcl(Y) ( By closure property). Then Pcl(T) < Pcl(Y) this implies that
cl(W) = Pcl(T) < Pcl(Y). Thus ¥ is P-dense in (W, p).
Definition4.29. Let (W, p) be a topological space. A subset M c W is referred to as a P-
neighborhood of a subset T < W if there exists an P-open set H such that T ¢ H ¢ M.
Specifically, when M = {r} for some r € W, the set M is designated as a P-neighborhood of the
point .
Proposition4.30. Let W be a space and let T, Y < W, then:
i. IfT cY,whereT is P-neighborhood of r € W, then Y is also P-neighborhood of .
ii.  Intersection of two P-neighborhoods is also P-neighborhood.
iii.  Anarbitrary union of P-neighborhoods of a point r € W is also P-neighborhood of .
iv. T is P-open set if and only if is P-neighborhood of each of it’s points.
Proof: The proofs are clear by definition 4.29.
Definition4.31. A point r € W is said to be an P-interior point of a subset T of W, if there exists
an P-open set H containing r such that v € H < T. The set of all P-interior points of T is said to
be P-interior of T.
As a direct consequence of the definition we get:
Proposition4.32. Let T be any subset of a space W. If a point r is in the P-interior of T, then
there exists a pre-closed set S of W containing r such that S c T.
Proof: Let r € Pint(T). The point r is P-interior of T if and only if T is P-neighborhood of ,
then there exists an P-open set H such that r € H < T, that is there is a pre-closed set S, such
that r € S c H, this impliesthatr € S c T.
The subsequent theorem elucidates several characteristics of P-interior operators on a given set.
Theorem4.33. For any subset T of a topological space (W, p), the P-interior of T is the union of
all P-open sets contained in T.
Proof: The proof is clear by definition 4.31.
Proposition4.34. Let (W, p) be a topological space and let 7, ¥ c W, then:
1. Pint(®) = @ and Pint(W) = W.
2. Pint(T) = T\PD(W\T).
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Pint(T) is the largest P-open set contained in T.
If T c Y, then Pint(T) c Pint(Y).
T is P-open if and only if T = Pint(T).

o g &~ »w

T is P-neighborhood of r € W if and only if r € Pint(T).
7. Pint (Pint(T)) = Pint(T).
8. Pint(T nY) = Pint(T) n Pint(Y).
9. Pint(T uY) o Pint(T) u Pint(Y).
10. Let {T}, k € V} be a family of subsets of a topological space (VT/,p), then
Uker Pint (Ty,) € Pint (Upep Ti).
Proof: Straightforward.

In general Pint(T U ¥) # Pint(T) u Pint(Y) as shown in the following example:
Exampled.35. Let W = {a,b,c,d} and p = {%, 8, {c}, {a, b}, {a, b, c}, {a,b,d}} = PO(W, p).
LetT ={a,b,c},Y ={c,d}and T uY = W, then Pint(T) = {a, b, c}, Pint(Y) = {c}. So
Pint(T) u Pint(Y) = {a, b, c} and Pint(T U Y) = W. Therefore, Pint(T) u Pint(Y) isa
proper sub set of Pint(T u ¥). Hence Pint(T) u Pint(Y) # Pint(T UY).

The statement that the converse in (10) is not generally true can be illustrated by the following
example:
Example4.36. Let W = {a, b, ¢, d} with topology p = {(2), W,{c},{a, b},{a,b,c} {a,b, d}}, then
ﬁO(VT/) = {(D, W, {c},{a,b},{a,b,c} {a,b, d}}. LetT, ={a}, T, = {b}, Ts = {a, b}, T, = {a,c}
and T5 = {b, ¢, d} thus Pint(T,) = @, Pint(T,) = @, Pint(Ts) = {a, b}, Pint(T,) = {c} and
Pint(Ts) = {c}. Therefore, U3, Pint(Ty) = {a, b, ¢} but Up_, T = {a, b,c,d} and
Pint(Up, Ty) = {a, b, c,d}. Therefore, Pint (Upey Ti) €Uker Pint (Ty).
Lemma4.37. Let W be a space and T < W, then:

1. W\ Pint(T) = Pcl(W\T).

2. W\ Pcl(T) = Pint(W\T).

3. Pint(T) = W\Pcl(W\T).
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Proof: 3. Let € Pint(T), then Pint(T) is itself an P-open set containing r which is disjoint
from T and so r & PD(T¢). Butr & T¢,r & PD(T¢). This implies thatr & T¢ U PD(T¢) thus
r & Pcl(W\T)thenr € W\Pcl(W \ T). Hence Pint(T) c« W\Pcl(W \ T).
Conversely; suppose that 7 € W\Pcl(W \ T) thenr ¢ Pcl(W \ T) thus r & T u PD(T*), so
rgTandr ¢ PD(T¢). Thusr € T and r is not a limit point of 7. Thus there exists an open
set L containing r such that T¢ N L\{r} = @. Since r ¢ T, wehave T°NL =@ andso L c T.
Thus r € L < T for some open set Land so r belongs to the union of all open sets contained in T,
which is Pint(T). Thus W\Pcl(W \ T) < Pint(T). Hence it follows that Pint(T) =
W\Pcl(W\T).
Definition4.38. For any subset T of a space W, the set Pb(T) = T\Pint (T) is called the P-
boundary of T, and the set PE,.(T) = Pcl (T)\Pint (T) is called the P-frontier of T.
Note that if T is a P-closed subset of W, then Pb(T) = PE,(T), in general Pb(T) + PE.(T).
Example4.39. Given the set W = {a, b, ¢, d} with topology p = {®,W,{a, b},{a, b, c},{a, b, d}},
we can derive the following: The set PO (W) is defined as
{0,W,{a,b},{a,b,c},{a b,d}}, then PC(W) ={@, W, {c,d},{d}, {c}}. For the subset T =
{a, b}:

1. Pint(T) is {a, b}.

2. Pcl(T)isw.

3. PE(T)is{c,d}.

4. Pp(T) = 0.
Proposition4.40. The following assertions are true for a subset T of W:

1. T =Pint(T) v Pb(T).

2. Pint(T)n Pb(T) = 0.

3. T is P-open setif and only if Pb(T) = 9.

4. Pb(Pint(T)) = 0.

5. Pint (Pb(T)) = 0.

6. Pb(Pb(T)) = Po(T).
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7. Pb(T) =T n Pcl(W\T).
8. Pb(T)=T nPD(W\T).

Proof: Obvious.

ISSN: 2312-8135 | Print ISSN: 1992-0652

E Lemma4.41. For a subset T of W, T is P-closed if and only if PF.(T) c T.
> Proof: Assume that T is P-closed. The PF.(T) = Pcl(T)\Pint(T) = T\Pint(T) c T.
E Conversely; suppose that PE,.(T) < T. Then Pcl(T)\Pint(T) T and so Pcl(T) < T since
F Pint(T) < T. Noting that T < Pcl(T), we have T = Pcl(T). Therefore, T is P-closed.
E Theorem4.42. The following claims hold for a subset T of W:
E 1. Pcl(T) = Pint(T) u PE.(T).
I 2. Pint(T)n PE(T) = 0.
E 3. Pb(T) < PE(T)
I3 4. PE(T) = Pb(T) u (PD(F)\Pin(T)).
}; 5. T is P-open setif and only if PE,.(T) = Pb(W\T).
E 6. PE(T) = Pel(T) n Bel(W\T).
ff 7. PE(T) = PE,(W\T).
3 8. PE.(T) is pre-closed.
9. PE.(PET) c PE.(T).

!

10. PF, (Pint(T)) < PE.(T),

Y >

Tt

11. PF, (Pcl(T)) < PE.(D).

ey i

12. Pint(T) = T\PE.(T).
Proof: Straightforward.

v‘)‘lv

5. CONCLUSION

In this paper, we introduced a new class of generalized open sets, called P-open sets, in

topological spaces. We showed that they form a topology, representing a stronger version of

ordinary open sets. Their relationships with other generalized open sets were examined, and

TSy S Y T

fundamental properties were established. We also defined related operators P-interior, P-closure,
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and P-derived set, and studied their properties. These results show that P-open sets extend the
theory of generalized open sets and enhance our understanding of topological structures.
This work paves the way for further research on separation axioms, continuity, and other

topological properties using P-open sets, with potential applications across topology.
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