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ABSTRACT

Background: The Interacting boson model (IBM-2) Has been applied to study the effect of nuclear structure
properties on the spectral features of %Mo and 1%Zr isotones which have neutron number N=64._
Materials and Methods: The Interacting Boson Model (IBM-2) was applied to analyze the deviation AR
from ideal behavior, for the U(5) to SU(3) and the weight of each determination in each nucleus. The energy
ratio R(4/2), (E03 /EOT) shape coexistence, the effective nuclear deformation parameter y,rr and the
isovector balance (IVV) have been determined to confirm the approach to rotational distortion. Electric
guadrupole transition probabilities B(E2) and magnetic dipole transition probabilities B(M1) have been
checked.

Results: The effective nuclear deformation parameter y.¢ < 0, in*®Mo and'®Zr was negative, stay away
from zero. The isovector balance (IV) describes the relationship between the proton yp and neutron y,
parameters within the IBM-2 framework, in Mo and'%Zr, it was found to reinforce the idea of
transitioning from vibrational to rotational behavior, this applies perfectly to the results of electrical
transition ratios (R, R' and R"). The energy level sequences and ratios indicated that the ®Moand 1%Zr
are transitional nuclei between vibrational U(5) and rotational SU(3) symmetries. Collective states
associated with proton-neutron symmetry and symmetry mixing play an important role in studying
collective nuclear properties by changing the Majorana parameter (¢,) showed a significant impact was
shown on determining the mixing locations of some levels , 23, 4%, 63 and 1§ while other levels remained
unaffected and their values remained constant at specific values, such as the levels 23 3 and 57 in 1Mo
and 1°4Zr. No experimental values of the 17 level are available.

Conclusion: The study shows that the Mo and %Zr isotones exhibit transitional behavior between the
vibrational and rotational symmetries, with a clear tendency toward rotational deformation. The negative
values of the effective nuclear deformation parameter x.rr and the isovector balance emphasize the
importance of proton-neutron symmetry in describing the collective properties of these isotones.
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INTRODUCTION

A fundamental component of nuclear physics, the Interacting Boson Model (IBM) provides a
straight forward but effective depiction of intricate nuclear interactions. It focuses on the collective
behavior of paired nucleons (protons or neutrons) as opposed to their individual dynamics, treating
them as bosons. Nucleons are divided into two primary boson kinds in this model s-bosons (spin
0) and d-bosons (spin 2). IBM is a vital tool for researching medium and heavy nuclei since these
acts as building blocks to simulate nuclear energy levels, collective excitations, and shape
transformations [1]. Atomic nuclei are known to exhibit changes in their levels of energy and
electromagnetic rates of transition when the number of protons (or neutrons) is altered, which
causes the shape to change from one type of collective behavior to another [2]-[4] In recent
decades, there has been a notable. emphasis on the study of dynamical symmetries due to their
remarkable ability to reveal the properties of complex systems [5],[6]. The interacting boson model
(IBM) is a theoretical framework that uses interacting bosons to explain collective nuclear states.
The IBM models nuclei as a system of interacting bosons that depict the behavior of nucleons as
a whole. A Hamiltonian that incorporates numerous symmetries is used by the bosons to interact
[5]. Given that the Hamiltonian can be defined in terms of a group of generators that satisfy
particular Lie algebra, the IBM has the property of dynamical symmetry. Neutron-rich nuclei in
the 40 < 50 region have garnered theoretical and experimental interest throughout the past years.
%Mo and %4Zr nuclei show an evolution from vibration to near rotation [7],[8]. Such changes in
the degree of collectivity are even stronger in the zirconium isotopic. Many authors are interested
in the region of neutron excess nuclei at mass close to A-100 due to the detection of the phase
transition (from spherical to well deformed nuclei and from well deformed to gamma soft) [9].

