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ABSTRACT  

         This paper introduces a new class of open sets, referred to as 𝑃̂-open sets, within the framework of 

general topology. It is shown that the family of all 𝑃̂-open sets generates a topology that lies precisely 

between the classes of 𝜃-open sets and ordinary open sets. Based on this concept, several associated 

topological operators are defined and investigated, namely the 𝑃̂-interior, the 𝑃̂ -closure, and the 𝑃̂ -

derived set. The study highlights the fundamental properties of these operators, the interrelationships 

among them, and their significance in extending the theory of generalized open sets and the 

corresponding topological structures. 

Keywords: 𝑃̂-Open set, pre-closed set, open set, 𝜃-open set, 𝑃̂-limit point. 

 

1. INTRODUCTION 

                            In point-set topology, an open set is one of the most important basic concepts. 

It provides the framework for defining ideas like continuity, convergence, compactness, 

connectedness, and other key topological concepts. By using open sets, topology studies spaces 

in an abstract way without depending on distance, while still capturing the ideas of closeness and 

continuity. Therefore, open sets form the foundation of topology and are the main tool for 

understanding the structure of topological spaces. A systematic study of open and closed sets 
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was first formalized by Kuratowski in 1922 [1]. Departing from this classical framework, 

Norman Levine proposed the broader notion of semi-open sets in 1963 [2]. Levine’s relaxation 

was soon complemented by the introduction of pre-open sets, put forward by Mashhour et al. in 

1982 [3]. Addressing certain inadequacies of ordinary open sets, particularly in questions of 

continuity and separation, Velicko defined 𝜃 -open sets in 1968 [4]. Later refinements were 

provided by Njåstad, who in 1966 introduced 𝛼-open sets [5], further enriching the hierarchy of 

generalized open concepts.  Furthermore, several types of open sets are defined (see (6-11)). 

Motivated by these developments, this study introduces a new class of open sets, called 𝑃̂-open 

sets, which constitute a stronger form of ordinary open sets. Their fundamental properties are 

investigated, and their role within the framework of generalized topology is examined. 

 

2. PRELIMINARIES  

Within this section, we delve into pertinent definitions and present some novel findings. Let 

(𝑊̆, 𝜌) or simply 𝑊̆ represent a topological space. We use 𝐶𝑙(𝑇̆) to denote the closure of a set 𝑇̆, 

and 𝐼𝑛𝑡(𝑇̆) to denote its interior. A subset 𝑇̆ of 𝑊̆is defined as pre-open[3] if and only if 𝑇̆ ⊂

𝑖𝑛𝑡(𝑐𝑙(𝑇̆)). The complement of a pre-open set is referred to as pre-closed. 

Definition2.1.[12] In the context of a topological space (𝑊̆, 𝜌). A subset 𝑇̆ is defined as a 𝜃-

open set within 𝑊̆ if for every element 𝑟 ∈ 𝑇̆, there exists an open set 𝐻̆ in 𝑊̆ satisfying the 

condition that 𝑟 ∈ 𝐻̆ ⊆ cl(𝐻̆) ⊆ 𝑇̆. 

Definition2.2.[13] The intersection of pre-closed sets containing a set 𝑇̆ is called the pre-closure 

of 𝑇̆ and is denoted by 𝑝𝐶𝑙(𝑇̆), which is the smallest pre-closed set in 𝑊̆ containing 𝑇̆. 

Definition2.3.[14] A semi-open set 𝑇̆ of a space 𝑊̆ is 𝑆𝑝-open set if for each 𝑟 ∈ 𝑇̆, there exists a 

pre-closed set 𝑆̆ such that 𝑟 ∈ 𝑆̆ ⊂ 𝑇̆. The family of all 𝑆𝑝-open subsets of 𝑊̆ is denoted by 

𝑆𝑝𝑂(𝑊̆). 

Definition2.4.[15] In the context of a space 𝑊̆, a subset 𝑇̆ is designated as 𝑃𝑝-open if, for every 

element 𝑟 within 𝑇̆, there exists a pre-closed set 𝑆̆ such that 𝑟 is contained in 𝑆̆ and 𝑆̆ is a subset 

of 𝑇̆. 
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Definition2.5.[16] In a space  𝑊̆, A subset 𝑇̆ is referred to as a pre-𝜃-open set if, for every 

element 𝑟 in 𝑇̆, there exists a pre-open set 𝐿̆ such that 𝑟 ∈ 𝐿̆ ⊂ 𝑝𝐶𝑙(𝐿̆) ⊂ 𝑇̆. The collection of all 

pre-𝜃-open sets in 𝑊̆ is denoted by 𝑃𝜃𝑂(𝑊̆). 

Theorem2.6.[17] A topological space (𝑊̆, 𝜌) is defined as a pre-regular space (or P-regular 

space) if and only if for every closed set 𝑆̆ and every point 𝑟 ∉ 𝑆̆, there exists a pre-open sets 𝐻̆ 

and 𝐺̆ such that 𝑟 ∈ 𝐻̆, 𝑆̆ ⊆ 𝐺̆, and 𝐻̆ ∩ 𝐺̆ = ∅. 

Lemma2.7.[13] Let (𝑊̆, 𝜌) be a topological space, and let 𝑇̆ and 𝑌̆ be subsets of 𝑊̆. The 

following characteristics are subsequently fulfilled: 

1) 𝑟 ∈ 𝑝𝐶𝑙(𝑇̆) if and only if 𝑇̆ ∩ 𝐺̆ ≠ ∅ for every 𝐺̆ ∈ 𝑃𝑂(𝑊̆, 𝜌), 𝑟 ∈ 𝐺̆. 

2) 𝑇̆ is pre-closed in (𝑊̆, 𝜌) if and only if 𝑇̆ = 𝑝𝐶𝑙(𝑇̆). 

3) 𝑝𝐶𝑙(𝑇̆) ⊂ 𝑝𝐶𝑙(𝑌̆) if 𝑇̆ ⊂ 𝑌̆. 

4) 𝑝𝐶𝑙 (𝑝𝐶𝑙(𝑇̆)) = 𝑝𝐶𝑙(𝑇̆). 

Lemma2.8.[18] In a space 𝑊̆, a subset 𝑇̆ is classified as pre-open if and only if it serves as a pre-

neighborhood for every point within 𝑇̆. 

Theorem2.9.[14] A space 𝑊̆ is submaximal if and only if every pre-open subset of 𝑊̆ is open. 

Theorem2.10. For a topological space (𝑊̆, 𝜌) the following are equivalent: 

1. 𝑊̆ is extremely disconnected[19]. 

2. Every semi-open subset of 𝑊̆ is pre-open [20]. 

3. 𝑐𝑙(𝑇̆) ∩ 𝑐𝑙(𝑌̆) = 𝑐𝑙(𝑇̆ ∩ 𝑌̆) for all subsets 𝑇̆ and 𝑌̆ of 𝑊̆[21]. 

4. Every regular closed subset of 𝑊̆ is regular open and every regular open subset of 𝑊̆ is 

regular closed [22]. 

Lemma2.11.[23] Let 𝑊̆ be a space, the following holds: 

(a) 𝑆𝑂(𝑊̆, 𝜌) = 𝑆𝑂(𝑊̆, 𝜌𝛼);  𝑆𝐶(𝑊̆, 𝜌) = 𝑆𝐶(𝑊̆, 𝜌𝛼). 

(b) 𝑃𝑂(𝑊̆, 𝜌) = 𝑃𝑂(𝑊̆, 𝜌𝛼);  𝑃𝐶(𝑊̆, 𝜌) = 𝑃𝐶(𝑊̆, 𝜌𝛼). 

(c) 𝑅𝑂(𝑊̆, 𝜌) = 𝑅𝑂(𝑊̆, 𝜌𝛼);  𝑅𝐶(𝑊̆, 𝜌) = 𝑅𝐶(𝑊̆, 𝜌𝛼). 

Definition2.12.[13] In a topological space (𝑊̆, 𝜌), regularity is defined as follows: For any 

closed set 𝑆̆ and any point 𝑟 not in 𝑆̆, there exists disjoint open sets 𝐻̆ and 𝐺̆ such that 𝑟 ∈ 𝐻̆, 𝑆̆ ⊆

𝐺̆, and 𝐻̆ ∩ 𝐺̆ = ∅. 
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Definition2.13.[24] A space 𝑊̆ is considered locally indiscrete if each of its open subsets is also 

closed. Conversely; this can be understood as a scenario where every closed set in 𝑊̆ is 

simultaneously open. 

Lemma2.14.[24] In a topological space the collection of pre-open sets is closed under arbitrary 

unions but not under finite intersections. 

Theorem2.15.[25] For any spaces 𝑊̆ and 𝑄̆. If 𝑇̆ ⊂ 𝑊̆ and 𝑌̆ ⊂ 𝑄̆ then: 

1. 𝑝𝐼𝑛𝑡𝑊̆×𝑄̆(𝑇̆ × 𝑌̆) = 𝑝𝐼𝑛𝑡𝑊̆(𝑇̆) × 𝑝𝐼𝑛𝑡𝑄̆(𝑌̆). 

2. 𝐼𝑛𝑡𝑊̆×𝑄̆(𝑇̆ × 𝑌̆) = 𝐼𝑛𝑡𝑊̆(𝑇̆) × 𝐼𝑛𝑡𝑄̆(𝑌̆). 

Lemma2.16.[24] The intersection of a pre-open set and an 𝛼-open set in a space 𝑊̆ is pre-open 

set in 𝑊̆. 

Lemma2.17.[24] If 𝑄̆ is an 𝛼-open subset of a space 𝑊̆, then a subset 𝐻̆ of 𝑄̆ is pre-open in 

(𝑄̆, 𝜌𝑄̆) if and only if 𝐻̆ is pre-open in 𝑊̆. 

Theorem2.18[26] Let 𝑄̆ be an open subspace of a topological space (𝑊̆, 𝜌). A subset 𝑇̆ of 𝑄̆ is 

an open set in 𝑊̆ if and only if 𝑇̆ is open in 𝑄̆. 

Proposition2.19. Let (𝑄̆, 𝜌𝑄̆) be an open subspace of (𝑊̆, 𝜌). If 𝑆̆ ∈ 𝑃𝐶(𝑊̆, 𝜌) and 𝑆̆ ⊂ 𝑄̆, then 

𝑆̆ ∩ 𝑄̆ ∈ 𝑃𝐶(𝑄̆, 𝜌𝑄̆). 

Proof: Given that 𝑄̆ is an open subset of 𝑊̆ it follows that int𝑄̆(𝑌̆) = int(𝑌̆) for every subset 𝑌̆ 

within𝑄̆. Consequently, we can derive that 𝑐𝑙𝑄̆(int𝑄̆(𝑆̆ ∩ 𝑄̆)) = 𝑐𝑙𝑄̆(int(𝑆̆ ∩ 𝑄̆)) = 𝑐𝑙(int (𝑆̆ ∩

𝑄̆) ∩ 𝑄̆) ⊂ 𝑐𝑙(int(𝑆̆) ∩ int(𝑄̆)) ∩ 𝑄̆ =  𝑐𝑙(int(𝑆̆)) ∩ 𝑄̆ ⊂ 𝑆̆ ∩ 𝑄̆ ∈ PC(𝑄̆, 𝜌𝑄̆). 

Lemma2.20. [26] Let 𝑄̆ be a subspace of a topological space 𝑊̆. Then for any subset 𝑉̆ ⊂ 𝑄̆, the 

closure of 𝑉̆ in 𝑄̆, denoted cl𝑄̆(𝑉̆), is equal to the intersection of 𝑄̆ and the closure of 𝑉̆ in 𝑊̆, 

denoted 𝑄̆ ∩ cl𝑊̆(𝑉̆). 

Definition2.21. [26] A subset 𝑇̆ of a space 𝑊̆ is considered dense if its closure encompasses the 

entire space 𝑊̆. 

Corollary2.22.[5] A topology 𝜌 is an 𝛼-topology if and only if 𝜌 = 𝜌𝛼. Thus, an 𝛼-topology 

belongs to the 𝛼-class of all its determining topologies, and is the finest topology of this class. 
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Theorem2.23.[25] Let (𝑌̆, 𝜌𝑌̆) be a subspace of a space (𝑊̆, 𝜌). If 𝐴̆ ∈ 𝑃𝑂(𝑊̆, 𝜌) and 𝐴̆ ⊆ 𝑌̆ , 

then 𝐴̆ ∈ 𝑃𝑂(𝑌̆, 𝜌𝑌̆). Moreover, if 𝑌̆ is an 𝛼-open subspace of 𝑊̆, 𝐹̆ ∈ 𝑃𝐶(𝑊̆, 𝜌 )and 𝐹̆ ⊆ 𝑌̆ , 

then 𝐹̆ ∈ 𝑃𝐶(𝑌̆, 𝜌𝑌̆). 

