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Abstract

In this paper we study a special case of the first triangular representation of the symmetric groups
when n=6 over a field K of characteristic p .
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I. Introduction

In 1962 H.K. Farahat studied the representation which deals with the partition 1 = (n — 1,1) of
the positive integer n and called it the natural representation of the symmetric groups [1].

In 1969 M. H. Peel renamed the natural representation of the symmetric groups by the first
natural representation of the symmetric groups and studied the second representation of the symmetric
group which deal with the partition A = (n — 2,2) of the positive integer n [Y].

In 1971 Peel introduced the r'"™ Hook representations which deals with the partitions A = (n —
r,17); r= 1. []

In 2016 we introduced the r'" triangular representations which deals with the partition A =
(n_mzl&’r + 1,r,...,1); r=1 ,and study the first of them which call it the first triangular
representation of the symmetric groups when p divides (n-1) [£].

Through this paper let K be the field of characteristic p and n=6.

Il. Preminaries
Definition 1: [Peel:1969] Let S, be the set of all permutations t on the set {x;,x,,....,x,} and

K[xy, X5, ..., x,] be the ring of polynomials in x;,x,,...,x, with coefficients in K. Then each
permutation T € S, can be regarded as a bijective function from K[x,, x5, ..., x,,] onto K[x, x5, ..., %]
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defined by (f(xy, %z, .., %,)) = fF(T(x1), T(x), ., T(x))V £ (31, X2, e, %) € K[X1, X3, .., %, ]. Then
KS, forms a group algebra with respect to addition of functions, product of functions by scalars and
composition of functions which is called the group algebra of the symmetric group S,,.

Definition2: [°] Let n be a positive integer then the sequence A = (44, 4,, ..., 4;) is called a partition
of n if M=2A=2=24 >0 and 1, + A, + -+ A4, =n. Then the set
D, ={,)Ni=12,..,;1<j<A} is called 2 —diagram .And any bijective function ¢: D; -
{x1, x5, ..., x,} is called a A-tableau. A A-tableau may be thought as an array consisting of [ rows and
A, columns of distinct variables t((i,j)) where the variables occur in the first A; positions of the i
row and each variable t((i,j)) occurs in the i" row and the j™ column ((i,j)-position)of the
array.t((i,j)) will be denoted by t(i, j)for each (i, ) € D,. The set of all A-tableaux will be denoted by
T,. i.e Ty = {t|tis a A — tableau}. Then the function g:T; — K[x4, x5, ..., x,] Which is defined by
g = lel'[;?il(t(i,j))i‘1 ,Vt €T,.is called the row position monomial function of Tj,and for
each A-tableau t, g(t) is called the row position monomial of t.So M(A) is the cyclic KS,, —module
generated by g(t) over KS,,. [°]

I11. The First Triangular Representation of S,,

In the beginning ,we define some denotations and state some theorems which we need them in this
paper.

1)Let oy (n)= Y x; .
2)Let O'Z(Tl):21si<jsn XiXj.

3)Let C;(n) = xf (0,(n) — X1 %, x)); 1 = 1,2, ...,n.
jl

We denote N to be the KS,module generated by c;(n) over KS,. The set
B = {C;(n)|i=12,..,n}isaK-basis for N = KS,C,(n) and dimyN =n.
4Let u;;(n) = ;) — CG(); i,j=12,..,n.

we denote N, the KS,, submodule of N generated by u,,(n).

5)Let o3(n)= Yis<icj<n Yh=1 X xjxlz- Then ¥, C(n) = o3(n)and
k#i,j

dimg (Ko, (n))=dimg(Ko,(n))=dimg(Koz;(n)) = 1. Ko,(n),Ko,(n) and Ka;(n) are all KS,-
modules, since ta,(n) = g, (n) Vk =1,2,3.

Definition 3:The KS,-module M (n - W

T+ 17 1) defined by

(r+2)(r+1) 2 2 3 +1
M (n —— Tt 1,7, ..,1) = KSpXq Xy oo Xp g 1XF 10 oo X5y i1 X3y we Xy

_(r+3)(r+2)
—_—

(r+3)2(r+2) and m

is called the r' triangular representation module of S,, over K ,where n >

Remark: The first triangular representation module of S,, over K is the KS,, —module M(n — 3,2,1),
the second triangular representation module of S,, over K is the KS,, —module M(n — 6,3,2,1) ,the
third triangular representation module of S,, over K is the KS,, —module M (n — 10,4,3,2,1) ,and so on.

