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ABSTRACT

This paper presents an efficient numerical technique for the approximate solution of multi-term integro-

differential equations using a new form of fractional cubic spline (FCS). The proposed method is
derived from a fractional boundary condition and a fractional continuity condition on a fractional spline,
expressed in matrix form. A detailed convergence analysis is provided, and sufficient conditions for
stability and error bounds of the method are established. Moreover, several numerical examples are
solved, and the results are compared with exact solutions and methods from previous papers, presented
in tables and figures. These comparisons demonstrate the efficacy and suitability of the suggested
fractional spline scheme for solving integro-differential problems, achieving higher accuracy with fewer

grid points. All computational results were obtained using Python 3.12.4.

Keywords: fractional calculus, integro-differential equations, fractional spline function, collocation

method, convergence analysis.

1. INTRODUCTION

A fundamental concept in mathematical physics, integral and integro-differential equations are
employed to express a range of ideas. Although it is impossible to cover all their applications,
this paper will emphasize their importance by focusing on certain instances. Many works of
literature have been dedicated to these equations since they are crucial to almost every area of
mathematical physics and applied mathematics. Usually, they belong to one of three categories:
Volterra, Fredholm, or Fredholm-Volterra integral equations. These equations represent a wide
range of physical processes, but they can sometimes be extremely difficult to solve analytically.
Fractional calculus is an extension of classical calculus that broadens the principles of
differentiation and integration to encompass non-integer (fractional) orders. In contrast to
integer-order operators, fractional derivatives inherently integrate memory and nonlocal
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effects, rendering them particularly suitable for modelling complex processes in physics,
engineering, biology, and finance. Consequently, fractional calculus has emerged as a powerful
mathematical tool for precisely characterizing systems exhibiting hereditary and anomalous
dynamic behavior. [1]-[8].

Because many complicated issues in a variety of domains lack analytical answers, numerical
approaches are essential for their analysis. As a result, scientists have developed and refined a
range of numerical methods. The Legendre wavelet method [4], the Tau method [5], Taylor-
series expansion [9], the hybrid function method [10], the modified Laplace Adomian
decomposition [11], the finite difference method [6],[12], the Haar function method [13],[14]
the Homotopy perturbation [15], and the differential transform [16] are a few interesting
techniques. The linear Fredholm and Volterra integro-differential equations have been
effectively solved using various numerical methods [7],[15],[17]-[21]. Researchers continue to
work on improving these techniques to enhance accuracy and efficiency. Hilmi et al. [22], for
example, have created a technique that offers accurate numerical solutions for fractional
differential equations.

Other research has concentrated on developing numerical technigques for solving Fredholm
integro-differential equations of both first and second order using non-polynomial cubic spline
functions and cubic splines [23],[24].

This work is structured as follows: in Sections 2 and 3, the researchers proposed a fractional
spline method (FSM) to solve integro-differential equations using a system of equations; in
Section 4, the error boundedness, convergence, and stability analysis of the fractional spline
model have been investigated; and in Section 5, numerical examples are presented to
demonstrate the applications and efficacy of the approach. A conclusion is provided in Section
6.

We will investigate the integro-differential equations, on the interval [a, b], as follows:

m
Sty = w60+ [ ke y@dz (1)
a=0 a

With a general initial condition.

N v@
; M = M (1.2)

Where ¢, v and k are known functions, « € N,u € C?[J,R], and ] = [a, b], y(x) needs to be
determined, which is an unknown solution function, while { € Z*,u(x) € C([a, b], R), and
K(x,z) € C(D,R),D = (x,z):a < x < z < b, are known, with n and u are real appropriate
constants Vj =0,1,2,..,m—1, and m is of arbitrary integer order ( meZ*).
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2. FRACTIONAL SPLINE MODEL AND MATRIX FORM

This section consists of a new fractional spline model to solve equation (1.1) approximately
by dividing the domain J into M — 1 sub-intervals, and M is an equally spaced mesh of points
Z4,Z3, ., Zyy Where z; = a; + h (his the step size),i = 0,1, ..., M — 1, as follows:

3
2

13 5 21
OO =) ale—x)h k=025 and > @1)
k=0
With the following boundary condition:
1 3 5
F(x) = ag(x; — x)° + a1(x; — x)z + as(x; — x)2 + as(x; — x)z = y;,
2 2 2
0 1 3 5
F(xiy1) = ag(xjer — x)° + a1(xipq — x)2 + as(xip1 — x)2 + as(xi41 — x)2 =
2 2 2
Yit1r (2.2)
1
FEa) = Zar (- 20 + 2Ly — ) + 2 as (x — x)? = U
2 3 4 5 16 5
(l) _ r 0 15\/— 2 _
F\2J(x41) —7a%(xi+1 x)” + a3(xz+1 X)) +—— as(xz+1 x;)* = Upys-
After solving the above system, we obtained the following:
Ao = Vi
2
ar =
2 \/_
a5 = % Diss = i) — o [70; + 803 23)
s h;, i i 3\/Eh i i
= Yierl ¥ = [U; + 20;,]
as = —[U; i+1]-
% h% Vi = Yi+1 3Th? i i+1
@ #G) : -
Using the continuity condition F;*" (x;) = F,% (x;), we obtained the following:
15vn
3Ui—1 + 19Ul + 8Ui+1 = ] (24)

h [Vis1 = Yi-1

From equation (2.4), we obtain M — 2 equations; therefore, to obtain a unique solution, we
need two additional equations. For this purpose, the fractional Taylor series was used:
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The Fractional Taylor Series

o

y® @z

(m) = Z__~T
yr@ L Thk—m+ D)’
Vr
3U;—1 +8Ujy1 = N [8Yi+2 — 8Yiy1 + 3y — 3yi1)
Vr
19U; +8U;41 = Wi [8yit2 + 11yiy — 19y].
Equation (2.4) can converted to a matrix form in the following:
o 8 0 - 0yhy o 1 o o
[3 19 8 -~ :||Uz] 0 1.0 1 o0
lo 3 19 - 0||U3|=r .
-~ 8 J : :
lo o 3 19lly,l O 0 -1 0 1
AU = rBY
_15Vw
where r = eV Hence,

U =r2Y, where Z = A" 1B,

3. METHODOLOGY

(2.5)

[uny

W N

o
<
<
+
=y
N — |

(2.6)

In many scientific studies, fractional spline functions are employed to investigate Volterra,
Fredholm, and mixed Volterra-Fredholm integral equations, as well as integro-differential
equations ( 1; 2; 3; 4; 5 ). The results of these studies have been quite positive. In this section,
the suggested techniques have been applied to approximate integro-differential equations.
By substituting equation (2.3) in equation (2.1), we obtained:

2 1 5 2 3
Fi(x) =y, +\/_EUi(x —x)2 + E Vi1 — il — 3Vh [7U; + 8U;41] | (x — x;)2
3.1)
4 8 2 4y i _
+ E Vi — Yis1] + e [U; +2Ui41] | (x —x)2+ 0(h*),i =0,1,...,. M

From substituting equation (3.1) in equation (1.1) we obtained:
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m b M-1 8'\
o
Z (aya(x]-) = v(xj) +f k(xj,z)y(z)dz = u(xj) + z f k(xj,z)Fl-(z)dz -
a=0 a i=0 ~@ é
)+ [ 00.2) |+ = 208 + | Dt = i) = s 70+ 80| o= 205
= U x- x.’Z . — . Z — Z. — . — . — — . . Z — Z :
j . j Vi = i i h% Yi+1 — Vi 3vrh i i+1 i
Vg
4 8 5 \ &
+ E i = yisal + Vah [U;i + 2U;41]| (z — 2))2| dz + O(h*) %
~
Z
w
4]

- v(xj)- _|_I:IZ: ] Lb k(x;,z)dz +I:IZO1 [% Ui] Lb k(xj,2)(z — zl-)%dz

M-1
5 b 3
T S o \Fh (70;+ 80| [kl 2)Cz = 22dz
1=0 _hE a
M-1 [ b
4 8 5 \
+ — Vi = Yisal + W[Ui + 2U;44] j k(x;,z)(z — z;)2dz + O(h*)
1=0 hi a
m M-1 M-1 M-1
. r 2 5
z Cay®(x5) = v(x) + [yila;; + _ﬁ”i bj; — ' 33’1 3\/—h i|Ci
a=0 =0 =0
M1+