𝟑.  𝑷̂-open sets 

Definition3.1. A subset 𝑇̆ of a topological space (𝑊̆, 𝜌) is said to be 𝑃̂-open if for each 𝑟 ∈ 𝑇̆, 

there exists a pre-closed set 𝑆̆ such that 𝑟 ∈ 𝑆̆ ⊂ 𝑇̆.  The family of all 𝑃̂-open subsets of a 

topological space (𝑊̆, 𝜌) is denoted by 𝑃̂𝑂(𝑊̆, 𝜌) or 𝑃̂𝑂(𝑊̆). 

Proposition3.2. A subset 𝑇̆ in a topological space 𝑊̆ is 𝑃̂-open if and only if 𝑇̆ is open and it is a 

union of pre-closed sets. 

Proof: Clear from the definition 3.1. 

 

        It is clear from the definition that every 𝑃̂-open subset of a space 𝑊̆ is open but the 

converse is not true in general and every 𝑃̂-open subset of a space 𝑊̆ is not pre-closed, as shown 

in the following examples: 

Example3.3. Let 𝑊̆ = {𝑎, 𝑏, 𝑐, 𝑑} with topology 𝜌 = {∅, 𝑊̆, {𝑎}, {𝑎, 𝑏}, {𝑎, 𝑏, 𝑐}}. Then 

𝑃𝑂(𝑊̆) = {∅, 𝑊̆, {𝑎}, {𝑎, 𝑏}, {𝑎, 𝑐}, {𝑎, 𝑑}, {𝑎, 𝑏, 𝑐}, {𝑎, 𝑏, 𝑑}, {𝑎, 𝑐, 𝑑}} and  

𝑃𝐶(𝑊̆) = {∅, 𝑊̆, {𝑏, 𝑐, 𝑑}, {𝑐, 𝑑}, {𝑏, 𝑑}, {𝑏, 𝑐}{𝑑}, {𝑐}, {𝑏}}. Therefore, 𝑃̂𝑂(𝑊̆) = {∅, 𝑊̆}. Hence 

{𝑎} and {𝑎, 𝑏, 𝑐} are open sets but they are not 𝑃̂-open. 

Example3.4. In the topological space (ℝ, 𝑈), where 𝑈 denotes the usual topology on ℝ, consider 

the set 𝐴̆ = (0,1). Since 𝐴̆ is an open interval in the usual topology, it follows that 𝐴̆ ∈ 𝑃̂𝑂(ℝ); 

that is, 𝐴̆ is 𝑃̂-open. However, 𝑐𝑙(𝑖𝑛𝑡(𝐴̆)) = 𝑐𝑙((0,1)) = [0,1], and clearly [0,1] ⊄ (0,1). 

Therefore, 𝐴̆ is not pre-closed in (ℝ, 𝑈). 

Definition3.5. A subset 𝑌̆ of a topological space (𝑊̆, 𝜌) is 𝑃̂-closed if 𝑊̆\𝑌̆ is a
 
𝑃̂-open set. The 

family of all 𝑃̂-closed sets of a topological space (𝑊̆, 𝜌) is denoted by 𝑃̂𝐶(𝑊̆, 𝜌) or 𝑃̂𝐶(𝑊̆). 

Corollary3.6. A subset 𝑌̆ of a topological space (𝑊̆, 𝜌) is 𝑃̂-closed if and only if 𝑌̆ is closed and 

it is an intersection of pre-open sets. 

Proof: Follows from Proposition 3.2. 
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The following result shows that any union of 𝑃̂-open sets in a topological space (𝑊̆, 𝜌) is 𝑃̂-

open. 

Proposition3.7. Let {𝑇̆𝛾; 𝛾 ∈ 𝛻} be a family of 𝑃̂-open sets in a topological space(𝑊̆, 𝜌). Then 

⋃{𝑇̆𝛾; 𝛾 ∈ 𝛻} is a 𝑃̂-open set. 

Proof. Let 𝑇̆𝛾 be 𝑃̂-open set for each 𝛾, then 𝑇̆𝛾 is open and hence ⋃{𝑇̆𝛾; 𝛾 ∈ 𝛻}  is open. Let 𝑟 ∈

⋃{𝑇̆𝛾; 𝛾 ∈ 𝛻}, there exists 𝛾0 ∈ 𝛻 such that 𝑟 ∈ 𝑇̆𝛾0
. Since 𝑇̆𝛾0

 is 𝑃̂-open set for each 𝛾0, there 

exists a pre-closed set 𝑆̆ such that 𝑟 ∈ 𝑆̆ ⊂ 𝑇̆𝛾0
⊂ ⋃{𝑇̆𝛾; 𝛾 ∈ 𝛻} , so 𝑟 ∈ 𝑆̆ ⊂ ⋃{𝑇̆𝛾; 𝛾 ∈ 𝛻} . 

Therefore, ⋃{𝑇̆𝛾; 𝛾 ∈ 𝛻}  is 𝑃̂-open set. 

     From Proposition 3.7, it is clear that any intersection of 𝑃̂-closed sets of a topological space 

(𝑊̆, 𝜌) is an 𝑃̂-closed set. 

Proposition3.8. Any finite intersection of 𝑃̂-open sets is an 𝑃̂-open set. 

Proof: Suppose 𝑇̆𝑘 be 𝑃̂-open for 𝑘 = 1,2,3, … , 𝑚, in a space 𝑊̆. Then ∩ 𝑇̆𝑘 is an open in 𝑊̆. Let 

𝑟 ∈∩ 𝑇̆𝑘, then 𝑟 ∈ 𝑇̆𝑘 for each 𝑘 = 1,2,3, … , 𝑚. But 𝑇̆𝑘 is an 𝑃̂-open, hence there exists a pre-

closed 𝑆̆𝑘 for each 𝑘 = 1,2,3, …, m, such that 𝑟 ∈ 𝑆̆𝑘 ⊂ 𝑇̆𝑘. Thus 𝑟 ∈ ∩ 𝑆̆𝑘 ⊂ ∩ 𝑇̆𝑘. Therefore ∩

𝑇̆𝑘 is an 𝑃̂-open set for each 𝑘 = 1,2,3, … , 𝑚. Hence the intersection of finite 𝑃̂-open sets is 𝑃̂-

open. 

     From Proposition 3.8, it is clear that any finite union of 𝑃̂-closed sets of a topological space 

(𝑊̆, 𝜌) is an 𝑃̂-closed set. 

From Proposition 3.7 and Proposition 3.8 we get that the family of all 𝑃̂-open sets is a 

topology. 

Proposition3.9. The set 𝐿̆ is 𝑃̂-open in the space 𝑊̆ if and only if for each 𝑟 ∈ 𝐿̆, there exists a 

𝑃̂-open set 𝐶̆ such that 𝑟 ∈ 𝐶̆ ⊂ 𝐿̆. 

Proof: Let 𝐿̆ be an 𝑃̂-open set in 𝑊̆, then for each 𝑟 ∈ 𝐿̆, put 𝐿̆ = 𝐶̆ is an 𝑃̂-open set containing 𝑟 

such that 𝑟 ∈ 𝐶̆ ⊂ 𝐿̆. Conversely; suppose that for each 𝑟 ∈ 𝐿̆, there exist an 𝑃̂-open set 𝐶̆ such 

that 𝑟 ∈ 𝐶̆ ⊂ 𝐿̆, then ⋃ {𝑟} ⊂ ⋃ 𝐶̆𝑟 ⊂ ⋃ 𝐿̆𝑟∈𝐿̆𝑟∈𝐿̆𝑟∈𝐿̆ , thus 𝐿̆ = ⋃ 𝐶̆𝑟𝑟∈𝐿̆  where, 𝐶̆𝑟 ∈ 𝑃̂𝑂(𝑊̆) for 

each r. Hence by Proposition 3.7 𝐿̆ ∈ 𝑃̂𝑂(𝑊̆). 

Proposition3.10. For any subset 𝑇̆ of a space (𝑊̆, 𝜌). If 𝑇̆ ∈ 𝜃𝑂(𝑊̆), then 𝑇̆ ∈ 𝑃̂𝑂(𝑊̆). 
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Proof: Suppose that 𝑇̆ ∈ 𝜃𝑂(𝑊̆). If 𝑇̆ = ∅, then 𝑇̆ ∈ 𝑃̂𝑂(𝑊̆). If 𝑇̆ ≠ ∅, then for each 𝑟 ∈ 𝑇̆, 

there exist an open set 𝐿̆ such that 𝑟 ∈ 𝐿̆ ⊂ 𝑐𝑙(𝐿̆) ⊂ 𝑇̆, so 𝑇̆ =∪ {𝑟; 𝑟 ∈ 𝑇̆} ⊂ ∪ 𝐿̆𝑟 ⊂ ∪ 𝑐𝑙(𝐿̆𝑟) ⊂

𝑇̆ for each 𝑟 ∈ 𝑇̆. This implies that 𝑇̆ =∪ 𝑐𝑙(𝐿̆). Since 𝑐𝑙(𝐿̆) is closed, hence it is pre-closed, so 𝑇̆ 

can be written a union of pre-closed sets by Proposition 3.2, we get 𝑇̆ ∈ 𝑃̂𝑂(𝑊̆). 

Proposition3.11. In the usual topology (ℝ, 𝑈), 𝑈 = 𝑃̂𝑂(ℝ). 

Proof: It is clear that by Definition 3.1, every 𝑃̂-open sets is open. 

Conversely; Let 𝐿̆ be any open set in usual topology on ℝ and let 𝑞 ∈ 𝐿̆. Since {𝑞} is closed in 

the usual topology on ℝ. Hence {𝑞} is pre-closed. Moreover {𝑞} ⊂ 𝐿̆. Hence for each 𝑞 ∈ 𝐿̆, 

there exists a pre-closed set 𝑞 ∈ {𝑞} = 𝑆̆ ⊂ 𝐿̆. It follows that 𝐿̆ ∈ 𝑃̂𝑂(ℝ). Therefore, 𝑈 ⊂

𝑃̂𝑂(ℝ). We conclude that 𝑈 = 𝑃̂𝑂(ℝ). 

Theorem3.12. 

1) Every 𝑃̂-open subset of a space 𝑊̆ is 𝑆𝑝-open. 

2) Every 𝑃̂-open subset of a space 𝑊̆ is 𝑃𝑝-open. 

Proof: By definition 3.1, every 𝑃̂-open is open set. Also, all open sets are 𝑆𝑝-open, and 𝑃𝑝-open. 

                                       𝑆𝑃𝑂(𝑊̆) 

                                             ↑ 

                      𝜃𝑂(𝑊̆)  →  𝑃̂𝑂(𝑊̆) ⟶ 𝜌 ⟶ 𝛼𝑂(𝑊̆) ⟶ 𝑃𝑂(𝑊̆) 

                                             ↓ 

                                        𝑃𝑃𝑂(𝑊̆) 

                                                            Diagram 

The reverse implication in the above diagram may not hold in general as it is shown in the 

following example:  

Example3.13. Consider 𝑊̆ = {𝑎, 𝑏, 𝑐, 𝑑} with the topology 𝜌 = {∅, 𝑊̆, {𝑎, 𝑏}}. Then 𝑃𝑂(𝑊̆) =

{∅, 𝑊̆, {𝑎}, {𝑏}, {𝑎, 𝑏}, {𝑎, 𝑐}, {𝑎, 𝑑}, {𝑏, 𝑐}, {𝑏, 𝑑}, {𝑎, 𝑏, 𝑐}, {𝑎, 𝑏, 𝑑}, {𝑎, 𝑐, 𝑑}, {𝑏, 𝑐, 𝑑}} = 𝑃𝑃𝑂(𝑊̆), 

𝑃̂𝑂(𝑊̆) = {∅, 𝑊̆, {𝑎, 𝑏}}, 𝜃𝑂(𝑊̆) = {∅, 𝑊̆} and 𝑆𝑝𝑂(𝑊̆) = {∅, 𝑊̆, {𝑎, 𝑏}, {𝑎, 𝑏, 𝑐}, {𝑎, 𝑏, 𝑑}}. 

Hence {𝑎, 𝑏} ∈ 𝑃̂𝑂(𝑊̆) but {𝑎, 𝑏} ∉ 𝜃𝑂(𝑊̆). Also {𝑎}, {𝑏} ∈ 𝑃𝑃𝑂(𝑊̆) but they did not belong to 

𝑃̂-open set and {𝑎, 𝑏, 𝑐} is 𝑆𝑝-open set but it is not 𝑃̂-open set. 