MATERIALS AND METHODS

An additional development of the interacting boson model-1, is the interacting boson model-2.
Since the interacting boson model-2 can theoretically be constructed from the shell model, this
technique provides a microscopic foundation for the interacting boson model IBM-1,
representation of collective nuclear states. This advancement is predicated on the notion of
generalized fermion seniority [10],[11], has been presented by Arima et al [12]-[17]. A direct
physical explanation of the bosons as coupled pairs of particles with angular momentum J™* = 0
and J™ =2 has been provided by the model. Three components make up the Hamiltonian
operator U in interacting boson model-2: one for each of the proton U, and neutron U,, bosons,
and a third portion that describes the interaction between the two Vp, [18]-[20].

A simple schematic Hamiltonian that takes into account microscopic factors is provided by [18]-
[20]
U=¢(ng+ng)+KQp. Qv+ Vpp + Viy + Mpy cov v cee e e e (2)

where

Qs = (dbsp + shdp)3 + xp(dddp)2 P =P,V oo e v e (3)
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sTand d are the creation operators and s are d the annihilation operators, The Hamiltonian operator
U in the interacting boson model-2 consists of several terms, where ¢ represents the single boson energy
parameter, n ., and n . denote the proton and neutron d -boson number operators, respectively,  is the
quadrupole-quadrupole interaction strength parameter, @, and Q,, are the proton and neutron quadrupole
operators, V,, and V. describe the interactions between proton-proton and neutron-neutron bosons,

respectively, while Mp., represents the Majorana interaction. term between proton and neutron bosons.

1 1 (0)
Vg = Z > @L+ D2 [ dhO. [ d) D] o ()

L=0,2,4
Proton and neutron energies are represented by ¢, ¢, respectively, and are taken to be equal

gp = &, = &.The operators (sT,d™) represent creation operators, while (s, d) denote annihilation

operators. The Majorana operator Mp,,, represented by the final term in Eq.(2), is usually used to
remove states of mixed proton-neutron symmetry. This term can be written as [19]-[21]

Mpy = &,GIdf = dlsH®. o — dsp)® + Y (ddH® = (& d)® ... (5)
k=1,3

If there is experimental evidence for a so-called "mixed symmetry state,” the Majorana parameter
changes to ascertain where these states are located in the spectrum. The Hamiltonian Eq. (2) is
diagonalized to obtain the energy levels then permitting the parameters ¢, k, yp, ¥, and C; to
change until Eq. (2) yields the best fit to the experimental spectrum [21]. U(5) limit is when g >
K, SU(3) limit is when e «< x and yp = x, = —V7/2, and 0(6) limit is whene «< x and y, =
—xp. The majority of nuclei fall between two of these three limiting situations rather than strictly
falling into one of them. For a number of isotones, the IBM allows for a seamless transition
between the limiting instances. The form of the generic single boson transition operator of angular
momentum £ is identical to IBM, with the exception that each term must take into account P, v
the degree of freedom [22]-[26].

’
O = ayp8,,[dFs + §Td]§,2) + [?{;Jo[d'rd]g,) + Yorde0 [§T§]§,O) wFP=Porv...........(6)

For E2 operator [24],[25]

G P e N ) |

where Qy is the exact same as in Eq. (3) and a5, B, ¥, are the coefficients of the various terms in
the operators. ep, e, are boson effective charges that, depending on the boson number N, can
have any value that matches the experimental results. The nuclear structure affects the effective
charge values, however for the 0F and 2 states, the ratio e_/e, depends simply on the maximal
F — spin assumption. It is possible to get the two effective charges e, and e [27][29] by utilizing
boson number Np, N, and experimental B(E2;2F — 07) values for a series of isotones to
produce a graph between N, /Np and where described as letting £ = 1 in Eq.(6) yields the M1
operator, which is expressed as [21]- [25]

3.1 1 1
T = [Z12(gp L + 8, L5) e (8)

Where g, , g _are the boson g —factors in units of magneton Bohr py and Lgf) = \/10(d*d)§,1),
this operator can also be expressed as:
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3,11 1
FU = [RE (e +8,) (L) + L) +5 (g — 2,057 — L)) ... (9)

The previous Eq. can be stated as follows for the M1 transition, with the first term on the right is
diagonal:

FMD _ 77 [((ﬁd)g) — (wd)i”] () TR ¢ [1)

There are few experimental absolute B(M1) transitions available to support IBM estimates. Within
the dynamical symmetries U(5), SU(3) and O(6), the branching ratios of the decreased transition
probability for electric quadrupole transitions follow the following relations [12].