Theoreml: The setBy(n—3,2,1) = {xxx} —xxx3| 1 <i<j<n1<Ii<nl#ij(ijD)#
(1,2,3)} is a K-basis of Mo(n —3,2,1) , and dimgMy(n —3,2,1) = (})(n—2) —1; n = 6 [¢]
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Theorem2: N = KS,, C;(n) and M(n — 1,1) are isomorphic over KS,,. [¢]

Propositionl: If p does not divide nthen N = Ny@® Ko3(n) . [¢]

Proposition 2: If p does not divides n,then N has the following two composition series
0cNycNand 0 c Ka;(n) € N.[£]

Definitions 4:

1) The KS,~homomorphismd : M (n—3,2,1) » M (n— 2,2) is defined in terms of the partial
operators by

62
d (xl-xjxl2 )= Zﬁzl% (xixjxlz ),
2) The KS,,—homomorphism d which is the restriction of d to My (n—3,2,1).ie.

d: My (n—3,2,1).> M, (n-3,2).

Theorem 3; The following sequence of KS,, — modules is exact

i d
0-Kerd »Mn—321)> M@ —22) = 0w (1) [£]
Corollary 2: The dimension of kerd over K of the KS,, — homomorphism

nn-1)(n-3)

d:M(n—321)>MMmn-—22)Iis [£]

Corollary 3: The following sequence of KS,, — modules is exact

0 —» Kerd AR My(n —3,2,1) i Mo(n—22)-0 ... 2) %]
Lemma 2: dimgy S(n —3,2,1) = nn-2n-4)
Proposition 3: S(n — 3,2,1) is a proper submodule of kerd . [£]
Theorem4 :If p=5 and n=6,then we get the following series:

0cN,cNcKSgy, 0 c Koz c N cKSgy

Where KSgy = KSq(x,%4x3 — x1%,x2)
Proof:
Since N = KS,(C;(n)) ,where C;(n) = ¥1<icjen X;:X;x7, then when n=6 we get

C1(6) = xx3X7 4 XX4 X2 + X X5 X7 + XpXe X7 + X3X4 X7 + X3X5X7 + X3XeXP + X4 XsXP + X4XeXE
+ xgx6x?

Thus if p=5 and y = x;x,x2 + x;x,x3 we get that

((x1x2x3) + (x1x3) + (x1x5x3) + (x1x6%3) + (X1%3) (XaX5) + (x123) (x4%6) + (X1x5x3) (XaX6) —
(1 x2%3) (X4 X5) + (x1x223) (XaX6) + 4(x1x2x6x3)(x4x5))y = (x122%3)y + (61 %3)y + (x1x5%3)y +

(x1x6x3)y + (x1%3) (x4x5)y + (x1%3) (X4X6)y + (X1 X5%3) (X4 X6)Y — (X12X223) (X4X5)y +
(1 2223) (X4 X6)y + 4(X1 X5 X6X3) (X4 X5) Y= XXy X — XpX3X] + X3XaXT — XpX3X7 + Xy X5X] —
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XpXs X2 4 Xy XgXE — XpXgXZ + X3Xs X2 — XpX3X2 + X3XeXP — XpX3XZ + XgXgXZ — XpXsXZ + XpX3X2 —
XpXs X2 + XpXgXE — XoX3XE + dxyXxsx? — 4X,xcX2 =

XpX3 X2 4 XX, X2 + XpXsXE + XpXgX? + X3Xg X2 + X3X5 X2 + X3XgXE + Xy XsXE + X4 XgXE + XsXgXZ =
C,(6)

Hence C,(6) € KS,y which implies that KS,C,(6) € KSgy.i.e

N c KS.y . Moreover since p=5 and n=6 then p dose not divide n and by [Al-Aamily:2016] we get the
following two composite series:

0OcNycNand0c Ko;c N
Therefore if p=5 and n=6 we get the following two series:
0cNycNcKSgyand0 c Koy € N € KSgy .
Theoremb5: We have the following series:
0cS(n—-321) cKS,wckerd c My(n—3,2,1) c M(n—3,2,1).
Where w = x,X5X35 — X2X,X5 — Xo XX + Xp2, %7
Proof: we have S(n — 3,2,1) = A(xy, x5, x3)A(x4, Xs5).
Let y = A(xq, X9, X3)A(x4, X5) = (X3 — %) (3 — x1) (X3 — x1) (X5 — X4)

= XX X2 — XpXaXZ — X3XsXZ + X3X4X5 + X XsX2 — Xq X X5 — X XsXZ + X1 X4 X2 +
X3Xs X2 — X3Xa X2 — XpXsXE + XpX4XE

= (XpX5X5 — XpXaX5 — XpXsXT + XX XT) + (X3XaXF — X3X5X5 — X3XaX{ + X3x5%7) + (X1 X5%5 —
X X4 X2 — X1 X5 X3 + X, %, %2) € KS,w.