Corollary3.14. Let (𝑊̆, 𝜌) be a submaximal space, then every 𝑃𝑝-open set is 𝑃̂-open set. 
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Proof: Let 𝑇̆ ∈ 𝑃𝑝𝑂(𝑊̆), thus 𝑇̆ is pre-open set and for each 𝑟 ∈ 𝑇̆, there exists a pre-closed set 𝑆̆ 

such that 𝑟 ∈ 𝑆̆ ⊂ 𝑇̆. Since 𝑊̆ is submaximal then every pre-open set is open, hence 𝑇̆ is open. 

Thus 𝑇̆ ∈ 𝑃̂𝑂(𝑊̆). 

Corollary3.15. Let (𝑊̆, 𝜌) be an extremely disconnected and submaximal space, then every 𝑆𝑝-

open set is 𝑃̂-open set. 

Proof: Obvious. 

Corollary3.16. Let (𝑊̆, 𝜌) be extremely disconnected. If 𝑇̆ ∈ 𝑃̂𝑂(𝑊̆) and 𝑌̆ ∈ 𝑃̂𝑂(𝑊̆), then 

𝑖𝑛𝑡(𝑐𝑙(𝑇̆ ∩ 𝑌̆)) = 𝑖𝑛𝑡(𝑐𝑙(𝑇̆)) ∩ 𝑖𝑛𝑡(𝑐𝑙(𝑌̆)). 

Proof: Let 𝑇̆ ∈ 𝑃̂𝑂(𝑊̆) and 𝑌̆ ∈ 𝑃̂𝑂(𝑊̆), then 𝑇̆ ∈ 𝜌 and 𝑌̆ ∈ 𝜌. Since 𝑊̆ is extremely 

disconnected, then  𝑐𝑙(𝑇̆ ∩ 𝑌̆) = 𝑐𝑙(𝑇̆) ∩ 𝑐𝑙(𝑌̆). Therefore, 𝑖𝑛𝑡(𝑐𝑙(𝑇̆ ∩ 𝑌̆)) = 𝑖𝑛𝑡(𝑐𝑙(𝑇̆)) ∩

𝑖𝑛𝑡(𝑐𝑙(𝑌̆)). 

Corollary3.17. Let (𝑊̆, 𝜌) be an extremely disconnected space, if 𝑇̆, 𝑌̆ ⊂ 𝑊̆ such that 𝑇̆ ∈

𝑃̂𝑂(𝑊̆) and 𝑌̆ ∈ 𝑅𝑂 (𝑊̆), then 𝑇̆ ∩ 𝑌̆ ∈ 𝑃̂𝑂(𝑊̆). 

Proof: Let 𝑇̆ ∈ 𝑃̂𝑂(𝑊̆) and 𝑌̆ ∈ 𝑅𝑂(𝑊̆), then 𝑇̆ is open. Thus 𝑇̆ ∩ 𝑌̆ is open. Now let 𝑟 ∈ 𝑇̆ ∩

𝑌̆, then 𝑟 ∈ 𝑇̆ and 𝑟 ∈ 𝑌̆, therefore, there exists a pre-closed set 𝑆̆ such that 𝑟 ∈ 𝑆̆ ⊂ 𝑇̆. Since 𝑊̆ 

is extremely disconnected, then 𝑌̆ is regular closed, and then 𝑌̆ is pre-closed. This implies that by 

Lemma 2.14. 𝑆̆ ∩ 𝑌̆ is pre-closed. Therefore, 𝑟 ∈ 𝑆̆ ∩ 𝑌̆ ⊂ 𝑇̆ ∩ 𝑌̆. Thus 𝑇̆ ∩ 𝑌̆ is 𝑃̂-open set in 𝑊̆. 

Proposition3.18. If a topological space (𝑊̆, 𝜌) is regular, then 𝜌 = 𝑃̂𝑂(𝑊̆). 

Proof: Let 𝑇̆ be any subset of a space 𝑊̆ and 𝑇̆ ∈ 𝜌. If 𝑇̆ = ∅, then 𝑇̆ ∈ 𝑃̂𝑂(𝑊̆). Let 𝑇̆ ≠ ∅, 

since the space 𝑊̆ is regular, then for each 𝑟 ∈ 𝑇̆ ⊂ 𝑊̆ there exists an open set 𝐻̆ such that 𝑟 ∈

𝐻̆ ⊂ 𝑐𝑙(𝐻̆) ⊂ 𝑇̆ by Definition 2.12 we have 𝑟 ∈ 𝑐𝑙(𝐻̆) ⊂ 𝑇̆. Since 𝑇̆ ∈ 𝜌 therefore, 𝑇̆ ∈ 𝑃̂𝑂(𝑊̆). 

Hence 𝜌 ⊂ 𝑃̂𝑂(𝑊̆). 

Corollary3.19. If a topological space (𝑊̆, 𝜌) is pre-regular, then 𝜌 = 𝑃̂𝑂(𝑊̆). 

Proof: Follows directly from Theorem 2.6 and Proposition 3.18. 

Proposition3.20. In any space 𝑊̆. If 𝜌 = {∅, 𝑊̆}, then 𝑃̂𝑂(𝑊̆) = {∅, 𝑊̆}. 

Proof: Obvious. 

  The converse of Proposition 3.20 is not true in general as it is shown in the following example: 

Example3.21. Let 𝑊̆ = {𝑎, 𝑏, 𝑐} and 𝑃̂𝑂(𝑊̆) = {∅, 𝑊̆},  where  𝜌 = {∅, 𝑊̆, {𝑎}}.  
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Proposition3.22. Let (𝑊̆, 𝜌) be a topological space, the family of all 𝑃̂-open sets is 𝒫(𝑊̆) if and 

only if  𝜌 is discrete. 

Proof: If  𝜌 is discrete, then it is obvious that the family of all 𝑃̂-open set is 𝒫(𝑊̆). Suppose that 

the family of all 𝑃̂-open sets is 𝒫(𝑊̆), this means that every subset of 𝑊̆ is 𝑃̂-open set and hence 

every singleton {𝑟} where for every 𝑟 ∈ 𝑊̆ is 𝑃̂-open and hence it is open and pre-closed. Which 

implies that 𝜌 is discrete. 

           In general if 𝑄̆ is a subspace of a space 𝑊̆ and 𝑇̆ is an 𝑃̂-open set in 𝑊̆, then 𝑇̆⋂𝑄̆ may 

not be 𝑃̂-open in 𝑄̆, as it is shown in the following example: 

Example3.23. Let 𝑊̆ = {𝑎, 𝑏, 𝑐, 𝑑} and  𝜌 = {∅, 𝑊̆, {𝑐}, {𝑎, 𝑏}, {𝑎, 𝑏, 𝑐}, {𝑎, 𝑏, 𝑑}}. Then 

𝑃̂𝑂(𝑊̆) = {∅, 𝑊̆, {𝑐}, {𝑎, 𝑏}, {𝑎, 𝑏, 𝑐}, {𝑎, 𝑏, 𝑑}}, and let 𝑄̆ = {𝑎, 𝑐, 𝑑}, then 𝜌𝑄̆ =

{∅, 𝑄̆, {𝑎}, {𝑐}, {𝑎, 𝑐}, {𝑎, 𝑑}} is relative topology on 𝑄̆ so, 𝑃̂𝑂(𝑄̆) = {∅, 𝑄̆, {𝑐}, {𝑎, 𝑑}, }. Then 

{𝑎, 𝑏} ∈ 𝑃̂𝑂(𝑊̆) but {𝑎, 𝑏} ∩ 𝑄̆ = {𝑎} ∉ 𝑃̂𝑂(𝑄̆). 

 

Proposition3.24.If 𝑄̆ is a clopen subset of a space 𝑊̆ and 𝑇̆ is an 𝑃̂-open set in 𝑊̆, then 𝑇̆⋂𝑄̆ =

𝑃̂𝑂(𝑄̆). 

Proof: Let 𝑇̆ be 𝑃̂-open set in 𝑊̆, so 𝑇̆ is open and 𝑄̆ is open and closed in 𝑊̆, then 𝑇̆ ∩ 𝑄̆ is 

open in 𝑊̆, let 𝑟 ∈ 𝑇̆ ∩ 𝑄̆, this implies that 𝑟 ∈ 𝑇̆ and 𝑟 ∈ 𝑄̆, since 𝑇̆ is 𝑃̂-open there exists a pre-

closed set 𝑆̆ in 𝑊̆ such that 𝑟 ∈ 𝑆̆ ⊂ 𝑇̆, also 𝑄̆ is closed then 𝑄̆ is pre-closed, hence 𝑄̆ ∩ 𝑆̆ is pre-

closed set. Therefore, 𝑟 ∈ 𝑆̆ ∩ 𝑄̆ ⊂ 𝑇̆ ∩ 𝑄̆, this implies that 𝑇̆ ∩ 𝑄̆ is an 𝑃̂-open set in 𝑄̆. 

Corollary3.25. Let (𝑊̆, 𝜌) be a locally indiscrete topological space and 𝑇̆, 𝑌̆ ⊂ 𝑊̆. If 𝑇̆ ∈

𝑃̂𝑂(𝑊̆) and 𝑌̆ is open, then 𝑇̆ ∩ 𝑌̆ ∈ 𝑃̂𝑂(𝑊̆). 

Proof: Follows from Proposition 3.24. 

   If (𝑄̆, 𝜌𝑄̆) is a subspace of the space (𝑊̆, 𝜌) and if a subset 𝑇̆ is an 𝑃̂-open set relative to 𝑄̆, 

then 𝑇̆ may not be 𝑃̂-open set in 𝑊̆ as it is shows in the following example: 

Example3.26. Consider the set 𝑊̆ = {𝑎, 𝑏, 𝑐, 𝑑} and the topology 𝜌 =

{∅, 𝑊̆, {𝑎}, {𝑏}, {𝑐}, {𝑎, 𝑏}, {𝑎, 𝑐}, {𝑎, 𝑑}, {𝑏, 𝑐}, {𝑎, 𝑏, 𝑐}, {𝑎, 𝑏, 𝑑}, {𝑎, 𝑐, 𝑑}} so 𝑃̂𝑂(𝑊̆) =

{∅, 𝑊̆, {𝑏}, {𝑐}, {𝑎, 𝑑}, {𝑏, 𝑐}, {𝑎, 𝑏, 𝑑}, {𝑎, 𝑐, 𝑑}}, let 𝑄̆ = {𝑏, 𝑐, 𝑑}, then  𝜌𝑄̆ =
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{∅, 𝑄̆, {𝑏}, {𝑐}, {𝑑}, {𝑏, 𝑐}, {𝑏, 𝑑}, {𝑐, 𝑑}} is relative topology on 𝑄̆, 𝑃̂𝑂(𝑄̆) = 𝒫(𝑄̆) = 𝜌𝑄̆ then {𝑑} 

is an 𝑃̂-open set on 𝑄̆, but {𝑑} is not an 𝑃̂-open set in 𝑊̆. 

Proposition3.27. Let 𝑄̆ is an open sub space of 𝑊̆, if 𝑇̆ ∈ 𝑃̂𝑂(𝑊̆), and 𝑇̆ ⊂ 𝑄̆, and then 𝑇̆ ∈

𝑃̂𝑂(𝑄̆). 

Proof: Let 𝑇̆ ∈ 𝑃̂𝑂(𝑊̆), then 𝑇̆ is an open subset of 𝑊̆ and for each r ∈ 𝑇̆, there exists a pre-

closed set 𝑆̆ in 𝑊̆ such that 𝑟 ∈ 𝑆̆ ⊂ 𝑇̆. Since 𝑇̆ is an open subset of 𝑊̆ and 𝑇̆ ⊂ 𝑄̆. Then by 

Theorem 2.18, 𝑇̆ is an open set in 𝑄̆. Since 𝑆̆ pre-closed set in 𝑊̆ and 𝑇̆ ⊂ 𝑄̆. Then by Theorem 

2.23, 𝑆̆ is pre-closed set in 𝑄̆. Hence 𝑇̆ ∈ 𝑃̂𝑂(𝑄̆). 

Proposition3.28. Let 𝑇̆ ⊂ 𝑄̆ ⊂ 𝑊̆, and 𝑇̆ ∈ 𝑃̂𝑂(𝑄̆, 𝜌𝑄̆), If 𝑄̆ is a regular open subset of 𝑊̆, then 

𝑇̆ ∈ 𝑃̂𝑂(𝑊̆, 𝜌). 

