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ABSTRACT

This paper investigates the degree of approximation analysis of a special class of functions characterized
by certain continuity conditions. The approximation of these functions is investigated using appropriate
mathematical techniques under certain constraints. By exploring the behavior of the function
approximation under different parameters, the study provides insights into the accuracy and limitations of
existing approximation methods. The results contribute to a deeper understanding of how such functions
can be approximated in preparation for their application in influential fields.

Keywords: Approximation analysis, special class of functions, Lip function, Fourier series, conjugate
function.

INTRODUCTION

Alexits presented his study on the degree of approximation of Lip functions by the Cesaro mean of their
Fourier series in the higher norm [1]. In a related vein, Das and Mohapatra extended Alexis's results by
considering the Lip function's Fourier series transform (Z, a, 0) [2]-[5] . In this paper, we seek to prove the
degree of approximation when the generating function satisfies a certain integration condition in preparation
for obtaining distinctive results.

Let the periodic function with period 4n be denoted by h and be integrable in the Lebesque sense over [-T, T].

Also, let the Fourier series associated with h at y be

1 [ee]
Zao + Z(ak cos ky + by sin ky)
k=1

And let the conjugate series be

[o0]

Z (bk cosky — ay siny)
k=1
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We know that

@y(t) = - [h(y + ) + h(y — t) — 4h(y)]

e B

Then we can write

500) ~h) =1 [ 2D sin i+ 3) a

0 sin4t
where sy (y) is the k — th partial Fourier series sum. The conjugate function h is given by:
h()—lfnh(+t) h t ttdt
y—4ﬂ0{y (y = O}coty

which is interpreted as a Cauchy integral.

LetAf‘l'B be defined by the power series expansion ;
Hap() = (1= 2)™ log (— EA“B(z)

where (a) is a fixed constant > 2 and a, $ are real numbers . We note the following results:

ng—l,ﬁ — (XA + BAaB 1

n(l
Af‘l'B T +1)(1ogn)6 (a#-1,-2,..)

~ B( D (a— 1)'n°‘(logn)3‘1, (a=-1,-2,...,
al3 :E: A(x 1,8 _ :E: A(x l,B

We writeA% = A%, It can be seen that

11 _ (loga (n=0)
Anll‘{1/n (n=>1)

We refer to og'ﬁ(h; y) the (Z, a, B)-transform of the Fourier series of f which is given by:

n
1 -

0P hsy) = =5 > A Ps )
n

The (Z, a, B) method is obtained called a generalized Cesaro-Harmonic mean. It may be noted that in the case

B =0, the (Z, a, B)- transform reduces to the familiar Cesaro (C, o) transform and in case a = 0, it reduces to a
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special Norlund transform (Ng). The case is the familiar Harmonic mean. In this regard, we review the

evidence and proofs that have been obtained:

Theorem 1:
Let
hy+0+h'(y—10=00n(®)

such that

T logF

f A(b) dt < o

O t

Then

1
0,1 _
I~ ol = 0 (o)

Let L,[0,2m], p = 1 be the class of all ph power integrable functions with its usual norm.
Let

K, =f{h € LyheLip(1,p)1<p<oe}
Ko = {h € c,p:h € Lip 1}

where C,, is the set of all periodic continuous functions.
If f € Lip(1,p),1 < p < oo, then it is known that f is equivalent to the indefinite integral of a function
belonging to Ly, [6], [7]. Thus if f € K,,, then b’ € L, (1 < p < o0)

Now we consider a subclass Kp for which

I8y +t) + B (y — ©) ll,= 0(A ()|

Auxiliary Results
Based on the following lemma we will to prove the next Theorems

We first write
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P, = alBP _AOLB

M, () =

n

1
Pn_kCOS (k + E) t
PnSinztk:()

Qu(®) = f " My (wdu
t

Lemma 2: Uniformly in0 <t<m

B
{ (e ) csoon
B
Qn(®) =4 log (%) 1

S 1
+0(1);W (=0, €R)

\

Proof: We know

p@) = ) P2"
n=0

which clearly converges for |z| < 1.