Hence S(n — 3,2,1) c KS,,w.Moreover by definition of w we get that dw =0 ,thus KS,,w c kerd
.Hence we get the following

0cS(n—-321) cKS,wckerd c My(n—3,2,1) c M(n—3,2,1).
Theorem6:If n=6 then we get the following series:
0cS(3,21)cTcKSyc My(3,21) cM(321)
Where T = KSg(x1X3x2 — x1X,X2 + x,x,x2 — x,%3%2) and
KSey = KSg(x1%,x2 — x1x,%2) .
Proof: Let y = x;x,x2 — x1%,x2 Af 1, = (x3%5), T, = (X1 x3x5) € S .
Then we get that
(T, — T1)Y = X3X4XE — XpX3xE + X1 XX — x1X4x2 Which implies that
X3X4XE — XpX3XZ + X1 XpX2 — X1 X4X% € KSgy.ThusT € KSgy.
Moreover we have if ; = (x3x,) (X2X5), 05, = (X3%4)(X1X5) € Sg . Then

(i + 01 + 05) (X1 x3x2 — X X4X2 + XpX4X2 — Xp2x3%2) =
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X1 X3X2 — X1 X4 X2 4 XpXg X2 — XpX3X2 + X104 X2 — X1 X3X2 + X3x5X% — X,05%% + X4 X5 X2 — X3XsXZ +

XpX3X{ — XpXaX{ =
(22 — x1) (x5 — x1) (x5 — x2) (4 — X3) = A(%y, X3, X5)A(X3, X4)

Which implies that A(xy, x5, x5)A(x3, x4) € T.ThusS(3,2,1) c T. By definition of y we have KSgy c
M, (3,2,1) .Hence we get the following series 0 < S(3,2,1) € T € KSgy € My(3,2,1) € M(3,2,1) .

Theorem?: If n=6 then we have the following series:

1) 0c KSgy; € KSgye € KSey; € My(3,2,1) € M(3,2,1)
2) 0C KSgy € KSgy, € KSgy, € KSey; € My(3,2,1) € M(3,2,1)
3) 0Cc KSe¢y, € KSeys € KSey; € My(3,2,1) € M(3,2,1) .
4) 0c KSgy € KSgy, € KSgys € KSgy;, € My(3,2,1) € M(3,2,1)
Where
Y = X1X4X5 — X1X0X5 , Y1 = XqXpXE — X12pX5
V2 = XX4XE — X1 XpX5 Y3 = XoX3X{ — X1%0%5
Vi = XpXgX] — X1 XpX3 | Vs = XaXsX — X1 XpX5
Vo = XsX6Xj = X1XX5 , Y7 = X3XsXi — X1 XpX3 .

Proof: Let y, = x3xsx2 — x;x,x2 . Then y, € My(3,2,1) which implies that KSgy, < M,(3,2,1). So
if 7) = (x3x5%6), T2 = (X1 X6X3X2X4X5), T3 = (X1X6X5) (X2X4X3) € Se, then we get (7y + 7, — T3)y; =
XsXgXZ — X1X,X5 = Y Which implies that y, € KSsy, .Thus KSgys € KSyy, .Moreover if 7=
(x1%3) €Sg then (i — 1)Yg = XsXgXZ — X1 XpX5 — XsXgX2 + XpX3XZ = XpX3XE — X1 %,X2 = y3 .S0
V3 € KS¢ye , thus KSgys € KSgye and we get the following series 0 € KSgy; € KSeye € KSey; C
Mo(3,2,1) € M(3,2,1)

Now let y, = x,x,x% — x;x,x3 .Then if T = (x,x,) € Sg We get that

(i — T)ys = x1%4x3 — x,x,x2 = y.Hence y € KS,y, which implies that

KSgy © KSey, .Moreover when t = (x;xsx,x3x,) € S We get that

(i + )y, = x3%4x% — x1%,x2 =y, .Thus y, € KSsy, which implies that KS,y,  KSsy,.Then we
get KSgy € KSgy, € KSgy, .From other side if 7, = (x4x¢), 7T, = (X1Xgx5X3) € Sg We get (7, +
To) Vs = XpX4X2 — X1 X%,%2 =y, .Thus KSgy, € KSgy, While when p; = (x;%,x,)(x3%6), p2 =
(x1%4) (x3%6) € Sg We get (p; — pP)Va = X1X4Xx2 — x1%,%x2 = y.Thus y € KSsy, which implies that
KSqy € KSey, .Therefore we get the following series

0 c KSgy € KSgy, € KSgy, € KSgy, € My(3,2,1) € M(3,2,1) .