Proof: Let 𝑇̆ ∈ 𝑃̂𝑂(𝑄̆, 𝜌𝑄̆) then 𝑇̆ ∈ (𝑄̆, 𝜌𝑄̆) and for each 𝑟 ∈ 𝑇̆ there exists a pre-closed set 𝑆̆ in 

𝑄̆ such that 𝑟 ∈ 𝑆̆ ⊂ 𝑇̆. Since 𝑄̆ is regular open then 𝑄̆ is open in 𝑊̆ and since 𝑇̆ ∈ (𝑄̆, 𝜌𝑄̆), then 

by Theorem 2.18, 𝑇̆ ∈ (𝑊̆, 𝜌). Again since 𝑆̆ is pre-closed in 𝑄̆, then by Proposition 2.19, 𝑆̆ is 

pre-closed in 𝑊̆. Hence 𝑇̆ ∈ 𝑃̂𝑂(𝑊̆, 𝜌) . 

Corollary3.29. Let 𝑇̆ ⊂ 𝑄̆ ⊂ 𝑊̆. If 𝑇̆ is 𝑃̂-open set in 𝑄̆, and 𝑄̆ clopen set in 𝑊̆, then 𝑇̆ is an 𝑃̂-

open set in 𝑊̆. 

Proof: Follows from Proposition 3.28. 

Theorem3.30. If (𝑄̆, 𝜌𝑄̆) is an open subspace of a space (𝑊̆, 𝜌) and 𝑇̆ ∈ 𝑃̂𝑂(𝑊̆), then 𝑇̆ ∩ 𝑄̆ ∈

𝑃̂𝑂(𝑄̆). 

Proof: Let 𝑇̆ ∈ 𝑃̂𝑂(𝑊̆), then 𝑇̆ is an open set in 𝑊̆ and for all 𝑟 ∈ 𝑇̆ there exists a pre-closed set 

𝑆̆ such that 𝑟 ∈ 𝑆̆ ⊂ 𝑇̆. Therefore, 𝑟 ∈ 𝑆̆ ∩ 𝑄̆ ⊂ 𝑇̆ ∩ 𝑄̆ hence 𝑇̆ ∩ 𝑄̆ is an open set in 𝑄̆. Since 𝑄̆ 

is an open subspace of 𝑊̆, then by Proposition 2.19, 𝑆̆ ∩ 𝑄̆ ∈ 𝑃𝐶(𝑄̆). This implies that 𝑇̆ ∩ 𝑄̆ ∈

𝑃̂𝑂(𝑄̆). 

Proposition3.31. Let (𝑊̆, 𝜌) be a topological space and 𝑇̆, 𝑌̆ ⊆ 𝑊̆. If 𝑇̆ ∈ 𝑃̂𝑂(𝑊̆) and 𝑌̆ is 

clopen then 𝑇̆ ∩ 𝑌̆ ∈ 𝑃̂𝑂(𝑊̆). 

Proof: Let 𝑇̆ ∈ 𝑃̂𝑂(𝑊̆) and 𝑌̆ is clopen, then 𝑇̆ is open set. This implies that 𝑇̆ ∩ 𝑌̆ ∈ 𝜌. Now let 

𝑟 ∈ 𝑇̆ ∩ 𝑌̆, then 𝑟 ∈ 𝑇̆ and 𝑟 ∈ 𝑌̆. Therefore, there exists a pre-closed 𝑆̆ such that 𝑟 ∈ 𝑆̆ ⊂ 𝑇̆. 
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Since 𝑌̆ is clopen, so 𝑌̆ is closed, hence 𝑌̆ is pre-closed implies that 𝑆̆ ∩ 𝑌̆ is pre-closed. 

Therefore, 𝑟 ∈ 𝑆̆ ∩ 𝑌̆ ⊂ 𝑇̆ ∩ 𝑌̆. Thus 𝑇̆ ∩ 𝑌̆ ∈ 𝑃̂𝑂(𝑊̆). 

Remark3.32. If a topological space (𝑊̆, 𝜌) is 𝑇1-space then 𝜌 = 𝑃̂𝑂(𝑊̆). 

Proposition3.33. If a space 𝑊̆ is 𝑇1-space then 𝑃𝑂(𝑊̆) = 𝑃̂𝑂(𝑊̆). 

Proof: To show that 𝑃𝑂(𝑊̆) ⊂ 𝑃̂𝑂(𝑊̆). Let 𝑇̆ be any subset of a space 𝑊̆ and 𝑇̆ ∈ 𝑃𝑂(𝑊̆). If 

 𝑇̆ = ∅, then 𝑇̆ ∈ 𝑃̂𝑂(𝑊). If 𝑇̆ ≠ ∅, now let 𝑟 ∈ 𝑇̆. Since a space 𝑊̆ is 𝑇1, then every singleton is 

pre-closed and hence 𝑟 ∈ {𝑟} ⊂ 𝑇̆. Therefore, 𝑇̆ ⊂ 𝑃̂𝑂(𝑊̆). But 𝑃̂𝑂(𝑊̆) ⊂ 𝑃𝑂(𝑊̆). Therefore, 

𝑃𝑂(𝑊̆) = 𝑃̂𝑂(𝑊̆). 

Corollary3.34. For any space 𝑊̆, 𝑃̂𝑂(𝑊̆, 𝜌) = 𝑃̂𝑂(𝑊̆, 𝜌𝛼). 

Proof: Let 𝑇̆ be any subset of a space 𝑊̆ and 𝑇̆ ∈ 𝑃̂𝑂(𝑊̆, 𝜌). If  𝑇̆ = ∅, then 𝑇̆ ∈ 𝑃̂𝑂(𝑊̆, 𝜌𝛼). If 

𝑇̆ ≠ ∅, and since 𝑇̆ ∈ 𝑃̂𝑂(𝑊̆, 𝜌), then 𝑇̆ is 𝜌-open set and 𝑇̆ = ⋃ 𝑆̆𝜅 where 𝑆̆𝜅 is pre-closed for 

each κ. Since 𝑇̆ is 𝜌-open, then by Corollary 2.22, 𝑇̆ is 𝜌𝛼-open set. Since 𝑆̆𝜅 is pre-closed in 

(𝑊̆, 𝜌) for each 𝜅, then by Lemma 2.11, 𝑆̆𝜅 is pre-closed in (𝑊̆, 𝜌𝛼) for each 𝜅. Therefore, by 

Proposition 3.2, 𝑇̆ ∈ 𝑃̂𝑂(𝑊̆, 𝜌𝛼). So 𝑃̂𝑂(𝑊̆, 𝜌) ⊆ 𝑃̂𝑂(𝑊̆, 𝜌𝛼). By the same way we can prove 

𝑃̂𝑂(𝑊̆, 𝜌𝛼) ⊂ 𝑃̂𝑂(𝑊̆, 𝜌). Hence we get 𝑃̂𝑂(𝑊̆, 𝜌) = 𝑃̂𝑂(𝑊̆, 𝜌𝛼). 

Theorem3.35. Let (𝑊̆1, 𝜌1) and (𝑊̆2, 𝜌2) be two topological spaces and 𝑊̆1 × 𝑊̆2 be the 

topological product. Let 𝑇̆1 ∈ 𝑃̂𝑂(𝑊̆1) and  𝑇̆2 ∈ 𝑃̂𝑂(𝑊̆2),  then  𝑇̆1 × 𝑇̆2 ∈ 𝑃̂𝑂(𝑊̆1 × 𝑊̆2).  

Proof: Let (𝑟1, 𝑟2) ∈ 𝑇̆1 × 𝑇̆2, then 𝑟1 ∈ 𝑇̆1 and 𝑟2 ∈ 𝑇̆2. Since 𝑇̆1 ∈ 𝑃̂𝑂(𝑊̆1) and  𝑇̆2 ∈ 𝑃̂𝑂(𝑊̆2),  

then  𝑇̆1 i s  open  in  𝑊̆1 and 𝑇̆2 i s  open in  𝑊̆2. Also there exists 𝑆̆1 ∈ 𝑃𝐶(𝑊̆1) and 𝑆̆2 ∈

𝑃𝐶(𝑊̆2) such that 𝑟1 ∈ 𝑆̆1 ⊂ 𝑇̆1 and 𝑟2 ∈ 𝑆̆2 ⊂ 𝑇̆2. Therefore, (𝑟1, 𝑟2) ∈ 𝑆̆1 × 𝑆̆2 ⊂ 𝑇̆1 × 𝑇̆2. Since 

𝑇̆1 i s  open in  𝑊̆1 and 𝑇̆2 i s  open  in  𝑊̆2, hence 𝑇̆1 × 𝑇̆2 is open in 𝑊̆1 × 𝑊̆2.Then we get 𝑆̆1 ×

𝑆̆2 = 𝑝𝑐𝑙𝑊̆1
(𝑆̆1) × 𝑝𝑐𝑙𝑊̆2

(𝑆̆2) = 𝑝𝑐𝑙𝑊̆1×𝑊̆2
(𝑆̆1 × 𝑆̆2). Therefore, 𝑇̆1 × 𝑇̆2 ∈ 𝑃̂𝑂(𝑊̆1 × 𝑊̆2).  

Lemma3.36. Let 𝑊̆ be a space and 𝑇̆ be closed in 𝑊̆, then𝑇̆ is 𝑃̂-closed in 𝑊̆ if and only if for 

each 𝑟 ∉ 𝑇̆, there exists a pre-closed set 𝑆̆ and a pre-open set 𝐶̆ in 𝑊̆ such that 𝑟 ∈ 𝑆̆ and 𝑇̆ ⊂ 𝐶 

and 𝑆 ∩ 𝐶 = ∅. 

Proof: Suppose that 𝑇̆ is 𝑃̂-closed and let 𝑟 ∉ 𝑇̆, then 𝑟 ∈ 𝑊̆\𝑇̆ and 𝑊̆\𝑇̆ is 𝑃̂-open set, then  

there exists a pre-closed set 𝑆̆ such that 𝑟 ∈ 𝑆̆ ⊂ 𝑊̆\𝑇̆, this implies that 𝑇̆ ⊂ 𝑊̆\𝑆̆ and 𝑊̆\𝑆̆ is 

pre-open, so let 𝑊̆\𝑆̆ = 𝐶, thus 𝑟 ∈ 𝑆 and 𝑇̆ ⊂ 𝐶 and 𝑆 ∩ 𝐶 = ∅. 
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Conversely; let 𝑟 ∈ 𝑊̆\𝑇̆, then 𝑟 ∉ 𝑇̆, therefore, by hypothesis there exists a pre-closed set 𝑆̆ 

and a pre-open set 𝐶̆ such that 𝑟 ∈ 𝑆̆ and  𝑇̆ ⊂ 𝐶̆ and 𝑆̆ ∩ 𝐶̆ = ∅, and this implies that 𝑆̆ ⊂ 𝑊̆\𝐶̆ 

and 𝑊̆\𝐶̆ ⊂ 𝑊̆\𝑇̆. Therefore, 𝑆̆ ⊂ 𝑊̆\𝐶̆ ⊂ 𝑊̆\𝑇̆. Thus for each 𝑟 ∈ 𝑊̆\𝑇̆ there exists a pre-

closed set 𝑆̆ such that 𝑟 ∈ 𝑆̆ ⊂ 𝑊̆\𝑇̆. This implies that 𝑊̆\𝑇̆ is 𝑃̂-open. Therefore, 𝑇̆ is 𝑃̂‐closed 

in 𝑊̆. 

4. 𝑷̂-operators on a set 

Definition4.1. In a topological space (𝑊̆, 𝜌), consider a subset 𝑇̆ ⊂ 𝑊̆. A point 𝑟 ∈ 𝑊̆ is defined 

as a 𝑃̂-limit point of 𝑇̆ if, for every 𝑃̂-open set 𝐿̆ that contains 𝑟, the intersection 𝑇̆ ∩ (𝐿̆\{𝑟}) is 

non-empty. The collection of all such 𝑃̂-limit points of 𝑇̆ is referred to as the 𝑃̂-derived set of 𝑇̆, 

denoted by 𝑃̂𝐷(𝑇̆). 

Remark4.2. A point 𝑟 is considered a 𝑃̂-limit point of 𝑇̆ if every 𝑃̂-open set that includes 𝑟 also 

contains at least one point from 𝑇̆ that is distinct from 𝑟. 

 

The theorem outlined below elucidates several key characteristics of the 𝑃̂-derived set. 

Theorem4.3. If 𝑇̆, 𝑌̆ and 𝑉̆ are subsets of a topological space (𝑊̆, 𝜌), then 𝑃̂-derived set has the 

following properties: 

1. 𝑃̂𝐷(∅) = ∅. 

2. 𝑃̂𝐷(𝑇̆) ⊂ 𝑃̂𝐷(𝑌̆), if 𝑇̆ ⊂ 𝑌̆. 

3. 𝑃̂𝐷(𝑇̆ ∩ 𝑌̆) ⊂ 𝑃̂𝐷(𝑇̆) ∩ 𝑃̂𝐷(𝑌̆). 

