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Abstract

Resently Dr.R.P. Pathak and Shiv Kumar Sahoo in 2012 intrudes a new modified Szasz-Bernstein
—type operators, in the present paper, we introduce generalize Szasz- Bernstein- type operators
@B, (f; x), we proved that the operators are converge to the function being approximation. In addition,
we establish a Voronovaskaja- type asymptotic formula for this operators .
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1. Introduction

In [Deo et. al., 208 Introducing a new Bernstein type special operators

B,(f;x)

definedas: B,(f;x) = Yo Pnr()f (%)

where, Prr(x) = (1 + %)n (Z) xk (L - x)n_k ., 0<x<

n+1
n

(1)

n+1

Moreover, given the integral modification defined as:

Ly(f;x)

a1+ Y @ [ per® r @t (1.2)
o= 0

In (Mortici, 2009) defines a new class of linear positive operators which generalize
the Szasz-Mirakjan operators for the analytic function ¢: R — [0, ) and
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S,:C*([0,0)) » €*([0,0)) ,neN={123,..} as

€ cz( o,oo)) : (1.3)

Where €2([0,00)) = {f € €([0,00)) * limy_,o {Sc)z

If o(y) = e” , we have the classical Szasz-Mirakjan operators.

In (Pathak and Shiv, 2012) introduce the new modified operators as:

Bn(f;x)

“n(14d) ey @ fo Pa(®) F(Od (14)

k=0

Where, x, t € [0, —)
n+1

In this paper, we investigate the new sequence of linear positive operators
@B, (f; x) define as:

@B, (f;x) =

(p(nx) (

_n_
n+1

9]
) Z¢ © (”x)kj Pnk (8) f(B)dt. (1.5)

0
We will prove that the operators are converging to the function being approximation.

In addition, we discuss a Voronovaskaja- type asymptotic formula.

2. Preliminary Results
Lemma 1. [Morti2]

The ¢ Szasz-Mirakjan operators satisfies the following relation:

1)

oW (nx) X
(p(nx)Zk 0 (nx)*k =

» @ (nx)
@ (nx)

2.1)
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2) (nx)z" 04’( k('HX)( x)fk? =
) i S T )k =
n3x3 % 4 3022 % % 03
K <p(nx)z" 040( k(lnX)( x)*k* = n4x4%+6n3x3%+
+an
p(nx)
Lemma 2.

Forany x € [0,0) ,n € Nand e; = x',i = 1,2,3,4
the operators ¢B,, satisfies the following relations:

1) (an(eO;x) =
1

2) pBy(e;x) =

€h)
oM (nx) n 1]

ol
(n+1)(n+2) @(nx)

3) ¢B(eyx) =

»®(nx)

@(nx)

n3x3 »® (nx)

2.2 9@ (nx)
p(nx)

3

n2
n+1)2(n+2)(n+3) [ + 2]

n

4) @Bn(es;x) = (+1)3 (n+2)(n+3)(n+4) ()
18nx o)
¢ (nx)
6| (2.8)
. n* n4x 4 9™y

5) ¢Bnlesx) = m+D4(n+2)(n+3)(n+4)(n+5) o(nx) +1
7on2x2 L2200 | g 200
¢ (nx) @ (nx)

24] (2.9)

38

Tn2x 2 ¢ (nx)
@ (nx)

(2.4)

(2.5)

(2.6)

(2.7)

2 2 ¢P(nx)
@(nx)

6n3x 3<P( ) (nx)

@(nx)
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Proof.