If 1 = (Ooxgx,) (%), T = (125) (Xsx6), T3 = (x1%,) € Sg .Then we get that (z; + 1)y, =
X4X5x] — X1X,%5 = s and (i — T3)Ys = XaXs%{ — X422 = (x1%4) (X2X5%3)y; -Hence ys € KSey,
and y; € KSgys which implies that KSgy; € KSgys € KSgy, .Thus we get the following series
0 € KSgy: € KSgys € KSgy, € My(3,2,1) c M(3,2,1) .
Also we have y, € KSgys since (i — (x,%6) + (xlxéxsxz))ys =y, then
KS¢y, € KSgys .Thus we get the following series
0 Cc KSgy € KSgy, € KSgys € KSgy; € My(3,2,1) c M(3,2,1) .
Hence when n=6 we get the following series
1. 0cC KSgy; € KSgye € KSey, € My(3,2,1) € M(3,2,1)
2. 0cC KSgy c KSgy, € KSgy, € KSgy, € My(3,2,1) € M(3,2,1)
3. 0C KSegy; € KSgys € KSgy, € My(3,2,1) c M(3,2,1) .
4. 0cC KSgy € KSgy, € KSgys € KSgy; € My(3,2,1) € M(3,2,1)

Theorem8: If n=6 and p=5 then we get the following series:

1. 0cN,cNy®S:(321)cNdS:(321)cNdKSwc N kerd c My(3,2,1) ©
M(3,2,1).

1.
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2.0CS,(321) C Ny ®S;(321) cNDS(321)cN® KSqwc ND kerd c

My(3,2,1) € M(3,2,1).

3.0C Koz C Koy D S¢(3,21) c N D S(321) c NDKSewe N kerd c My(3,2,1) ©

M(3,2,1).

4.0c85,(321)c Koy DSs(321)cNDS,321)cND KSwc NODkerd c

My(3,2,1) € M(322,1) .

5. 0cN,cN,DSs(3,21) c N, ®KSqw c Ny, @ kerd ¢ N @ kerd c My(3,2,1)
M(@3,2,1).

6. 0cS,(3,21)cN,DS;(3,21)c N, DKSwec Ny@ kerd ¢ N D kerd c
My(3,2,1) € M(3,2,1).

7. 0cKo; cKo; @ S,(3,21) c Koy ® KSqw € Koz @ kerd ¢ N @ kerd c My(3,2,1)
M(3,2,1).

8. 0c5,3,21) c Koy D Ss(3,21)cKo; ®KSqwc Koy D kerd ¢ N@ kerd c
My(3,2,1) € M(3,2,1).

Proof: Since N = KS,,(C;(n)) ,\where C;(n) = ¥1<i<j<n X:X;x{ .Then the sum of coefficients is
2D \hich implies that N < M,(3,2,1).Moreover we have d(C,(n)) = 2Ycicjen XiXj *

0.Thus we get that N N kerd = 0.By [Al-Aamily:2016] we have if p # 2 and p divides (n — 1)
then we have the following series:

1)0cNyc Nc N@kerd c My(n—3,21) c M(n—3,2,1).
2)0c Nyc Ny@kerd c N®kerd c My(n—3,2,1)
M(n —3,2,1)
3)0 c Ko; c Kos®@kerd c N@kerd c My(n—3,21) ¢ M(n—3,2,1).
40 c Koy cNc Ndkerd c My(n—3,21)c M(n—3,2,1).

5)0 c kerd c Ny@kerd ¢ N® kerd c My(n—3,2,1) € M(n— 3,21) .
6)0 c kerd ¢ Kos@®kerd c N®kerd c My(n—3,2,1) ¢ M(n—3,2,1).
Therefore by Theorem 1 and Theorem 2 we get the following series:

1.0cN,c N, D Ss(3.21)cNDSs(321)cNDKSswc NP  kerd c My(3,2,1)
M(3,2,1).

2.0 5321 N, ®S321)cNPS321)cNB KSqwc N kerd c
M,(3,2,1) € M(3,2,1).

3.0C Ko; C Koz @ Ss(3,21) cN®Se(3,21) c NDKSywc N @ kerd € My(3,2,1)
M@3,2,1).

4.0C S4(321) CKos ®Ss(321) c NP S;321)cN® KSewc N kerd c
M,y(3,2,1) € M(3,2,1) .

50c Ny Ny ® Ss(3,21) c Ny D KSgwc Ny D kerd ¢ N® kerd c My(3,2,1) c
M(3,2,1).

6.0 C S5(3,2,1) € Ny @ S5(3,2,1) € Ny @ KSgw € Ny @ kerd ¢ N @ kerd c My(3,2,1) ©
M(3,2,1).

7.0 c Koz € Ko @D S¢(3,2,1) € Koy D KSqw € Ko; D kerd ¢ N @ kerd c My(3,2,1)
M(3,2,1).
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8.0 € S4(3,2,1) € Ko; D Ss(3,2,1) € Ko; D KSew € Ko; @ kerd ¢ N @ kerd c
M,(3,2,1) € M(3,2,1).
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