4. 𝑃̂𝐷(𝑇̆) ∪ 𝑃̂𝐷(𝑌̆) = 𝑃̂𝐷(𝑇̆ ∪ 𝑌̆). 

5. 𝑟 ∈ 𝑃̂𝐷(𝑉̆\{𝑟}), if 𝑟 ∈ 𝑃̂𝐷(𝑉̆). 

Proof: Obvious. 

As illustrated by the case below, the statement in (3) lacks a valid converse. 

Example4.4. Consider the set 𝑊̆ = {𝑎, 𝑏, 𝑐} endowed with the topology 𝜌 = { 𝑊̆, ∅, {𝑎}, {𝑎, 𝑏} }. 

From this topology, the collection of 𝑃̂-open subsets is 𝑃̂𝑂(𝑊̆) = { ∅, 𝑊̆ }. Take the subsets 𝑇̆ =

{𝑎, 𝑐} and 𝑌̆ = {𝑏, 𝑐}. Their intersection is 𝑇̆ ∩ 𝑌̆ = {𝑐}. Now, the corresponding 𝑃̂-derived sets 

are: 𝑃̂𝐷(𝑇̆) = {𝑎, 𝑏, 𝑐}, 𝑃̂𝐷(𝑌̆) = {𝑎, 𝑏, 𝑐}, 𝑃̂𝐷(𝑇̆ ∩ 𝑌̆) = {𝑎, 𝑏}. Consequently, 𝑃̂𝐷(𝑇̆) ∩

𝑃̂𝐷(𝑌̆) = {𝑎, 𝑏, 𝑐} is not a subset of 𝑃̂𝐷(𝑇̆ ∩ 𝑌̆) = {𝑎, 𝑏}. 
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Theorem4.5. Let 𝜌₁ and 𝜌₂ be two topologies on the same set 𝑊̆ such that 𝑃̂(𝑊̆, 𝜌₁) ⊂

𝑃̂(𝑊̆, 𝜌₂). For any subset 𝑇̆ ⊂ 𝑊̆, every 𝑃̂-limit point of 𝑇̆ determined by 𝜌₂ is also a 𝑃̂-limit 

point of 𝑇̆ determined by 𝜌₁. 

Proof: Assume 𝒓 is a 𝑷̂-limit point of 𝑻̆ with respect to 𝝆₂. By definition, for every set 𝑳̆ ∈

𝑷̂(𝑾̆, 𝝆₂) that contains 𝒓, we have (𝑳̆ ∩ 𝑻̆)\{𝒓} ≠ ∅. Since 𝑷̂(𝑾̆, 𝝆₁) ⊂ 𝑷̂(𝑾̆, 𝝆₂), this property 

must also hold for every 𝑳̆ ∈ 𝑷̂(𝑾̆, 𝝆₁) with 𝒓 ∈ 𝑳̆. Therefore, 𝒓 qualifies as a 𝑷̂-limit point of 𝑻̆ 

with respect to 𝝆₁. 

 

The converse of Theorem 4.5, does not hold true in general, as demonstrated by the following 

example: 

Example4.6. Consider topology 𝜌1 = {𝑊̆, ∅, {𝑎, 𝑏}, {𝑎, 𝑏, 𝑐}} = 𝑃̂𝑂(𝑊̆, 𝜌1) and 𝜌2 =

{𝑊̆, ∅, {𝑐}, {𝑎, 𝑏}, {𝑎, 𝑏, 𝑐}, {𝑎, 𝑏, 𝑑}} = 𝑃̂𝑂(𝑊̆, 𝜌2) on a set 𝑊̆ = {𝑎, 𝑏, 𝑐, 𝑑}. Note that 

𝑃̂𝑂(𝑊̆, 𝜌1) ⊂ 𝑃̂𝑂(𝑊̆, 𝜌2) and 𝑐 is a 𝑃̂-limit point of 𝑇̆ = {𝑎, 𝑏} with respect to 𝜌1, but it is not a 

𝑃̂-limit point of 𝑇̆ with respect to 𝜌2. 

Remark4.7. By leveraging De Morgan’s Laws and the three axioms that define a topological 

space, we can derive the following properties pertaining to 𝑃̂-closed sets: 

1. The empty set and the entire space are both classified as 𝑃̂-closed. 

2. The union of any two 𝑃̂-closed sets results in a set that is also 𝑃̂-closed. 

3. The intersection of an arbitrary collection of 𝑃̂-closed sets yields a set that 

remains 𝑃̂-closed. 

Definition4.8. Let (𝑊̆, 𝜌) be a topological space. A set 𝑆̆ ⊂ 𝑊̆ is said to be 𝑃̂-closed if it 

contains all of its 𝑃̂-limit points. Thus 𝑆̆ is 𝑃̂-closed if and only if 𝑃̂𝐷(𝑆̆) ⊂ 𝑆̆. 

Theorem4.9. If 𝑟 ∉ 𝑆̆, where 𝑆̆ is a 𝑃̂-closed subset of a topological space (𝑊̆, 𝜌), then there 

exists an 𝑃̂-open set 𝐿̆ such that 𝑟 ∈ 𝐿̆ ⊂ 𝑆̆𝑐. 

Proof: Suppose no such 𝑃̂-open sets exists. Then 𝑟 ∈ 𝐿̆ ∈ 𝑃̂𝑂(𝑊̆) would imply that 𝐿̆ ∩ 𝑆̆ ∅. 

Since 𝑟 ∉ 𝑆̆, 𝐿̆ ∩ 𝑆̆\{𝑟}  ∅. This implies that 𝑟 is a 𝑃̂-limit point of 𝑆̆, that is 𝑟 ∈ 𝑃̂𝐷(𝑆̆). 𝑆̆ 

however is a 𝑃̂-closed set and so 𝑃̂𝐷(𝑆̆) ⊂ 𝑆̆, so that 𝑟 must belong to 𝑆̆. But this is contradiction 

to 𝑟 ∉ 𝑆̆. This contradiction shows that such an 𝑃̂-open set must exists. 

Corollary4.10. If 𝑆̆ is a 𝑃̂-closed set, then 𝑆̆𝑐 is 𝑃̂-open. 
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Proof: If 𝑟 ∈ 𝑆̆𝑐, then 𝑟 ∉ 𝑆̆ where 𝑆̆ is a 𝑃̂-closed set. By Theorem 4.9, there exists an 𝑃̂-open 

set 𝐿̆𝑟 such that 𝑟 ∈ 𝐿̆𝑟 ⊂ 𝑆̆𝑐. But then 𝑆̆𝑐 =∪ {𝑟; 𝑟 ∈ 𝑆̆𝑐} ⊂∪ {𝐿𝑟; 𝑟 ∈ 𝑆̆𝑐} ⊂ 𝑆̆𝑐. Thus 𝑆̆𝑐 =∪

{𝐿̆𝑟; 𝑟 ∈ 𝑆̆𝑐} which is the union of 𝑃̂-open sets and hence an 𝑃̂-open set. 

Corollary4.11. If 𝑆̆𝑐 is an 𝑃̂-open set, then 𝑆̆ is 𝑃̂-closed. 

Proof: Suppose 𝑟 is a 𝑃̂-limit point of 𝑆̆ and let 𝑟 ∉ 𝑆̆. Then 𝑟 ∈ 𝑆̆𝑐, and 𝑆̆ ∩ 𝑆̆𝑐\{𝑟} = ∅ which 

implies that 𝑟 is not a 𝑃̂-limit point of 𝑆̆. Hence the assumption that 𝑟 ∉ 𝑆̆ is wrong. Therefore, 

every 𝑃̂-limit point of 𝑆̆ is in 𝑆̆and so 𝑆̆ is 𝑃̂-closed. 

Theorem4.12. If 𝑃̂𝐷(𝑆̆) ⊂ 𝑇̆ ⊂ 𝑆̆ and 𝑆̆ is a 𝑃̂-closed set, then 𝑇̆ is 𝑃̂-closed. 

Proof: Since 𝑇̆ ⊂ 𝑆̆ then 𝑃̂𝐷(𝑇̆) ⊂ 𝑃̂𝐷(𝑆̆). But 𝑆̆ is 𝑃̂-closed, hence 𝑃̂𝐷(𝑇̆) ⊂ 𝑃̂𝐷(𝑆̆) ⊂ 𝑇̆ ⊂ 𝑆̆, 

that is, 𝑃̂𝐷(𝑇̆) ⊂ 𝑇̆ which implies that 𝑇̆ is 𝑃̂-closed. 

Corollary4.13. The derived set of a 𝑃̂-closed set is 𝑃̂-closed. 

Proof: Let 𝑆̆ be a 𝑃̂-closed set we have to prove that 𝑃̂𝐷(𝑆̆) is 𝑃̂-closed. Now as 𝑆̆ is 𝑃̂-closed, 

𝑃̂𝐷(𝑆̆) ⊂ 𝑆̆ this implies that 𝑃̂𝐷(𝑃̂𝐷(𝑆̆)) ⊂ 𝑃̂𝐷(𝑆̆) ⊂ 𝑆̆. Thus by the above theorem, 𝑃̂𝐷(𝑆̆) is 

𝑃̂-closed. 

Definition4.14. Let (𝑊̆, 𝜌) be a topological space and 𝑉̆ ⊂ 𝑊̆. Then 𝑃̂-closure of 𝑉̆ denoted by 

𝑃̂𝑐𝑙(𝑉̆) is defined by 𝑃̂𝑐𝑙(𝑉̆) =∩ {𝑎𝑙𝑙 𝑃̂ − 𝑐𝑙𝑜𝑠𝑒𝑑 𝑠𝑒𝑡𝑠 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑖𝑛𝑔 𝑉̆}. Since by Remark 4.7, 

the family of 𝑃̂-closed sets containing 𝑉̆ is non-void and by Remark 4.7, the intersection of all 

elements of this family is 𝑃̂-closed. Hence 𝑃̂-closure of a set is 𝑃̂-closed and it is the smallest 𝑃̂-

closed set containing 𝑉̆. 

Theorem4.15. For any set 𝑉̆in a topological space, 𝑃̂𝑐𝑙(𝑉̆) = 𝑉̆ ∪ 𝑃̂𝐷(𝑉̆). 

Proof: Suppose 𝑟 ∉ 𝑉̆ ∪ 𝑃̂𝐷(𝑉̆), so that 𝑟 ∉ 𝑉̆ and 𝑟 ∉ 𝑃̂𝐷(𝑉̆), there exists an 𝑃̂-open set 𝐿̆𝑟 

containing 𝑟 such that 𝑉̆ ∩ 𝐿̆𝑟\{𝑟} = ∅. Since 𝑟 ∉ 𝑉̆, this actually means that 𝑉̆ ∩ 𝐿̆𝑟 = ∅ so 

𝐿̆𝑟 ⊂ 𝑉̆𝑐. Since 𝐿̆𝑟 is 𝑃̂-open set disjoint from 𝑉̆, no point of 𝐿̆𝑟 can be a 𝑃̂-limit point of 𝑉̆, that 

is 𝐿̆𝑟 ⊂ (𝑃̂𝐷(𝑉̆))𝑐, Thus (𝑉̆ ∪ 𝑃̂𝐷(𝑉̆))𝑐 =∪ {𝐿̆𝑟; 𝑟 ∉ (𝑉 ̆ ∪ 𝑃̂𝐷(𝑉̆))} which is an 𝑃̂-open set. 

Since an arbitrary union of 𝑃̂-open sets is 𝑃̂-open. Therefore, 𝑉̆ ∪ 𝑃̂𝐷(𝑉̆) is 𝑃̂-closed, which 

obviously contains 𝑉̆. Hence 𝑃̂𝑐𝑙(𝑉̆) being the smallest 𝑃̂-closed set containing 𝑉̆, we have 

𝑃̂𝑐𝑙(𝑉̆) ⊂ 𝑉̆ ∪ 𝑃̂𝐷(𝑉̆). 
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Conversely; suppose that 𝑟 ∈ 𝑉̆ ∪ 𝑃̂𝐷(𝑉̆) and 𝑆̆ is any 𝑃̂-closed set containing 𝑉̆. If 𝑟 ∈ 𝑃̂𝐷(𝑉̆), 

then 𝑟 ∈ 𝑃̂𝐷(𝑆̆) and so 𝑟 ∈ 𝑆̆ [since 𝑃̂𝐷(𝑉̆) ⊂ 𝑃̂𝐷(𝑆̆), if 𝑉̆ ⊂ 𝑆̆]. But if 𝑟 ∈ 𝑉̆, then again we 

have 𝑟 ∈ 𝑆̆ since 𝑉̆ ⊂ 𝑆̆. Thus 𝑟 belongs to any 𝑃̂-closed set containing 𝑉̆ and hence to the 

intersection of all such sets, which is the 𝑃̂-closure of 𝑉̆. Thus 𝑉̆ ∪ 𝑃̂𝐷(𝑉̆) ⊂ 𝑃̂𝑐𝑙(𝑉̆). Hence 

𝑃̂𝑐𝑙(𝑉̆) = 𝑉̆ ∪ 𝑃̂𝐷(𝑉̆). 