Now,
n 1 n
ZPkcos<n—k+2)u— eal{ n+ Z }
=0 k=0
= Real “* i {Z Pe 1ku Z Pke‘lk“}]
k=n+1
Thus,
TT
Qn(® = | My@idu
t
= Qn,l (t) = Qn,2 (t)
Where
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-1 . 1 .
Qu1(® = J(Pasinsu) - Real {e‘(“+z)“p(e—lu)} du,
-1 . 1 .
Qna2(®) = f (Pnsin%u) - Real {e‘(‘”i)“ Y&, Py e—lku} du,
we will compute the order estimation for Q,,  (t) based on, (see [8] )
1\. )
Real {e(n+ 2 P(e714)}

2__ a 1 2%
{log 2sin LI/Z + 4 (T[ u) } 2 1
= cos{ <n+—>u+9}
(ZSin%u)“ 2

So by use of second mean value theorem twice

2__2a 1 5%
{log 2sin U/Z + 4 (T[ U) } 2 1
= : 1 cos{ <n+§>u+6}
Pnsini(Zsiniu)oc

The application of the second mean-value theorem is valid as
- w e
{log® 2sin u/ ™= W

is slowly varying and (

e +1) is decreasing as t increases.

Thus, for some constant ¢ > n, we have

log? () 4(1T—t)

Qn,l (t) =0 Pnta+1n
_ (1°g(c/t) L,
logn nt*+1

As for compute the order estimation for Q,, ,(t) , there are two cases , where the case in which the values of

a=0,8>0, G,,(t) will be of the following form:

] p-1 1
(logn) >=0( )

Qn2(® =0 (nz (logn)Pt n2(logn) t
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But in the case where a = 0, € R, the value of Q,, ,(t), after making the required simplifications, is

according to the following formula:

- 1
Qn2(0) = ;) O(W)

Hence,

( o(m),azo,[bo

Qn,z(t)z{ :
keZ;}o((nsﬁ), a=0B€R

(logn)e 1
n?t? ) + 0(n_t)

Lemma 3: Let P, = A% ® 6 >0, then Qn2(t) = o(

Lemma4: Let P, = ;n , then for some constant c > m,

nlog
log log (€ 1
Qu2(t) = o (70 o
nt(log log n) nt(log log n)
The Main Results
Theorem 5:
Leth € K, such that
k B
T N(t) (logf)
f —— > dt< oo, B=0
ta+1
0
and
TA®D
J ta+1dt<°°' B<O
0
Then
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(rogm): =
. ol ———3) a, 0
) - oiP )] = { n(logn)
k 0 (;) , O(,B €ER
Proof:
By lemma 2

Leth € k,, by M.Riesz theorem [9-12]

hek,(1<p<w)->heLp- h € Lp and 5(h) = §(l:1) if P = oo, then —f+%a0 is equivalent to h.

since o (s;(h,x) —h)

‘;‘Ekcos (k + %) t

1™ . o A
-- (i +0-f+0) ),

.t
Zsmi

1™ . -
h) — o) = 5 | B+ 0+ G- )eu 0

Hence, by generalized Minknowki's Inequality

g _ 1 ("
ot <o
0

Case One: Leta = 0, > 0. Then

h'(y +1) +h'(y = 1) plQu()ldt

ws T A(Y) (log%)B
Ih®) —on" (M, =0 fo “n(logn)Pt

1 0 <f“ A(t)logB(c/t)> dt
0

n(logn)P t

0 1
<n<logn>ﬁ)

Ihe) - 83F ol

Case Two: Leta = 0,3 € R. Then

(1 (ma 1 ma) 1 at) 1 a()1ogP (¢/p)
—O(Hf;Tdt)+0(—fn—dt)+---+0( N dt)+0( N /tdt)

n2J0 ¢2 nr+1Jo tr+1 n“+1(logn)B 0 o+l
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B(c
For B >0 ’th a(®logP(¢/)

0 tot+1

dt < oo that implies f;%?dt<00for1 <asa+l

Hence , for the above result we obtain

( 1
”h(Y) - Gﬁ's(y)” _ Jo(m) aB>o0
P 0@)' o B €R

n

This completes the proof of Theorem 3.1. m

Note: for the case a = 0,3 = —6 for 6 > 0, it will be covered in the following theorem:

Theorem 6:
a(t 1
Leth € K, such that f;%dt < oo, then ”h(y) - GE(Y)HP =0(5)

Proof:

In the same manner as in proving theorem 5

|n) ~ 0¥ )| < 5= [l + 0~y - 0] Qu(oat

2T

And since h € K, we have by lemma 3

-

|=0(Lﬂ?dt>+o(%)f:@dt

0 -

Theorem 7:

C
Let h € K, such that f:wdt < oo, then

1) = 00 lIp = 0 oS ooy

Proof:

By lemma 4

1 P~ =
Ih) — on(hy) llp < o [A + 0~y ~ 0| QD
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0
o1 Ta(log log (%/;) o(1) Ta(t)
" n(log log n) 0 t n(loglogn)(logn) J, t
= 0(n logllog n) "

Conflict of interests.
There are non-conflicts of interest.