1\ 2 - () (0) _n_
1) ¢Byeix) = == (1+7) Ti Ly 2 ()" [ pyi(D)dt

(€3]
@~ (0)
(p(nx)Zk o—k! (n x)

=1

1\2 oo ® (o _n
(1+23) 2m0 =L 0¥ [77 pus(Ot dt

2) (pB (el,x) K

(nx)
- i (14 Bt () (e

p(nx)

n—-k

x (L - t) dt
n+1

= (p(rrltx) ( ) Zk 0 tp(k)(O) ( )k né(n++12) (n:l-l)3

_n [ W (nx) 1]
T (n+1)(n+2) o(nx)

2 k)
3) @Balerin) = ot (142) Zio T2 () [T pas (067 dt

(12 B g () (e

p(nx) n
x (l - t)n_k dt

n+1

(€9) 4
_n ¢™(0) (0) ke (k+1)(k+2)
_<p(nx) (TL ) Zk =0 ( ) nn+2) (n+1)

_ n? 2.2 9@ nx) oW (nx)
- n+1)2(n+2)(n+3) [ @(nx) +4nx @(nx) + 2]

1% g0 #0(0) =
4) @By (e5x) = +2) B T () [+ (O dt

0t ) (e

(nx) (

- (p(::x) (1 + %)2 ZI?:O

w

x (i - t)n_k dt

n+1

_n 1\2 ¢ 9®(0) K (k+1)(k+2)(k+3) 5
_w(nx)(n ;) k=0 ( ) nn+2) (n+1)
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n3

3 3 (P( )(nx) 9n2x2 (p(z)(nx)
(n+1)3(n+2)(n+3)(n+4) @(nx) @(nx)

€))
18nx ¢ () + 6]
@ (nx)

1\2 @ 0®(0) . .
(nx)( +;) Y=o k! (nx) f0+1pn,k(t)t dt

= s (1+3) T 52 o 7 (52) () e

x (L - t)n_k dt

n+1

5)(PB (84! x)

_n 1\ @ 0®(0) i (k+ 1) (e+2) (k+3) (k+4) 6
_<p(nx)(n+_) 2k=0 k! ( ) nn+2) (n+1)

n* nty 4<p<>(n) 6n3x3 2 ®)(nx)

(n+1)4(n+2)(n+3)(n+4)(n+5) @(nx) @(nx)

) (1)
72n2x2 L0 | gy &0

@(nx) ¢ (nx) + 24]

Lemma 3.
For the operators @B, (f; x) get the following relation:
1) @B, ((t—x);x) =

(1)
nx(‘p (nx)—1>+(1—3x)] -2x

@(nx)

(n+1)(n+2) (2'10)
Ca2e ) — n? n 252 9@ (nx) M (nx)
2) 9B ((t = 0% %) = oo |1 (w(nx) e +1)+

n{(7-8 "’;;(";‘)) +(4 o ():;;‘) 2) x}+ ((17 —6 ;f((:j))xz —8x+ 2)]

+n(17x2 — 6x) +

6x2 (2.11)
3) @B ((t—x)%x) =

o() (2.12)
4) B, ((t—x)*x) =

o() (2.13)

Proof.
By little calculations, we get required results (2.10) to (2.13).
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3. Main Results
If the function ¢ verifies

oD _ . 0P _
16%) Y22 9@y)

1 (3.1

lim,,

Then the following convergence theorem holds:

Theorem 1.

Forf € C [O, %] the sequence of linear positive operators @B, (f;x) is
converges uniformly to f as n — o
Proof.
From (2.5), (2.6) and (2.7) we have:
@B,(eg;x) > ey  Uniformlyasn — o
@B,(e;;x) > e, Uniformlyasn — o

@B, (e;;x) > e, Uniformlyasn — o

Then from Korovkin theorem, we get:

@B, (f;x) = f Uniformlyas n — oo .