Theorem4.16. 𝑉̆ is 𝑃̂-closed if and only of 𝑉̆ = 𝑃̂𝑐𝑙(𝑉̆). 

Proof: We suppose first that 𝑉̆ is 𝑃̂-closed. Then 𝑃̂𝐷(𝑉̆) ⊂ 𝑉̆. Since 𝑃̂𝑐𝑙(𝑉̆) = 𝑉̆ ∪ 𝑃̂𝐷(𝑉̆), 

therefore, it follows that if 𝑉̆ is 𝑃̂-closed, then 𝑃̂𝑐𝑙(𝑉̆) = 𝑉̆ ∪ 𝑃̂𝐷(𝑉̆) = 𝑉̆. 

Conversely; if 𝑉̆ = 𝑃̂𝑐𝑙(𝑉̆), then 𝑃̂𝑐𝑙(𝑉̆) being the intersection of all 𝑃̂-closed sets containing 𝑉̆ 

is 𝑃̂-closed. Hence 𝑉̆ is 𝑃̂-closed. 

Here are some properties of the 𝑃̂-closure: 

Proposition4.17. Let (𝑊̆, 𝜌) be a topological space. And 𝑇̆, 𝑌̆ be two subsets of 𝑊̆, then: 

1) 𝑃̂𝑐𝑙(𝑇̆) is the smallest 𝑃̂-closed set which contains 𝑇̆. 

2) 𝑃̂𝑐𝑙(∅) = ∅. 

3) 𝑃̂𝑐𝑙(𝑃̂𝑐𝑙(𝑇̆) = 𝑃̂𝑐𝑙(𝑇̆). 

4) If 𝑇̆ ⊂ 𝑌̆, then 𝑃̂𝑐𝑙(𝑇̆) ⊂ 𝑃̂𝑐𝑙(𝑌̆). 

5) 𝑃̂𝑐𝑙(𝑇̆) ∪ 𝑃̂𝑐𝑙(𝑌̆) = 𝑃̂𝑐𝑙(𝑇̆ ∪ 𝑌̆). 

6) 𝑃̂𝑐𝑙(𝑇̆ ∩ 𝑌̆) ⊂ 𝑃̂𝑐𝑙(𝑇̆) ∩ 𝑃̂𝑐𝑙(𝑌̆). 

Proof: Obvious. 

 

The converse of statement (6) does not generally hold true, as demonstrated by the following 

example: 

Example4.18. Let 𝑊̆ = {𝑎, 𝑏, 𝑐, 𝑑} with topology 𝜌 = {∅, 𝑊̆, {𝑎, 𝑏}, {𝑎, 𝑏, 𝑐}, {𝑎, 𝑏, 𝑑}}, then 

𝑃̂𝑂(𝑊̆) = {∅, 𝑊̆, {𝑎, 𝑏}, {𝑎, 𝑏, 𝑐}, {𝑎, 𝑏, 𝑑}}, 𝑃̂𝐶(𝑊̆) = {∅, 𝑊̆, {𝑐, 𝑑}, {𝑑}, {𝑐}}. Let 𝑇̆ = {𝑐, 𝑑}, 

𝑌̆ = {𝑎, 𝑏} and 𝑇̆ ∩ 𝑌̆ = ∅, then 𝑃̂𝑐𝑙(𝑇̆) = {𝑐, 𝑑}, 𝑃̂𝑐𝑙(𝑌̆) = 𝑊̆ and 𝑃̂𝑐𝑙(𝑇̆ ∩ 𝑌̆) = ∅. Therefore, 

𝑃̂𝑐𝑙(𝑇̆) ∩ 𝑃̂𝑐𝑙(𝑌̆) ⊄ 𝑃̂𝑐𝑙(𝑇̆ ∩ 𝑌̆). 

Theorem4.19. Let 𝑇̆ and 𝑌̆ be subsets of 𝑊̆. If 𝑇̆ ∈ 𝑃̂𝑂(𝑊̆), then 𝑇̆ ∩ 𝑃̂𝑐𝑙(𝑌̆) ⊂ 𝑃̂𝑐𝑙(𝑇̆ ∩ 𝑌̆). 

Proof: Let 𝑟 ∈ 𝑇̆ ∩ 𝑃̂𝑐𝑙(𝑌̆). Then 𝑟 ∈ 𝑇̆ and 𝑟 ∈ 𝑃̂𝑐𝑙(𝑌̆) = 𝑌̆ ∪ 𝑃̂𝐷(𝑌̆). If 𝑟 ∈ 𝑌̆, then 𝑟 ∈ 𝑇̆ ∩
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𝑌̆ ⊆ 𝑃̂𝑐𝑙(𝑇̆ ∩ 𝑌̆).  If 𝑟 ∉ 𝑌̆, then 𝑟 ∈ 𝑃̂𝐷(𝑌̆) and so 𝐿̆ ∩ 𝑌̆ = ∅ for all 𝑃̂-open set 𝐿̆ containing 𝑟. 

Since 𝑇̆ ∈ 𝑃̂𝑂(𝑊), then 𝐿̆ ∩ 𝑇̆ is also 𝑃̂-open set containing 𝑟. Hence 𝐿̆ ∩ (𝑇̆ ∩ 𝑌̆) = (𝐿̆ ∩ 𝑇̆) ∩

𝑌̆ = ∅ and consequently, 𝑟 ∈ 𝑃̂𝐷(𝑇̆ ∩ 𝑌̆) ⊂ 𝑃̂𝑐𝑙 (𝑇̆ ∩ 𝑌̆). Therefore, 𝑇̆ ∩ 𝑃̂𝑐𝑙 (𝑌̆) ⊂ 𝑃̂𝑐𝑙 (𝑇̆ ∩

𝑌̆). 

Theorem4.20. If 𝑄̆ is an open subset of a topological space 𝑊̆ and 𝑇̆ ⊂ 𝑄̆, then 𝑃̂𝑐𝑙𝑄̆(𝑇̆) ⊂

𝑃̂𝑐𝑙𝑊̆(𝑇̆). 

Proof: Let 𝑟 ∉ 𝑃̂𝑐𝑙𝑊̆(𝑇̆), then there exists an 𝑃̂-open set 𝐻̆ in 𝑊̆ containing 𝑟 such that 𝐻̆ ∩ 𝑇̆ =

∅. Since 𝑇̆ ⊂ 𝑄̆, then 𝐻̆ ∩ 𝑄̆ ∩ 𝑇̆ = ∅. Put 𝐿̆ = 𝐻̆ ∩ 𝑄̆, since 𝐻̆ ∈ 𝑃̂𝑂(𝑊̆) and 𝑄̆ is open then by 

Corollary 3.29, we have 𝐿̆ = 𝐻̆ ∩ 𝑄̆ ∈ 𝑃̂𝑂(𝑄̆) and 𝐿̆ ∩ 𝑇̆ = ∅. Thus 𝑟 ∉ 𝑃̂𝑐𝑙𝑄̆(𝑇̆). Therefore, we 

obtain 𝑃̂𝑐𝑙𝑄̆(𝑇̆) ⊂ 𝑃̂𝑐𝑙𝑊̆(𝑇̆). 

Theorem4.21. Let 𝑊̆ be a topological space. If 𝑄̆ ∈ 𝑅𝑂(𝑊̆) and 𝑇̆ ⊂ 𝑄̆ ⊂ 𝑊̆, then 𝑃̂𝑐𝑙𝑊̆(𝑇̆) ∩

𝑄̆ = 𝑃̂𝑐𝑙𝑄̆(𝑇̆). 

Proof: From previous result 𝑃̂𝑐𝑙𝑄̆(𝑇̆) ⊂ 𝑃̂𝑐𝑙𝑊̆(𝑇̆). Now, let 𝑟 ∈ 𝑃̂𝑐𝑙𝑊̆(𝑇̆) ∩ 𝑄̆ and 𝐺̆ ∈ 𝑃̂𝑂(𝑄̆) 

containing 𝑟. Since 𝑄̆ ∈ 𝑅𝑂(𝑊̆) then by Proposition 3.28, 𝐺̆ ∈ 𝑃̂𝑂(𝑊̆) contains 𝑟 and hence 

𝐺̆ ∩ 𝑇̆ ≠ ∅ therefore, 𝑟 ∈ 𝑃̂𝑐𝑙𝑄̆(𝑇̆). Hence 𝑃̂𝑐𝑙𝑊̆(𝑇̆) ∩ 𝑄̆ ⊂ 𝑃̂𝑐𝑙𝑄̆(𝑇̆). This implies that 𝑟 ∈

𝑃̂𝑐𝑙𝑊̆(𝑇̆) ∩ 𝑄̆. Thus 𝑃̂𝑐𝑙𝑄̆(𝑇̆) ⊂ 𝑃̂𝑐𝑙𝑊̆(𝑇̆) ∩ 𝑄̆. Therefore, 𝑃̂𝑐𝑙𝑊̆(𝑇̆) ∩ 𝑄̆ = 𝑃̂𝑐𝑙𝑄̆(𝑇̆). 

Theorem4.22. In a discrete topological space 𝑊̆, if 𝑇̆ is a subset of 𝑊̆, then the 𝑃̂𝐷(𝑇̆) is the 

empty set ∅. 

Proof: Let 𝑟 be an arbitrary element of 𝑊̆. Given that every subset of 𝑊̆ is open and 

consequently 𝑃̂-open, the singleton set 𝐿̆ = {𝑟} is 𝑃̂-open. Since 𝑟 ∈ 𝐿̆ and 𝐿̆ ∩ 𝑇̆ = {𝑟} ∩ 𝑇̆ ⊂

{𝑟}, it follows that 𝑟 is not a 𝑃̂-limit point of 𝑇̆. Therefore, 𝑃̂𝐷(𝑇̆) = ∅. 

Theorem4.23. Suppose 𝑇̆ is a subset of 𝑊̆. If a point 𝑟 in 𝑊̆ is a 𝑃̂-limit point of 𝑇̆, then 𝑟 is still 

a 𝑃̂-limit point of the set 𝑇̆ when 𝑟 is removed from 𝑇̆. 

Proof: Straightforward. 

Corollary4.24. Let 𝑇̆ be a set in a space 𝑊̆. A point 𝑟 ∈ 𝑃̂𝑐𝑙(𝑇̆) if and only if 𝑇̆ ∩ 𝐻̆  ∅ for 

every 𝑃̂-open set 𝐻̆ containing 𝑟. 

Proof: Let 𝑟 ∉ 𝑃̂𝑐𝑙(𝑇̆). Then 𝑟 ∉∩ 𝑆̆, where 𝑆̆ is 𝑃̂-closed with 𝑇̆ ⊂ 𝑆̆. So 𝑟 ∈ 𝑊̆\∩ 𝑆̆ and 𝑊̆\∩

𝑆̆ is a 𝑃̂-open set containing 𝑟 and hence (𝑊̆\∩ 𝑆̆ ) ∩ 𝑇̆ ⊂  (𝑊̆\∩ 𝑆̆) ∩ (∩ 𝑆̆) = ∅. 
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Conversely; suppose that there exists a 𝑃̂-open set containing 𝑟 with 𝑇̆ ∩ 𝐻̆ = ∅. Then 𝑇̆ ⊂ 𝑊̆\𝐻̆ 

and 𝑊̆\𝐻̆ is a 𝑃̂-closed with 𝑟 ∉  𝑊̆\𝐻̆. Hence 𝑟 ∉ 𝑃̂𝑐𝑙(𝑇̆). 

Proposition4.25. Let 𝑇̆ be any subset of a space 𝑊̆. If 𝑇̆ ∩ 𝑆̆ ≠ ∅ for every closed set 𝑆̆ of 𝑊̆ 

containing 𝑟, then the point 𝑟 is in the 𝑃̂-closure of 𝑇̆. 

Proof: Suppose that 𝐻̆ be any 𝑃̂-open set containing 𝑟, then by Definition 3.1, there exists a 

closed set 𝑆̆ such that 𝑟 ∈ 𝑆̆ ⊂ 𝐻̆. So by hypothesis 𝑇̆ ∩ 𝑆̆ ≠ ∅ implies 𝑇̆ ∩ 𝐻̆ ≠ ∅ for every 𝑃̂-

open set 𝐻̆ containing 𝑟. Therefore, 𝑟 ∈ 𝑃̂𝑐𝑙(𝑇̆) by Corollary 4.24. 