_ B(E2;41 - 21)

= 5@ 50N e (11)
B(E2; 23 - 2%
B A 1+) SRR ¢ V)
B(E2;27 - 07)
B(E2; 0% - 2%
" B 2 Z 1) N ¢ )
B(E2; 2} - o)
They can be expressed in terms of N, the total number of bosons [13]:
2(N -1
10
R R=R =00 SUB) o e (15)
10
R=R'< = R"=0: 0(6) ovvev e e et e e e e e e e (16)

The deviation from ideal behavior, AR for the SU(3) and O(6) using the following Eq..
AR = REP- ) — RIFCAL e e it e e e e (17)
then, the weight of each limit for these nuclei was evaluated using the Eq.

W(US) = (Rsys =~ Re)/(Rsya = Rus) oo (18)

W(SUB) = (R4/2 - RUS)/(R5U3 - Rus) ........................ (19)
The effective average nuclear deformation was calculated using the Eq.

ALP)?P *']Vv}(v

= v (20
Xeff Np + N, (20)

The Isovector balance (IV) was analyzed to study the relationship between the shape of
deformation parameters of protons yp and neutrons y, using the Eq. (21,22)[10],[16]. According
to the contribution of the boson number 1V, or without 1V,.

N, — N
Npxp + Ny xy
Vo = |xp — Xul/lxpl F1xw] e e e e (22)
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RESULTS AND DISCUSSION:

The isotones %Mo and 1%Zr have proton numbers 42 and 40 which are equivalent to (4 and 5)
hole proton boson numbers with neutron number 64 which is equivalent to (7) neutron particle
bosons. The interacting boson model-2 Hamiltonian have been employed to study the nuclear
structure of the 1®Mo and 1%Zr isotones through parameters which are listed in table (1). The
deviation from ideal behavior, AR, for the U(5) and SU(3) limits and the weight of each
determination in each nucleus was also determined using Eq. (17-19) as shown in figure(1). The
effective deformation parameter ., was calculated based on deformation parameters of protons
xp and neutrons y,. , which serves as a fundamental indicator for determining the nature of nuclear
deformation using Eq. (20),also the isovector balance according to the contribution of the boson
number IV, or without IV, was analyzed to study the relationship between the shape parameters
of protons yp and neutrons y, using Eq. (21,22) as shown in figure (2). Shape coexistence,(E07 /
E0T) and (E4/»,Es), and Eg /) limits was calculated as drawn in figure (3). The energy levels
computed with IBM-2 and the available experimental data are compared in figure (4).

Table 1: The parameters have been applied to 1Mo and %Zr isotones (in MeV) unless y in the interacting boson
model-2 Hamiltonian.

isotones The parameter

Ny | Np & K Xv xp $2 113 cy Cy
%Mo 7 4 1054 | -015 | -0.2 -0.5 0.04 -0.012 | -0.1,-0.3,0.03 | 0.01,0.02,0.01
1047r 7 5 (044 -0.16 | -0.2 -0.6 0.05 -0.012 | -0.1,-0.3,0.03 | 0.01,0.02, 0.03

15 U(SR(4/2) 2| | SU(3)R(4/2) ,3.33
1 1 — 1
0.5 ~—~ C 0.5
Cé O +———"—-————7—"""1——"7"—""T7T—""— % 0 '____0<;'__________'____
-0.5 -0.5 \w\‘
-1.5 -1.5
102 104 106 108 110 112 114 102 104 106 108 110 112 114
A A