References

[1] F. Moricz and X. Shi, “Approximation to continuous functions by Cesaro means of double
Fourier series and conjugate series,” J. Approx. Theory, vol. 49, no. 4, pp. 346-377, 1987.

[2] G. Das, T. Ghosh, and B. K. Ray, “Degree of approximation of functions by their fourier
series in the generalized Holder metric,” Proc. Indian Acad. Sci. (Math. Sci.), vol. 106, no.
2, pp. 139-153, 1996.

[3] M. Kumar, B. A. Landon, R. N. Mohapatra, and T. Pradhan, “Degree of Convergence of
Some Operators Associated with Hardy-Littlewood Series for Functions of Class Lip (a., p),
p> 1. Harmonic Analysis and Applications,” pp. 205-241, 2021.

[4] K. Khatri and V. N. Mishra, “Degree of Approximation by theleft (T., E”, 1right) T.E 1
Means of Conjugate Series of Fourier Series in the Holder Metric,” Iranian Journal of
Science and Technology, vol. 43, pp. 1591-1599, 2019.

[5] N.K. Govil and R. N. Mohapatra, “Degree of convergence for a class of linear operators,”
in Analytic and Geometric Inequalities and Applications, Dordrecht: Springer Netherlands,
1999, pp. 135-150.

[6] C. Chesneau, “On Some Connections Between Hilbert and Hardy Type Integral
Inequalities,” Ann. Commun. Math., vol. 8, no. 3, pp. 363-378, 2025

[7] L. Deleaval, O. Guédon, and B. Maurey, “Dimension free bounds for the Hardy—
Littlewood maximal operator associated to convex sets,” Ann. Fac. Sci. Toulouse Math. (6),
vol. 27, no. 1, pp. 1-198, 2018.

[8] A. Brudnyi, “Two stars theorems for traces of the Zygmund space,” St. Petersburg Math.
J., vol. 34, no. 1, pp. 25-44, 2022.

[9] M. Carlsson and O. Rubin, “A Hilbert-space variant of Ger§gorin’s circle theorem,” Math.
Nachr., vol. 297, no. 8, pp. 3095-3106, 2024.

[10] A. A. Danielyan, “On Fatou’s theorem,” Anal. Math. Phys., vol. 10, no. 3, 2020.

[11] S. Debnath and S. Sen, “Completeness of exponentials and Beurling’s theorem on R n and
T n,” Banach Journal of Mathematical Analysis, vol. 17, no. 3, 2023.

[12] T. Ransford, “Negative powers of Hilbert-space contractions,” J. Funct. Anal., vol. 286,
no. 10, p. 110397, 2024.

Page | 326

ISSN: 2312-8135 | Print ISSN: 1992-0652

info@journalofbabylon.com | jub@itnet.uobabylon.edu.iq | www.journalofbabylon.com


mailto:info@journalofbabylon.com
mailto:jub@itnet.uobabylon.edu.iq
mailto:jub@itnet.uobabylon.edu.iq
https://www.journalofbabylon.com/index.php/JUB/issue/archive
https://www.journalofbabylon.com/index.php/JUB/issue/archive

JOURNAL OF UNIVERSITY OFBABYLON
A"Icle Eo‘r? Dure and AppheJ Sciences (JUBPHE)

Vol. 34;No. 2 | 2026 |

Py D T e

v .

T

s S

(o §

Py D T

T

o v o

T e

Cev fm

vé“v

STy ST VD I

-

Aasdal)
Jlgall o3 Cuyd dudys g Abma Aphaiad Jagydn i Jlgall (e dald B8 il st dspa 8 Adsal) A8 )ol) el G
) Auhall paii (ddlida julee b 8 Al Cupis ole CliSin) PAA (ag Baasa 298 Jla (8 dalie duialyy bl pladiuls

Bige Y lae (A Lhulail 12 Jlgall 038 i 2k Bacl pgh (8 ailial) aalidy LAl Cujiill 3yl agang 38y Joa 486

Ayl A e ysh Aledidia el A3 ¢Jlsall (pa Aalds A el (st :Aualidal) cilaldl)

Page | 327

ISSN: 2312-8135 | Print ISSN: 1992-0652

info@journalofbabylon.com | jub@itnet.uobabylon.edu.iq | www.journalofbabylon.com


mailto:info@journalofbabylon.com
mailto:jub@itnet.uobabylon.edu.iq
mailto:jub@itnet.uobabylon.edu.iq
https://www.journalofbabylon.com/index.php/JUB/issue/archive
https://www.journalofbabylon.com/index.php/JUB/issue/archive