Definition4.26. In the context of a topological space  (𝑊̆, 𝜌). A subset 𝑇̆ is defined to be 𝑃̂-

dense in 𝑊̆ if the 𝑃̂-closure of 𝑇̆ equals 𝑊̆, denoted as 𝑃̂cl(𝑇̆) = 𝑊̆. This implies that 𝑇̆ is 

sufficiently spread out within 𝑊̆ such that its 𝑃̂-closure encompasses the entire space 𝑊̆. As a 

straightforward example, the set 𝑊̆ itself is inherently 𝑃̂-dense in 𝑊̆ because 𝑃̂cl(𝑊̆) = 𝑊̆. 

Additionally, the set of rational numbers ℚ is 𝑃̂-dense in the set of real numbers ℝ, as 𝑃̂cl(ℚ) =

ℝ. 

When considering the finite complement topology 𝜌 on ℝ, it is observed that every infinite 

subset of ℝ is 𝑃̂-dense in ℝ. 

Theorem4.27. A subset 𝑇̆ of a topological space  (𝑊̆, 𝜌) is 𝑃̂-dense in 𝑊̆if and only if for every 

nonempty 𝑃̂-open subset 𝑌̆ of 𝑊̆, 𝑇̆ ∩ 𝑌̆  ≠  ∅. 

Proof: Suppose 𝑇̆ is 𝑃̂-dense in 𝑊̆and 𝑌̆is a non empty 𝑃̂-open set in 𝑊̆. If 𝑇̆ ∩ 𝑌̆ = ∅, then 𝑇̆ ⊂

𝑊̆\𝑌̆ implies that 𝑃̂𝑐𝑙(𝑇̆) ⊂ 𝑊̆\𝑌̆ since 𝑊̆\𝑌̆ is 𝑃̂-closed. But then 𝑊̆\𝑌̆ ⊂ 𝑊̆ contradicts that 

𝑃̂𝑐𝑙(𝑇̆) = 𝑊̆ [since 𝑃̂𝑐𝑙(𝑇̆) ⊂ 𝑊̆\𝑌̆ ⊂ 𝑊̆]. Conversely; assume that 𝑇̆ meets every non-empty 

𝑃̂-open subset of 𝑊̆. Thus the only 𝑃̂-closed set containing 𝑇̆ is 𝑊̆ and consequently, 𝑃̂𝑐𝑙(𝑇̆) =

𝑊̆. Hence 𝑇̆ is 𝑃̂-dense in 𝑊̆. 

Theorem4.28. In a topological space (𝑊̆, 𝜌).  

i. Any set 𝐶̆ containing a 𝑃̂-dense set 𝐷̆ is a 𝑃̂-dense set. 

ii. If 𝑇̆ is a 𝑃̂-dense set and 𝑌̆ is 𝑃̂-dense on 𝑇̆, then 𝑌̆ is also a 𝑃̂-dense set. 

Proof: (i) Since 𝐷̆ ⊂ 𝐶̆, then 𝑃̂𝑐𝑙(𝐷̆) ⊂ 𝑃̂𝑐𝑙(𝐶̆). But 𝑃̂𝑐𝑙(𝐷̆) = 𝑊̆ hence 𝑊̆ ⊂ 𝑃̂𝑐𝑙(𝐶̆) also 

𝑃̂𝑐𝑙(𝐶̆) ⊂ 𝑊̆ so that 𝑃̂𝑐𝑙(𝐶̆) = 𝑊̆. Thus 𝐶̆ is 𝑃̂-dense in (𝑊̆, 𝜌). 
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(ii) Since 𝑇̆ is 𝑃̂-dense, 𝑃̂𝑐𝑙(𝑇̆) = 𝑊̆. Also 𝑌̆ is 𝑃̂-dense on 𝑇̆, then 𝑇̆ ⊂ 𝑃̂𝑐𝑙(𝑌̆). Thus 𝑃̂𝑐𝑙(𝑇̆) ⊂

𝑃̂𝑐𝑙(𝑃̂𝑐𝑙(𝑌̆)) = 𝑃̂𝑐𝑙(𝑌̆) ( By closure property). Then 𝑃̂𝑐𝑙(𝑇̆) ⊂ 𝑃̂𝑐𝑙(𝑌̆) this implies that 

𝑐𝑙(𝑊̆) = 𝑃̂𝑐𝑙(𝑇̆) ⊂ 𝑃̂𝑐𝑙(𝑌̆). Thus 𝑌̆ is 𝑃̂-dense in (𝑊̆, 𝜌). 

Definition4.29. Let (𝑊̆, 𝜌) be a topological space. A subset 𝑀̆ ⊂ 𝑊̆ is referred to as a 𝑃̂-

neighborhood of a subset 𝑇̆ ⊂ 𝑊̆ if there exists an 𝑃̂-open set 𝐻̆ such that 𝑇̆ ⊂ 𝐻̆ ⊂ 𝑀̆. 

Specifically, when 𝑀̆ = {𝑟} for some 𝑟 ∈ 𝑊̆, the set 𝑀̆ is designated as a 𝑃̂-neighborhood of the 

point 𝑟. 

Proposition4.30. Let 𝑊̆ be a space and let 𝑇̆, 𝑌̆ ⊂ 𝑊̆, then: 

i. If 𝑇̆ ⊂ 𝑌̆, where 𝑇̆ is 𝑃̂-neighborhood of 𝑟 ∈ 𝑊̆, then 𝑌̆ is also 𝑃̂-neighborhood of 𝑟. 

ii. Intersection of two 𝑃̂-neighborhoods is also 𝑃̂-neighborhood. 

iii. An arbitrary union of 𝑃̂-neighborhoods of a point 𝑟 ∈ 𝑊̆ is also 𝑃̂-neighborhood of 𝑟. 

iv. 𝑇̆ is 𝑃̂-open set if and only if is 𝑃̂-neighborhood of each of it′s points. 

Proof: The proofs are clear by definition 4.29. 

Definition4.31. A point 𝑟 ∈ 𝑊̆ is said to be an 𝑃̂-interior point of a subset 𝑇̆ of 𝑊̆, if there exists 

an 𝑃̂-open set 𝐻̆ containing 𝑟 such that 𝑟 ∈ 𝐻̆ ⊂ 𝑇̆. The set of all 𝑃̂-interior points of 𝑇̆ is said to 

be 𝑃̂-interior of 𝑇̆. 

     As a direct consequence of the definition we get: 

Proposition4.32. Let 𝑇̆ be any subset of a space 𝑊̆. If a point 𝑟 is in the 𝑃̂-interior of 𝑇̆, then 

there exists a pre-closed set 𝑆̆ of 𝑊̆ containing 𝑟 such that 𝑆̆ ⊂ 𝑇̆. 

Proof: Let 𝑟 ∈ 𝑃̂𝑖𝑛𝑡(𝑇̆). The point 𝑟 is 𝑃̂-interior of 𝑇̆ if and only if 𝑇̆ is 𝑃̂-neighborhood of 𝑟, 

then there exists an 𝑃̂-open set 𝐻̆ such that 𝑟 ∈ 𝐻̆ ⊂ 𝑇̆, that is there is a pre-closed set 𝑆̆, such 

that 𝑟 ∈ 𝑆̆ ⊂ 𝐻̆, this implies that 𝑟 ∈ 𝑆̆ ⊂ 𝑇̆. 

The subsequent theorem elucidates several characteristics of 𝑃̂-interior operators on a given set. 

Theorem4.33. For any subset 𝑇̆ of a topological space (𝑊̆, 𝜌), the 𝑃̂-interior of 𝑇̆ is the union of 

all 𝑃̂-open sets contained in 𝑇̆. 

Proof: The proof is clear by definition 4.31. 

Proposition4.34. Let (𝑊̆, 𝜌) be a topological space and let 𝑇̆, 𝑌̆ ⊂ 𝑊̆, then: 

1. 𝑃̂𝑖𝑛𝑡(∅) = ∅ and 𝑃̂𝑖𝑛𝑡(𝑊̆) = 𝑊̆. 

2. 𝑃̂𝑖𝑛𝑡(𝑇̆) = 𝑇̆\𝑃̂𝐷(𝑊̆\𝑇̆). 
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3. 𝑃̂𝑖𝑛𝑡(𝑇̆) is the largest 𝑃̂-open set contained in 𝑇̆. 

4. If 𝑇̆ ⊂ 𝑌̆, then 𝑃̂𝑖𝑛𝑡(𝑇̆) ⊂ 𝑃̂𝑖𝑛𝑡(𝑌̆). 

5. 𝑇̆ is 𝑃̂-open if and only if 𝑇̆ = 𝑃̂𝑖𝑛𝑡(𝑇̆). 

6. 𝑇̆ is 𝑃̂-neighborhood of 𝑟 ∈ 𝑊̆ if and only if 𝑟 ∈ 𝑃̂𝑖𝑛𝑡(𝑇̆). 

7. 𝑃̂𝑖𝑛𝑡 (𝑃̂𝑖𝑛𝑡(𝑇̆)) = 𝑃̂𝑖𝑛𝑡(𝑇̆). 

8. 𝑃̂𝑖𝑛𝑡(𝑇̆ ∩ 𝑌̆) = 𝑃̂𝑖𝑛𝑡(𝑇̆) ∩ 𝑃̂𝑖𝑛𝑡(𝑌̆). 

9. 𝑃̂𝑖𝑛𝑡(𝑇̆ ∪ 𝑌̆) ⊃ 𝑃̂𝑖𝑛𝑡(𝑇̆) ∪ 𝑃̂𝑖𝑛𝑡(𝑌̆). 

10. Let {𝑇̆𝑘, 𝑘 ∈ 𝛻} be a family of subsets of a topological space (𝑊̆, 𝜌), then 

∪𝑘∈𝛻 𝑃̂𝑖𝑛𝑡 (𝑇̆𝑘) ⊂ 𝑃̂𝑖𝑛𝑡 (∪𝑘∈𝛻 𝑇̆𝑘). 

Proof: Straightforward. 

        In general 𝑃̂𝑖𝑛𝑡(𝑇̆ ∪ 𝑌̆) ≠ 𝑃̂𝑖𝑛𝑡(𝑇̆) ∪ 𝑃̂𝑖𝑛𝑡(𝑌̆) as shown in the following example: 

Example4.35. Let 𝑊̆ = {𝑎, 𝑏, 𝑐, 𝑑} and 𝜌 = {𝑊̆, ∅, {𝑐}, {𝑎, 𝑏}, {𝑎, 𝑏, 𝑐}, {𝑎, 𝑏, 𝑑}} = 𝑃̂𝑂(𝑊̆, 𝜌). 

Let 𝑇̆ = {𝑎, 𝑏, 𝑐}, 𝑌̆ = {𝑐, 𝑑} and 𝑇̆ ∪ 𝑌̆ = 𝑊̆, then 𝑃̂𝑖𝑛𝑡(𝑇̆) = {𝑎, 𝑏, 𝑐}, 𝑃̂𝑖𝑛𝑡(𝑌̆) = {𝑐}. So 

𝑃̂𝑖𝑛𝑡(𝑇̆) ∪ 𝑃̂𝑖𝑛𝑡(𝑌̆) = {𝑎, 𝑏, 𝑐} and 𝑃̂𝑖𝑛𝑡(𝑇̆ ∪ 𝑌̆) = 𝑊̆. Therefore, 𝑃̂𝑖𝑛𝑡(𝑇̆) ∪ 𝑃̂𝑖𝑛𝑡(𝑌̆) is a 

proper sub set of 𝑃̂𝑖𝑛𝑡(𝑇̆ ∪ 𝑌̆). Hence 𝑃̂𝑖𝑛𝑡(𝑇̆) ∪ 𝑃̂𝑖𝑛𝑡(𝑌̆) ≠ 𝑃̂𝑖𝑛𝑡(𝑇̆ ∪ 𝑌̆). 