——WU(5) B-WsU(3)

e o
o o =
b

U(5)-SU(3)

e @9
o N B

i

102 104 106 108 110 112 114
Mass number

Figure 1: The magnitude of the deviation from ideal behavior AR, between determinations U(5) and SU(3), and the
weighting of each determination
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Figure 3: Theoretical, and experimental [29],[30] energy ratios (E,/, , Es/, and Eg,) and shape
coexistence, (E03 /E0T) and B(E2) to the 27 level for 1Mo and %Zr isotopes as a function of mass numbers
respectively.
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Figure 4: Comparison of the estimated and experimental states [29],[30] for %Mo and 1®Zr isotones.
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Figure 5: Mixed symmetry states (MSS) for 1Mo and 1%Zr isotones.
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The parameters (effective charge) used to calculate the reduced electrical transitions B(E2), Eq.
(7) are listed in Table 2, with the calculated transition ratios from the Eq. (11-13). The calculated
B(E2) values were compared with available experimental data [29],[30] and presented in table (3).
In this table, E.V (Experimental Value) denotes the measured experimental values, while M.V

(Model Value) represents the values calculated using the adopted theoretical model.

Table2: The used effective boson charges in IBM-2 to calculate transition for %Mo and %4Zr isotones [27] and the

ratios of transitions R, R'and R ".

Isotones E2 effective boson charges R R’ R"
ep ey EV M.V EV M.V EV M.V
106Mo 0.18 0.05 1.37 142 | —- 0.103 | - 0.004
1047y 0.23 0.06 | ---- 1.41 | - 0.05 - 0.001

Table3: Comparison of the calculated electric quadruple transition probability B(E2) with the experimental data
[29],[30] for %Mo and *%4Zr isotones.

B(E2) values in (e?b?)
Isotones %Mo 9oZr
]}' - JF M.V EV M.V E.V
25 - 0f 0.316 0.304 0.524 0.523
4 > 2f 0.450 0.417 0742 |
67 > 4+ 0.490 0.387 0800 | -
8 > 6 0498 | 0807 |
2F > 2% 0032 | 0028 | -
The | _25-2% 0.0007 | - 0007 | -
2f > 0% 0006 | - 0002 | -
4 > 28 0.0009 | - 0001 |
4 S 2F 0001 | - 0002 |
4 S 2f 0.182 | - 0284 |
2 5 0% 0.028 | - 0.024 |
61 > 4% 0343 | - 0548 |
8% - 63 0398 | - 0.636 |
3f 5 2% 0448 | - 0793 |
5f > 4% 0206 | - 0381 |
7F > 6F 009 | = 0.187 |
4t > 2f 0114 | 0449 |
5 > 3+ 0270 | - 0441 |
7f > 5+ 0361 | - 0589 |
2F 51t 0020 | - 0035 |
25 > 1t 0.0009 | - 0001 | -
3F 5 1t 0001 | - 0001 |
45 > 4f 0.031 0030 |
2t > 0F 9511075 | - 687x107°5 |
4% - 2f 9.61x 1071 | - 1.16x10°¢ | = -

effective g-factors for proton g, and neutron g _for ‘%Mo and **zr isotones are g, = 0.3un and
g, = 0.45un, Eq. (10) has been used to determine the B(M1) transition probabilities, as shown in

Table (4).
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Table 4: Theatrical reduced magnetic transition probabilities B(M1) for %Mo and %4Zr. There are no experimental

values for comparison

: B(M1) (1)

isotones 12§Mo 1%Zr

Jf = Jf M.V EV M.V EV
2f > 17 0.004 | 0.005 |
25 - 17 0.0001 | = 564x 106 |
2t > 1 0.0001 | 0.0001 | -
27 - 2% 1.94x10°¢ | = - 4.79% 10°7 | =
23 > 23 26x107° | - 401x10°¢ | =
27 - 2% 8.07x10°¢ | - 479% 10°7 | =
3t 5 2f 6.58x 10 | 205x 106 | -
3t 528 0.0002 | 0.0003 | -
4 - 37 291077 | e 6.07x 108 | = ——
4% > 4F 6.57x 10 | 941x 10~7 |
5] > 4f 201075 | - 7.04x 1076 | -