|
=

+Z 53yl+1+ 10 l+1 +Z [53’1 8 Ui eji
i=0 Lh2 3V i=0 3Vmh? ‘
M-1 y
+ iUHl - iyi+1 fii + O(h*).
i=0 .3\/Eh2 h% "
Where

b
aj; =f k(xj,z)dz

b 1
bj; = f k(xj, z) (z — z;)2dz

3
C]rl = k(x]; Z)(Z - Zl)fdz = dj,i+1

b 5
e]:l = f k(x]; Z)(Z - Zl)idz = fj,l.+1
a

Let the matrix form of integral parts be:
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V1 Uy Y1 -
A=2,;,B=b;;,C=¢;D=dj,E=¢andF=f,V=| . [U= : Y=1" | Z
vM UM YM %
: = £
E‘ Z (aya(xo) i
&E a=1 y n
B M [3’ O(x0) y'(xo) -y (xo) >
L andy = | Gy G| e v - M(xl) 3
a=1 ~
T ly (XM) y (XM) M(XM)J (M z
N u %)
PRELCD
[ ~a=1
So, we obtain the following:
Y=v+ c/l+5(D C")+4(8 T)y+[ZB+ 2 8 (E+2F)|U
h2 ha Vi 3Vmh 3Vrh? :
Y=1[-P-000]V. (3.2)

i demmtlivnidi et e andes mi

T
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where Q = rZY, the exact solution of equation (3.1) is considered as follows:

3
[7U; + 8U44] ] (x — x;)2

2 1 5
+—=Ui(x —x)2 + |5 [V - Y] -

2
F;(x) =
l(x) yl \/E hi 3\/Eh

(3.3)

4 5
+|— [Y - Yi+1] + [Ul + 2Ui+1] (X' - .')Ci)E + 0(h4),l =01,.. M

8
W 3vrh?

where FF, Y and U are the exact solutions of F,y and U respectively.

4. ERROR BOUNDED, CONVERGENCE, AND STABILITY ANALYSIS

The suggested fractional cubic spline approach for solving generalized high-order Fredholm
integro-differential equations is examined in this section for error boundedness, convergence,
and stability. The discretization of the integral term and the truncation error of the spline
interpolation are used to generate an upper bound for the approximation error. It is
demonstrated that when the mesh size decreases, the numerical solution converges to the exact
solution under appropriate smoothness requirements on the exact solution. Additionally, the
stability of the resulting algebraic system is investigated, proving that the suggested approach
yields accurate and stable numerical results.
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Consider T;, which denotes the local truncation error linked to the j-th step in the numerical
approach equation (3.3). This error essentially measures the deviation between the exact
solution of the differential equation at that specific stage and the approximation generated by
the spline scheme fractional cubic spline. By doing so, we can make necessary adjustments to
enhance precision. To provide reliable and precise numerical responses, our main goal is to
minimize T;, especially when decreasing the step size. From equations (3.1) and (3.3), we
obtain:

efﬂm—ww)=m—yﬁ7%mh—MXx—nﬁ
5 2 3
+ E [(Yipr —y) — (Vi —y)] = ﬁ[ﬂﬂ]i —U;)+8(U;;, — Ul-+1]](x —x))2
4 8 5
+ g Y; —yi) = (Vi1 — Yigal + W [(U; = U) 4 2(U; 1 — Ui D] (x = x)Z + 0(hY)
i=01,.. M

where A is constant, e is the error function, and
le| = Ah* 4.1)
The following Truncation error is obtained by using the fractional Taylor series for x; :

1471 3 11 5) 1887 5 (4.2)
T; = [ﬁ h2xi(2) + [7] hzxi(Z) + [E] h2xi(3) + .-

Lemma 4.1. [26] Assume W be a square matrix with ||W|| < 1 then the matrix (I — W) is

. . . .- _ 1
invertible, in addition to || (I — W)~!|| < T,

Lemma 4.2. The matrix [I — P — Q,Q] is invertible if [P + Q,Q] < 1.
Proof. Let W: = P + Q,Q, from Lemma 4W be invertible, and

1T =P = Q0D o < NP W]l <1

1 -7+ Q0Qlle
Assume that k(x,z) is bounded on [a,b], the integral blocks A,B,C,D,E and F are
1 3 5
0 (hE) ,0 (hE) and O (hE) as given by their definitions, so
1P + QoCllec < 1Plleo + IQ0llool1Qlle0 < 1
So, [I — P — Q,Q] is invertible and equation (3.2) has a unique solution.