The statement that the converse in (10) is not generally true can be illustrated by the following 

example: 

Example4.36. Let 𝑊̆ = {𝑎, 𝑏, 𝑐, 𝑑} with topology 𝜌 = {∅, 𝑊̆, {𝑐}, {𝑎, 𝑏}, {𝑎, 𝑏, 𝑐}, {𝑎, 𝑏, 𝑑}}, then 

𝑃̂𝑂(𝑊̆) = {∅, 𝑊̆, {𝑐}, {𝑎, 𝑏}, {𝑎, 𝑏, 𝑐}, {𝑎, 𝑏, 𝑑}}. Let 𝑇̆1 = {𝑎}, 𝑇̆2 = {𝑏}, 𝑇̆3 = {𝑎, 𝑏}, 𝑇̆4 = {𝑎, 𝑐} 

and 𝑇̆5 = {𝑏, 𝑐, 𝑑} thus 𝑃̂𝑖𝑛𝑡(𝑇̆1) = ∅, 𝑃̂𝑖𝑛𝑡(𝑇̆2) = ∅, 𝑃̂𝑖𝑛𝑡(𝑇̆3) = {𝑎, 𝑏}, 𝑃̂𝑖𝑛𝑡(𝑇̆4) = {𝑐} and 

𝑃̂𝑖𝑛𝑡(𝑇̆5) = {𝑐}.Therefore, ⋃ 𝑃̂𝑖𝑛𝑡(𝑇̆𝑘)5
𝑘=1 = {𝑎, 𝑏, 𝑐} 𝑏𝑢𝑡 ⋃ 𝑇̆𝑘

5
𝑘=1 = {𝑎, 𝑏, 𝑐, 𝑑} and 

𝑃̂𝑖𝑛𝑡(⋃ 𝑇̆𝑘
5
𝑘=1 ) = {𝑎, 𝑏, 𝑐, 𝑑}. Therefore, 𝑃̂𝑖𝑛𝑡 (∪𝑘∈𝛻  𝑇̆𝑘) ⊄∪𝑘∈𝛻 𝑃̂𝑖𝑛𝑡 (𝑇̆𝑘). 

Lemma4.37. Let 𝑊̆ be a space and 𝑇̆ ⊂ 𝑊̆, then: 

1. 𝑊̆ ∖ 𝑃̂𝑖𝑛𝑡(𝑇̆) = 𝑃̂𝑐𝑙(𝑊̆ ∖ 𝑇̆). 

2. 𝑊̆ ∖ 𝑃̂𝑐𝑙(𝑇̆) = 𝑃̂𝑖𝑛𝑡(𝑊̆ ∖ 𝑇̆). 

3. 𝑃̂𝑖𝑛𝑡(𝑇̆) = 𝑊̆\𝑃̂𝑐𝑙(𝑊̆ ∖ 𝑇̆). 
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Proof: 3. Let 𝑟 ∈ 𝑃̂𝑖𝑛𝑡(𝑇̆), then 𝑃̂𝑖𝑛𝑡(𝑇̆) is itself an 𝑃̂-open set containing 𝑟 which is disjoint 

from 𝑇̆ and so 𝑟 ∉ 𝑃̂𝐷(𝑇̆𝑐). But 𝑟 ∉ 𝑇̆𝑐, 𝑟 ∉ 𝑃̂𝐷(𝑇̆𝑐). This implies that 𝑟 ∉ 𝑇̆𝑐 ∪ 𝑃̂𝐷(𝑇̆𝑐) thus 

𝑟 ∉ 𝑃̂𝑐𝑙(𝑊̆ ∖ 𝑇̆) then 𝑟 ∈ 𝑊̆\𝑃̂𝑐𝑙(𝑊̆ ∖ 𝑇̆). Hence 𝑃̂𝑖𝑛𝑡(𝑇̆) ⊂ 𝑊̆\𝑃̂𝑐𝑙(𝑊̆ ∖ 𝑇̆). 

Conversely; suppose that 𝑟 ∈ 𝑊̆\𝑃̂𝑐𝑙(𝑊̆ ∖ 𝑇̆) then 𝑟 ∉ 𝑃̂𝑐𝑙(𝑊̆ ∖ 𝑇̆) thus 𝑟 ∉ 𝑇̆𝑐 ∪ 𝑃̂𝐷(𝑇̆𝑐), so 

𝑟 ∉ 𝑇̆𝑐 and 𝑟 ∉ 𝑃̂𝐷(𝑇̆𝑐). Thus 𝑟 ∈ 𝑇̆ and 𝑟 is not a limit point of 𝑇̆𝑐. Thus there exists an open 

set 𝐿̆ containing 𝑟 such that 𝑇̆𝑐 ∩ 𝐿̆\{𝑟} = ∅. Since 𝑟 ∉ 𝑇̆𝑐, we have 𝑇̆𝑐 ∩ 𝐿̆ = ∅ and so 𝐿̆ ⊂ 𝑇̆. 

Thus 𝑟 ∈ 𝐿̆ ⊂ 𝑇̆ for some open set 𝐿̆and so 𝑟 belongs to the union of all open sets contained in 𝑇̆, 

which is 𝑃̂𝑖𝑛𝑡(𝑇̆). Thus 𝑊̆\𝑃̂𝑐𝑙(𝑊̆ ∖ 𝑇̆) ⊂ 𝑃̂𝑖𝑛𝑡(𝑇̆). Hence it follows that 𝑃̂𝑖𝑛𝑡(𝑇̆) =

𝑊̆\𝑃̂𝑐𝑙(𝑊̆ ∖ 𝑇̆). 

Definition4.38. For any subset 𝑇̆ of a space 𝑊̆, the set 𝑃̂𝑏(𝑇̆) = 𝑇̆\𝑃̂𝑖𝑛𝑡 (𝑇̆) is called the 𝑃̂-

boundary of 𝑇̆, and the set 𝑃̂𝐹𝑟(𝑇̆) = 𝑃̂𝑐𝑙 (𝑇̆)\𝑃̂𝑖𝑛𝑡 (𝑇̆) is called the 𝑃̂-frontier of 𝑇̆. 

Note that if 𝑇̆ is a 𝑃̂-closed subset of 𝑊̆, then 𝑃̂𝑏(𝑇̆) = 𝑃̂𝐹𝑟(𝑇̆), in general 𝑃̂𝑏(𝑇̆) ≠ 𝑃̂𝐹𝑟(𝑇̆). 

Example4.39. Given the set 𝑊̆ = {𝑎, 𝑏, 𝑐, 𝑑} with topology 𝜌 = {∅, 𝑊̆, {𝑎, 𝑏}, {𝑎, 𝑏, 𝑐}, {𝑎, 𝑏, 𝑑}}, 

we can derive the following: The set 𝑃̂𝑂(𝑊̆) is defined as 

{∅, 𝑊̆, {𝑎, 𝑏}, {𝑎, 𝑏, 𝑐}, {𝑎, 𝑏, 𝑑}}, then  𝑃̂𝐶(𝑊̆) = {∅, 𝑊̆, {𝑐, 𝑑}, {𝑑}, {𝑐}}. For the subset 𝑇̆ =

{𝑎, 𝑏}: 

1. 𝑃̂𝑖𝑛𝑡(𝑇̆) is {𝑎, 𝑏}. 

2. 𝑃̂𝑐𝑙(𝑇̆) is 𝑊̆. 

3. 𝑃̂𝐹𝑟(𝑇̆) is {𝑐, 𝑑}. 

4. 𝑃̂𝑏(𝑇̆) = ∅. 

Proposition4.40. The following assertions are true for a subset 𝑇̆ of 𝑊̆: 

1. 𝑇̆ = 𝑃̂𝑖𝑛𝑡(𝑇̆) ∪ 𝑃̂𝑏(𝑇̆). 

2. 𝑃̂𝑖𝑛𝑡(𝑇̆) ∩ 𝑃̂𝑏(𝑇̆) = ∅. 

3. 𝑇̆ is 𝑃̂-open set if and only if 𝑃̂𝑏(𝑇̆) = ∅. 

4. 𝑃̂𝑏 (𝑃̂𝑖𝑛𝑡(𝑇̆)) = ∅. 

5. 𝑃̂𝑖𝑛𝑡 (𝑃̂𝑏(𝑇̆)) = ∅. 

6. 𝑃̂𝑏 (𝑃̂𝑏(𝑇̆)) = 𝑃̂𝑏(𝑇̆). 
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7. 𝑃̂𝑏(𝑇̆) = 𝑇̆ ∩ 𝑃̂𝑐𝑙(𝑊̆\𝑇̆). 

8. 𝑃̂𝑏(𝑇̆) = 𝑇̆ ∩ 𝑃̂𝐷(𝑊̆\𝑇̆). 

Proof: Obvious. 

Lemma4.41. For a subset 𝑇̆ of 𝑊̆, 𝑇̆ is 𝑃̂-closed if and only if 𝑃̂𝐹𝑟(𝑇̆) ⊂ 𝑇̆. 

Proof: Assume that 𝑇̆ is 𝑃̂-closed. The 𝑃̂𝐹𝑟(𝑇̆) = 𝑃̂𝑐𝑙(𝑇̆)\𝑃̂𝑖𝑛𝑡(𝑇̆) =  𝑇̆\𝑃̂𝑖𝑛𝑡(𝑇̆) ⊂ 𝑇̆. 

Conversely; suppose that 𝑃̂𝐹𝑟(𝑇̆) ⊂ 𝑇̆. Then 𝑃̂𝑐𝑙(𝑇̆)\𝑃̂𝑖𝑛𝑡(𝑇̆) ⊂ 𝑇̆ and so 𝑃̂𝑐𝑙(𝑇̆) ⊂ 𝑇̆ since 

𝑃̂𝑖𝑛𝑡(𝑇̆) ⊂ 𝑇̆. Noting that 𝑇̆ ⊂ 𝑃̂𝑐𝑙(𝑇̆), we have 𝑇̆ = 𝑃̂𝑐𝑙(𝑇̆). Therefore, 𝑇̆ is 𝑃̂-closed. 

Theorem4.42. The following claims hold for a subset 𝑇̆ of 𝑊̆: 

1. 𝑃̂𝑐𝑙(𝑇̆) = 𝑃̂𝑖𝑛𝑡(𝑇̆) ∪ 𝑃̂𝐹𝑟(𝑇̆). 

2. 𝑃̂𝑖𝑛𝑡(𝑇̆) ∩ 𝑃̂𝐹𝑟(𝑇̆) = ∅. 

3. 𝑃̂𝑏(𝑇̆) ⊂ 𝑃̂𝐹𝑟(𝑇̆). 

4. 𝑃̂𝐹𝑟(𝑇̆) = 𝑃̂𝑏(𝑇̆) ∪ (𝑃̂𝐷(𝑇̆)\𝑃̂𝑖𝑛𝑡(𝑇̆)). 

5. 𝑇̆ is 𝑃̂-open set if and only if 𝑃̂𝐹𝑟(𝑇̆) = 𝑃̂𝑏(𝑊̆\𝑇̆). 

6. 𝑃̂𝐹𝑟(𝑇̆) = 𝑃̂𝑐𝑙(𝑇̆) ∩ 𝑃̂𝑐𝑙(𝑊̆\𝑇̆). 

7. 𝑃̂𝐹𝑟(𝑇̆) = 𝑃̂𝐹𝑟(𝑊̆\𝑇̆). 

8. 𝑃̂𝐹𝑟(𝑇̆) is pre-closed. 

9. 𝑃̂𝐹𝑟(𝑃̂𝐹𝑟𝑇̆) ⊂ 𝑃̂𝐹𝑟(𝑇̆). 

10. 𝑃̂𝐹𝑟 (𝑃̂𝑖𝑛𝑡(𝑇̆)) ⊂ 𝑃̂𝐹𝑟(𝑇̆). 

11. 𝑃̂𝐹𝑟 (𝑃̂𝑐𝑙(𝑇̆)) ⊂ 𝑃̂𝐹𝑟(𝑇̆). 

12. 𝑃̂𝑖𝑛𝑡(𝑇̆) = 𝑇̆ \𝑃̂𝐹𝑟(𝑇̆). 

Proof: Straightforward. 

 

5. CONCLUSION 

In this paper, we introduced a new class of generalized open sets, called 𝑃̂ -open sets, in 

topological spaces. We showed that they form a topology, representing a stronger version of 

ordinary open sets. Their relationships with other generalized open sets were examined, and 

fundamental properties were established. We also defined related operators 𝑃̂-interior, 𝑃̂-closure, 
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and 𝑃̂-derived set, and studied their properties. These results show that 𝑃̂-open sets extend the 

theory of generalized open sets and enhance our understanding of topological structures. 

This work paves the way for further research on separation axioms, continuity, and other 

topological properties using 𝑃̂-open sets, with potential applications across topology. 
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 الخلاصة

 .المفتوحة ضمن إطار الطوبولوجيا العامة-𝑃̂ يقدمّ هذا البحث فئةً جديدة من المجموعات المفتوحة تعُرف باسم المجموعات

كما تم  .المجموعات المفتوحة الاعتياديةوالمفتوحة -𝜽  وتظُهر الدراسة أن هذه الفئة تولدّ طوبولوجيا تقع بين فئتي المجموعات

، مع بيان خصائصها 𝑃̂  المجموعة المشتقةو، 𝑃̂ ، والإغلاق𝑃̂ المؤثرات الطوبولوجية المرتبطة، وهي الداخلتعريف ودراسة 

 .الأساسية والعلاقات المتبادلة بينها، بما يساهم في تطوير نظرية المجموعات المفتوحة المعممة وتوسيع بنيتها الطوبولوجية
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