CONCLUSIONS

In this study, the second interacting bosons model has been the most flexible nuclear model
because of its ability in the characterization of nuclei with complex composition in heavy mass
number nuclei. The Molybdenum®Mo and Zirconium %Zr nuclei with A = 106,104 exhibit
transitional respectively. The behavior of the nuclei ®®Mo was determined to be that of a
transitional nucleus between U(5) to SU(3) ,while 1%Zr nucleus exhibits a sharp morphological
transition from spherical U(5) to distorted shape SU(3), based on the ratio between the two states
(E03 /E0T) shape coexistence, or the existence of two different nuclear shapes-one spherical or
nearly spherical and the other deformed. The energy bands indicate the presence of a transitional
behavior from the vibrational limit to the rotational limit for nuclei 1Mo and®Zr. The energy
ratios and dynamic symmetry have been studied in the IBM-2. B(E2; 2 —» 07 ), which
represents the probability of an electric transition from the first excited state 27 to the ground state
07, is one of the most important structural properties in nuclear physics, the value of B(E2) in
spherical nuclei is usually small. In deformed nuclei, the value of B(E2) is very large, reflecting a
non-spherical charge distribution. Therefore, a high value indicates a nucleus with an irregular
shape, often elongated or oblate it means that a large number of nucleons are involved in the
transition, on the other hand small values, indicate behavior closer to single-particle behavior as
illustrated in Figure 3 a gradual transition toward collective behavior is observed in *%Zr isotopes,
which exhibit relatively larger values B(E2). The deviation AR from ideal behavior, for the U(5)
to SU(3) limits and the weight of each determination in each nucleus was also determined
confirming the approach to rotational distortion. The purpose of calculating the weights is to
represent the behavior of each nucleus as a mixture of vibrational (U(5)) and rotational (SU(3));
the ratio R(4/2) was used, which clearly reflects the type of collective structure of the nucleus and
the degree of deviation from the sequential ratio for each determination. The effective nuclear
deformation parameter y.rr was determined, where the value y.rr > 0 indicates the shape is
oblate (flat), while x.rr < 0, it is prolate (elongated ). Values close to zero indicate y-soft or
spherical/elastic, in 1°®Mo and*%“Zr the values are negative, and stay away from zero. The isovector
balance (IV) describes the relationship between the proton yp and neutron y, shape parameters
within the IBM-2 framework, y,and y, represent the shape of the proton and neutron components,
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i.e., the shape of the nucleus (spherical, unstable gamma, deformed). The relationship between
them gives what is known as the Isovector-Isoscalar balance. In IBM-2, the concept of Isovector
balance allows us to define two parts of the operator, the isoscalar part (reflecting the combined
collective motion of protons and neutrons),and the isovector (reflecting the difference or
asymmetry between the proton and neutron) components.The nucleus is said to achieve perfect
isovector balance if y,, = x., if x,, # x, said to achieve unbalanced contributions, transitional or
near-transitional change in form such as in 1Mo and!%Zr, They are found to reinforce the idea of
transitioning from vibrational to rotational behavior, this applies perfectly to the results of
electrical transition ratios (R, R' and R"). The energy level sequences and ratios indicated that the
1%Mo and 1%4zr are transitional nuclei between vibrational U(5) and rotational SU(3) symmetries.
Collective states associated with proton-neutron symmetry and symmetry mixing play an
important role in studying collective nuclear properties by changing the majorana parameter (¢,)
showed a significant impact was shown on determining the mixing locations of some levels , 23,
43,63 and 17 while other levels remained unaffected and their values remained constant at
specific values, such as the levels 23 37 and 57 in 1°®Mo and %4Zr. No experimental values of the
17 level are available.
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