Theorem 4.3. Assume that v(x) € C*[J] and k(x,z) € C*[J] x J],J = [a,b], and

14 3
lello < —=hZx®.

\/E i
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Proof. From equation (4.1), we obtained:
IIF (%) — F(x)||loo < AR* (4.3)
By using equations (3.2), (3.3), and (4.2), we obtained the following:
[[—P—0Q,QlU=V+T, (4.4)
where U is the exact solution, by subtracting equation (4.4) from equation (3.2), we obtained:

e =[I —P — Q,Q] 1T}, By using equation (4.2) we obtained:

lelloo < I =P = Q001 lloo I Tl co- (4.5)
Then by using Lemma 4 and Lemma 4, we obtained:

el < Tl (46)
ST =P =001l

From equations (4.3) and (4.6), we obtained:

. . 14 3
1T = FOlloo < 1T @) = FOleo + IF () = F(®) |0 < Th%xf )
T

Hence, the one-and-a-half-order convergence orders were proved.
Theorem 4.4. The proposed spline scheme is unconditionally stable.

Proof. The Fourier stability principle is thought to dictate the structure of the solution to
equation (2.4), suppose a Fourier mode:

i
U; = Uie™,y; = y,e™™,
then

ool @7)
N e

where i = v/—1 and and 7 is spatial wave constant, w,(n) # 0, and after some simplification
15vn h
wo(m) = 24 (—4sin2 (%))

hz
w1(m) = 19 + 11cos(nh) + 5isin(nh)

So, equation (4.7) becomes:

(e
Il
S
=~

then

U] < w|Y]
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Thus, the proposed method is unconditionally stable.

5. NUMERICAL IMPLEMENTATION

This section applies the presented technique to solve integro-Fredholm differential equation
problems. By comparing graphs and tables of the proposed FCS method with the exact
solution, its accuracy and efficiency are demonstrated. The previously obtained values for
maximum

absolute errors are compared to the newly calculated values.

Example 5.1. Consider the integro-differential equation:
7
y®)(x) = sinx + x — J (x2)y'(z)dz
0

with initial conditions

y(0) = 1,y'(0) = 0,y"(0) = 1.

where y(x) = cos x is the exact solution, and this integro-differential equation is solved for
m=3,{(,=(={(,=0{=1anda=0,and b = % The numerical results of this example
in Table 1 present a comparison between the exact solution, the results obtained using the FCS

methods, and errors for M = 10, and Figure 1 includes the comparison between exact and
FSM solutions for M = 100 of Example 5.1.

Table 1: Approximation solutions by FCS method for Example 5.1 with M = 10.

Grid points | Exact FCS Method Absolute Error
0.0 1.0 1.0 0.0

0.1 0.9950041652780258 | 0.9982604944109351 | 3.3 x 1073
0.2 0.9800665778412416 | 0.9927645657489346 | 1.3 x 1072
0.3 0.955336489125606 0.9832253441018365 | 2.8 x 1072
0.4 0.9210609940028851 | 0.9693493935248303 | 4.8 x 1072
0.5 0.8775825618903728 | 0.9513431519575047 | 7.4 x 1072
0.6 0.8253356149096783 | 0.7962738942672349 | 2.9 x 1072
0.7 0.7648421872844885 | 0.6774695312814130 | 8.7 x 1072
0.8 0.6967067093471655 | 0.6554938670177460 | 4.1 x 1072
0.9 0.6216099682706645 | 0.6323294441273820 | 1.1 x 1072
1.0 0.5403023058681398 | 0.6076373366584500 | 6.7 X 1072
L.S.E. 2.4 x 1072
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1.000 4 —a— Exact Solution
—— Numerical Solution (FCS)

0.999

0.998 A

0.997 A

0.996 -

0.995 A

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0
Solutions

Figure 1:Comparison between exact and FSM solutions for M=100 of Example 5.1.