Remark. Taking (3.1) into account, for xe[O,% we  have

(€Y}
lim(m—1>=0

n-o \ @ (nx)
And
@ o)
lim (go (nx) ¢ | 1) =0
n-o \  @(nx) @ (nx)

In the following, we assume there exist y so that 0 < y < 1 and the function ¢

verifies the conditions:

)

lim n? ("’(p(—ig) - 1) = 0,(x) (3.2)
. 9@ (nx) oW (nx) _

hnm_);}y< () -2 e + 1) = 0g,(x) (3.3)

Where g, g, are functions and gy, 0,: [0,R) - o
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Theorem 2.
For f be an integrable bounded function on [0, %] and for £ exist at a
point

x € [0, %] then

M LB (f0) — F0O] = {7007 + (7 - 8L )2 4 (42200
@)
2) 2}
+Ho1(0)x + (1 =32} P (x)
Proof. By Tylor expansion for the function, f(t) we get:
F©) = £O) + (¢ = 0fP@) + 2 FO @) + (¢ - )%t~ x) (34)

Whereé(t—x) >0 as t—>x

So to give € > 0, there exist § > 0 such that |é(t —x)| <& whenever |t—
x| <6
Weill, if |x —t| > 6 then there exist K > 0 such that:

(t —x)?

£t -0l <K < K—

Then forany,t € [0 ] we have

(t—x)?
-0l =e+K—F% (3.5)

Now, applying ¢B,, on (3.2), we have

1 2 f(z)(x)
@B (f;2) = () + 9Ba((t — 2, )f P (x) + @B, ((t — )% %) ——

+<an((t —x)2§(t = x); x)

(€]
_ 2 (9P (nx) _ _
f( ) (n+1)(n+2) [Tl ( 1) + n(l 3x)

o (nx)

n 1 [ 4(<p(2)(nx)_ w(l)(nx)l
n+1)2(n+2)(n+3) @(nx) @(nx)
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2 (75 1 (g0

2)x)

n? {(17 - 6%) —8x + 2}

(2)
+n(17x? — 6x) + 6x2] fT(x)

_n_
n+1

( Z) o (nx) z (p(k)(O) (nx)* f P (O)(t — x)? E(t — x)dt

0

Multiplying by n, we get:
nlpB,(x) — f(x)]

(€Y)
n ' (nx)
= 2 -1 1—3x) —2x|fD
m+Dn+2)|" < o (1) ) Tl =3%) = 2x| ()
@ @
n 4 (P x) 9 (nx) 2
+ (n+1)2(n+2)(n+3) ( @(nx) @(nx) 1) x

+n3{(7 8"’;((”;6))96 +(4%—2)x}

n2 {(17 - 6%) — 8x + 2

()

+n(17x? — 6x) + 6x2 ] + nE,(t,x) (3.6)

_n_
n+1

®) (o
> (p(nx)ZQD 0 )(nx)kf pn.k(t)(t—x)zf(t—x)dt

0

1
n

E(tx)—n(1+

_n_
n+1

® (o
InEn (6, 2)] = { (1+2) (p(nx)z¢ Lot [ pu-v2e
\

0
- x)dtl

)

nfn(1+2) 200 20 () [ () — )7 €t -

x)Idt} (3.7)

Then, from (3.3) we have:

InE,(t,x)| < nepB,((t — x)2 x) +52 K @B, ((t —x)%)
<neo () +520(;2)
<e+5;0 (%)
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Let s =n~ 74 we get:
1
nE (t,x)| < e+K0(—)

Since ¢ is arbitrary and small, we get

|nE,(t,x)| - 0 asn -
- (3.8)

Then,

) , @ (nx)
lim,,, 1 [@B,(x) — f(x)] = limp,e (n+1;1(n+2) [nz ((p(p(nz;c - 1) +n(1—-3x) —
2x| FO )

() €Y
. n 4 (¢ (x) 9P (nx) 2
+Tllll€lo (n+1)2(n+2)(n+3) [n ( @(nx) 2 @(nx) | + 1) x

o (75 (450 ) )

+n? {(17 - 6%) —8x + 2}

@
+n(17x? — 6x) + 6x?] fT(x) + lim, e n E,(t, x)

from (3.2) ,(3.3) and (3.8) ,we get :

L 0B (f; %) — F(0)] = {o200x? + (7 - 8—"’;1)(”’”) x* + (4 D) _

n — oo (nx) @ (nx)

2) 280

+o1()x + (1 = 30} P (x)
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