Example 5.2. [13] Consider the integro-differential equation:

1
y'(x) =xe*+e*—x +f (x2)y(z)dz
0

with initial condition

y(0) = 0.

where y(x) = xe* is the exact solution, and this integro-differential equation is solved for
m=1,{,=0,{;; =1anda =0, and b = 1. The numerical results of this example in Table
2 present a comparison between the exact solution, the results obtained using the FCS methods,
the errors, and the best results reported in [6] for M = 10, and Figure 2 includes the
comparison between exact and FSM solutions for M = 100 of Example 5.2.
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0.08 A

0.06 -

0.04

0.02 A

0.00 -

—a— Exact Solution
—— Numerical Solution (FCS)

T T
0.0 0.2

T T
0.4 0.6
Solutions

T
0.8

T
1.0

Figure 2:Comparison between exact and FSM solutions for M=100 of Example 5.2.

Table 2: Approximation solutions by FCS method for Example 5.2 with M = 10.

pcgir:](:s Exact FCS Method At;?(l;;te Bff;]' n
0.0 0.0 0.0 0.0 >X 1075
0.1 0.11051709180756478 | 0.11043063019798612 | 8.6 x 10~° | 1.0 x 1072
0.2 0.244280551632034 0.24419639118293102 | 8.4 x 107> | 2.8 x 1072
0.3 0.404957642272801 0.4017193245112236 32x1073 | 51x1072
0.4 0.5967298790565082 0.5969277062872085 1.9x107* | 7.6 x1072
0.5 0.8243606353500641 0.829945279548355 5.6 X 1073 | 9.7 x 1072
0.6 1.0932712802343052 1.09289978451074 3.7x107* | 1.1x 1071
0.7 1.4096268952293336 1.4154647182771574 58x 1073 | 1.0x 1071
0.8 1.780432742793974 1.7805771254468958 1.4x107* | 7.0x 1072
0.9 2.2136428000412542 2.2128115861087827 83x107* | 1.0 x 1072
1.0 2.7182818284590446 2.719203978671292 9.2x107* | 1.6 x 1071

L.S.E. 7.6 X 107>
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Example 5.3. [25] Consider the integro-differential equation:

with initial condition

X 1
y'(x)=1- §+f xty(t)dt
0

y(0) = 0.

where y(x) = x is the exact solution, and this integro-differential equation is solved for m =
1,{,=0,(G =1anda =0, and b = 1. The numerical results of this example in Table 3
present a comparison between the exact solution, the results obtained using the FCS methods,
errors, and the best results reported in [25] for M = 10, and Figure 3 includes the comparison
between exact and FSM solutions for M = 10 of Example 5.3. Also, figure 4 includes the
comparison of absolute errors with M = 10 for all examples.

Table 3: Approximation solutions by FCS method for Example 5.3 with M = 10.

pC;:’:]Ctis E)f[ac FCS Method Atésrch(l)lite Best in [25]
0.0 0.0 0.0 0.0 0.0
0.1 0.1 0'1009475324872566 9.5x 107* 1.7 x 1073
0.2 0.2 0.2004329808837825 | 4.3x107* | 6.1x 1073
0.3 0.3 0.299847030694684 1.5x107* | 1.3x 1072
0.4 0.4 0.4005806470822501 58x107* | 2.3x 1072
0.5 0.5 0.4998379236449176 1.6 x107* | 3.5x 1072
0.6 0.6 0.5990187125521584 9.8 x 10~* 6.7 x 1072
0.7 0.7 0.6995159166929457 48x10™* | >1073
0.8 0.8 0.7999361193393252 | 6.4x 107> | 8.6 x 1072
0.9 0.9 0.8992329260779701 7.7 x 1074 1.1x 1071
1.0 1.0 1.0005432866379858 5.4 x107* 1.3x 1071

L.S.E 3.6 x 107°
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Figure 3: Comparison between exact and FSM solutions for M = 10 of Example 5.3.

6. CONCLUSION

In this work, a new numerical scheme is proposed to solve multi-term integro-differential equations
using a new form of spline function with fractional order in matrix form. Some helpful lemmas and
theorems have been established to facilitate the investigation of convergence analysis. The researchers
designed a Python program to precisely describe the procedure, and the results presented in tables and
figures demonstrate that the suggested strategies are comparable to the previous approaches. Future
work will concentrate on expanding the proposed fractional cubic spline framework to encompass
higher-dimensional challenges and adaptive mesh techniques. Furthermore, its applicability to a broader
category of fractional differential equations and practical models will be examined, accompanied by a
comprehensive investigation of convergence and stability, making it appropriate for complex

engineering and scientific modeling.
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